
Lecture 22

Cantor and Cantor-like sets (cont’d)

5. The set C is uncountable.

Definition: A set S is countable (also enumerable, denumerable) if all of its elements can be

put into a one-to-one correspondence with the natural numbers N = {1, 2, 3, · · · }. A set that is not

countable is said to be uncountable.

Examples:

1. Any finite set of numbers (elements), {xn}
N
n=1, is countable. Sometimes, just to differentiate

between finite sets and infinite sets, the phrase countably infinite is used.

2. The set

{

1

n

}∞

n=1

is countable (countably infinite). This is simply an example of an infinite set

of numbers {xn}
∞
n=1, the elements of which can be put into a one-to-one correspondence with

the natural numbers.

3. The set of integers, Z, is countable since its elements may be listed in the following order,

0, 1, −1, 2, −2, 3, · · · .

4. The set of rational numbers Q is countable. To show this, we first show that the set of positive

rational numbers is countable – the extension to all rational numbers is straightforward using

the method employed above for the integers. Recalling that any rational number x ∈ Q may be

written in the form m/n, where m and n are integers, we construct the following infinite array

of ratios of integers.
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1/1 1/2 → 1/3 1/4 · · ·

↓ ր ւ ր

2/1 2/2 2/3 2/4 · · ·

ւ ր

3/1 3/2 3/3 3/4 · · ·

↓ ր

4/1 4/2 4/3 4/4 · · ·
...

...
...

...

Starting at the upper left entry 1/1, we travel through the array in the zig-zag-like manner

shown in the figure. As we travel in this manner, we remove each fraction that are equal in value

to some member that has been visited earlier. For example, the element 2/2 is removed since

it is equal in value to 1/1. The net result is the following enumeration of the positive rational

numbers,

1, 2, 1/2, 1/3, 3, 4, 3/2, 2/3, 1/4, 1/5, · · · .

Other enumeration schemes are possible.

Returning to the ordering of the positive rational numbers in the table above, if we now select

only those rational numbers m/n in the set with positive integers m and n such that m < n, we

have an ordering of the rational numbers in (0, 1), i.e.,

1/2, 1/3, 2/3, 1/4, 1/5, · · · .

This set, of course, is countable. (Any infinite subset of a countable set is countable – we won’t

prove this.) Only two more elements, namely, 0 and 1, can be added to this list to yield the

rational numbers which lie in [0, 1], i.e., the set Q ∩ [0, 1],

0, 1, 1/2, 1/3, 2/3, 1/4, 1/5, · · · .

5. The set of real numbers R is uncountable. (See below.)

The German mathematician Georg Cantor (1845-1918) proved that there are infinite sets which

are not countable (countably infinite). Such sets are said to be uncountable (or nonenumerable,

243



nondenumerable). The set of real numbers R is uncountable. Cantor showed this by means of his

famous “diagonal method,” (1894) which is beyond the scope of this course. That being said, a sketch

of his proof is presented in the Appendix at the end of this lecture.

From Cantor’s result, it follows that the set of real numbers R, or even a subset (a, b) ∈ R, cannot

be equivalent to the set of natural numbers N, i.e., no 1-1 correspondence exists between the reals (or

a subset) and the natural numbers N. One might say that the set of real numbers R is “too large”

to be countable. Or that the set R is, in some way, “larger” than the set N. But the set of natural

numbers, N, is already infinite, i.e., it contains an infinite number of elements. In other words, its

cardinality is infinite. (Recall that the cardinality of a set is the number of elements in the set.) How

can you have another set, R, the cardinality of which is larger than infinity?

These thoughts perplexed mathematicians in the 1800’s, which led to the development of set

theory well beyond the elementary set theory that existed up to that time. The development was

not smooth, however, and there are still many unresolved issues and even different schools of thought

regarding how sets can be defined and whether or not infinite sets actually exist! These problems,

however, lie well beyond the scope of this course.

Here, we shall simply state that the question of different infinities can be answered by means of

transfinite numbers – infinite numbers which represent different cardinalities of sets and which

obey an ordering relation which may be viewed as “less than/greater than.”

First of all, let’s recall the idea of cardinality. The cardinality of a finite set S of the form

{x1, x2, · · · xN}, often denoted as “card(S)”, is simply the number of elements in the set – in this

case N . We can compare the “sizes” of two finite sets by simply comparing their cardinalities. For

example, the set {1, 2, · · · , 10} with cardinality 10 is larger than the set {20, 30} with cardinality 2.

(It naturally follows that if S is a finite set and A ⊆ S, then card(A) ≤ card(S).)

But what about infinite sets? For example, consider the following subsets of R,

S1 = {1, 2, 3, · · · } , S2 = {1, 4, 9, · · · } , S3 = [1, 2] , S4 = [1, 3] .

How do the “sizes” of these sets compare, in terms of numbers of elements? For example, S2 ⊂ S1,

so we might expect that S1 is “larger” than S2, i.e., S1 contains more points than S2. And S3 ⊂ S4,

so we might expect that S4 is “larger” than S3. When it comes to infinite sets of points, however, we

have to discard the ideas of cardinality that we learned for finite sets. For example, in terms of the

set-valued concept of cardinality, S1 and S2 have the same (infinite) cardinality, the cardinality of the
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natural numbers, which is traditionally denoted as ℵ0 (ℵ, pronounced “aleph,” is the first letter of the

Hebrew alphabet.) And S3 and S4 also have the same cardinality, even though the lengths of the two

intervals – another reasonable measure of the “sizes” of these sets – are different. The cardinality of

these two sets, which is equal to the cardinality of the real numbers R, is denoted as ℵ1, called the

“cardinality of the continuum.”

The “infinities” ℵ0 and ℵ1 are known as transfinite numbers. ℵ0, – the cardinality of countable

sets and the first transfinite number, is the “smallest infinity” possible. Any infinite set must have

a cardinality greater than or equal to ℵ0. The second transfinite number, α1, the cardinality of

uncountable sets such as the real numbers R is, in some sense, “greater than” ℵ0, and one writes,

ℵ0 < ℵ1 , (1)

where “<” denotes an “ordering”.

There is an interesting relationship between these two infinities which gives rise to a countably

infinite set of transfinite numbers. Very briefly, recall that for a finite set of N elements, i.e., S =

{x1, x2, · · · , xN}, the number of subsets of S is 2N . (This is easy to derive - you simply consider all

possibilities of whether or not a given element xp is in a subset.) In other words, if the cardinality of

a set S is N (assumed finite), then the cardinality of the set of subsets of S (including then null set)

is 2N . Given that the cardinality of the natural numbers N is ℵ0, is the cardinality of the set of all

subsets of N, which we called ℵ1 above, equal to 2ℵ0? The answer is “Yes”, so we have that

2ℵ0 = ℵ1 . (2)

Of course, we can continue the argument, e.g., What is the cardinality of the set of all subsets of R?

It is the third transfinite number ℵ2 given by

2ℵ1 = ℵ2 . (3)

An iteration of this process produces a countably infinite sequence transfinite cardinal numbers,

ℵ0 < ℵ1 < ℵ2 < · · · ,

which satisfy the relations,

2αn = ℵn+1 , n = 0, 1, 2, · · · . (4)

Finally, we mention that the famous (and still unproved) Continuum Hypothesis states that no

intermediate cardinal values lie between ℵ0 and ℵ1.
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We now return to the Cantor set. We’ll bypass a formal proof of the uncountability of the Cantor

set. The reader is referred to the discussion in Pages 112-115 of the book Encounters by D. Gulick.

That being said, we shall show that C is uncountable by a somewhat indirect method.

First of all, recall that associated with every point x ∈ [0, 1] is a binary expansion of the form,

x =
b0
2

+
b1
22

+
b2
23

+ · · · , (5)

where

bi ∈ {0, 1} i ≥ 0 . (6)

This means that associated with every point x ∈ [0, 1] is (at least one) sequence b ∈ Σ2,

b = b0b1b2 · · · , (7)

where

Σ2 = {b0b1b2 · · · , bi ∈ {0, 1} for all i ≥ 0 } . (8)

As you will recall, the sequence b associated with an x ∈ [0, 1] need not be unique: Associated with

the point x = 1
2 are two sequences,

100000000 · · · and 011111111 · · · . (9)

If we do not allow an infinite string of 0’s in our sequences, then only the second sequence is permitted,

and we then have uniqueness.

Recall that the sequence b corresponding to a point x ∈ [0, 1] is a kind of “postal code” of x.

Using it, we can determine, to whatever accuracy is desired, where in the interval [0, 1] the point x is

located. Recall that if you know the first n digits of the binary expansion of x, then you know that x

lies in the subinterval Ib0b1···bn−1 which was discussed earlier, in the context of Symbolic Dynamics.

There is nothing particularly special about binary sequences (except that they provided the start-

ing point for the digital world). After all, we learned about decimal expansions early in life. We now

wish to consider the ternary expansion of a point x ∈ [0, 1] having the form,

x =
t0
3
+

t1
32

+
t2
33

+ · · · , (10)

where

ti ∈ {0, 1, 2} for all i ≥ 0 . (11)
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The sequence,

t = t0t1t2 · · · (12)

is now an element of the space Σ3 of ternary sequences, where

Σ3 = {t0t1t2 · · · , ti ∈ {0, 1, 2} } . (13)

Once again, we may have to worry about uniqueness issues. Associated with the point x = 1
3 are the

following two sequences,

1000000 · · · and 02222222 · · · . (14)

Once again, we’ll disallow infinite strings of 0’s.

We now ask the question: “What are the ternary sequences that correspond to points x in the ternary

Cantor set C?” Let’s first consider the “postal codes” of points x ∈ [0, 1] under a ternary digit scheme.

The unit interval [0, 1] is then divided up into three subintervals of length 1
3 . We’ll call those intervals

K0, K1 and K2:

K0 =

[

0,
1

3

]

K1 =

[

1

3
,
2

3

]

K2 =

[

2

3
, 1

]

. (15)

1. If x ∈ K0, then its first ternary digit is t0 = 0.

2. If x ∈ K1, then its first ternary digit is t0 = 1.

3. If x ∈ K2, then its first ternary digit is t0 = 2.

Of course, there are some complications: The point x = 1
3 lies in both K0 and K1. This is why it has

the two expansions listed earlier. The problem lies in the fact that the sets K0 and K1 overlap at the

point x = 1
3 . To remove this problem, we can redefine the set K1 to be

K1 =

(

1

3
,
2

3

)

, (16)

so that the three distinct/nonoverlapping sets that partition [0, 1] are now

K0 =

[

0,
1

3

]

K1 =

(

1

3
,
2

3

)

K2 =

[

2

3
, 1

]

. (17)

Then, x = 1
3 belongs only to the set K0, so that its first ternary digit is uniquely 0.
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Recall that the set C1 in our original discussion of the Cantor set is a union of K0 and K2. And recall

that C1 contains all points of C. In other words, there are no points of C in K1. This leads to the

first important conclusion:

If x ∈ C, then its first ternary digit t0 6= 1.

We can continue this partitioning of [0,1] to the next level. Without going into the details of all of

the intervals, we simply look at the set C2 which was obtained by dissection of set C1, and indicate

the next set of subintervals Kij that comprise C2:

The most important conclusion is that there are no “middle thirds” of each of the two subintervals

K0 and K2 that contain the Cantor set C. As such, we have:

If x ∈ C, then its second ternary digit t1 6= 1.

The reader should be able to see the general pattern. If a point x ∈ C, then its ternary expansion will

not contain any 1’s. As a result, we can conclude the following:

The Cantor set C consists of all points x ∈ [0, 1] which admit ternary expansions of the

form,

x =
t0
3
+

t1
32

+
t2
33

+ · · · , where ti ∈ {0, 2} . (18)

In other words, for each x ∈ C, there is a (unique) sequence,

t = t0t1t2 · · · , ti ∈ {0, 2} . (19)

But here we come to an interesting point. The sequences in (19) may be considered as binary

sequences, since they involve only two digits, namely, 0 and 2. If we are considering only sequences,

then it doesn’t really matter what “digits” we use for the ti: We could use ”cat” and ”dog”. Therefore,

for each binary sequence in (19), which means each x ∈ C, there exists a corresponding binary sequence

of 0’s and 1’s in (7). And we know that every point y ∈ [0, 1] has a binary sequence. Therefore, we

may conclude the following:

There are as many points in the Cantor set C as there are real numbers in the
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interval [0, 1]!

But the set of real numbers in [0,1] is uncountable. Therefore the Cantor set C is uncountable!

We now establish an additional property of the Cantor set C that was not listed in the properties of

Cantor-like sets.

6. The length L of the Cantor set C is zero.

We actually derived this result earlier – at least in an informal way. The ideas presented below will

be useful in our later discussions about the “sizes” of sets in Rn.

Proof: Here we shall use the following facts:

1. The length of the closed interval [a, b] is b− a.

2. If A is a finite union of disjoint, closed intervals, i.e.,

A =

N
⋃

i=1

[ai, bi] , [ai, bi] ∩ [aj, bj ] = φ (null set) if i 6= j , (20)

then the length of A is

L =

N
∑

i=1

(bi − ai) . (21)

Now recall the following facts about the intervals Cn used in the analysis/construction of the Cantor

set C:

1. The length of the interval C0 = [0, 1] is L0 = 1.

2. The length of the set C1 = [0, 13 ] ∪ [23 , 1] is L1 = 2× 1
3 = 2

3 .

3. The length of the set C2 = [0, 19 ] ∪ · · · [89 , 1] is L2 = 4× 1
9 = 4

9 .

4. The set Cn is a union of 2n subintervals Ink of length 1
3n . Therefore, its length is

Ln = 2n ×
1

3n
=

2n

3n
=

(

2

3

)n

. (22)
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Recalling that

Cn = lim
n→∞

Cn , (23)

we have that the length L of the Cantor set C is

L = lim
n→∞

Ln = lim
n→∞

(

2

3

)n

= 0 . (24)

We could also have determined this result by computing the lengths of open intervals that were

removed from C0 in order to produce the Cn, using the following fact:

• The length of the open interval (a, b) is b− a. (As you will recall, b− a is also the length of the

closed interval [a, b]. This is because the “length” of a point is zero. The “lengths” of the points

a and b (both zero) contribute nothing to the length of the interval.)

Recall the dissection procedure:

1. First step: The interval (13 ,
2
3), of length

1
3 , is removed.

2. Second step: The intervals (19 ,
2
9) and (79 ,

8
9), each of length 1

9 , are removed.

3. nth step: 2n−1 open intervals of length 1
3n are removed.

The total length of intervals removed from [0, 1] is,

1

3
+

2

9
+

4

27
+ · · · . (25)

This is a geometric series with first term a = 1
3 and geometric ratio r = 2

3 . Its sum is

S =
a

1− r
= 1 . (26)

Hence, the total length of the sets removed from [0,1] in order to construct the Cantor set is 1.
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The Tent Map revisited

Let us now return to an examination of the action of the modified Tent Map T3(x) on [0, 1], sketched

below.

J1

y = T3(x)

1

x

y = x

1

y

Recall that the motivation for looking at this map was that it was a kind of “straightened version”

of the logistic map fa(x) for a > 4. The action of these maps is to send points in [0,1] out of [0,1]. We

were concerned with the question: “Which points remain in [0,1] after an arbitrarily large number of

iterations?” In the case of the tent map T3(x) the set of points that remain in [0,1] for all iterations

is the ternary Cantor set C.

For this reason, we are now able to focus all of our attention on points x in the Cantor set C.

Recall our formal definition of C:

C = {x ∈ [0, 1] , T n
3 (x) ∈ [0, 1] for all n ≥ 0 } . (27)

From this definition, we can conclude the following:

If x ∈ C, then T3(x) ∈ C. (∗)

If this statement were not true, then y = T3(x) /∈ C implies that for some n > 0, T n(y) /∈ [0, 1]. But

this implies that T n+1(x) /∈ [0, 1], which contradicts the original assumption that x ∈ C.
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Statement (*) above implies that the Cantor set C is an invariant set of T3:

Definition: Let f : R → R. Then a set S ⊂ R is said to be an invariant set of f if x ∈ S implies

that f(x) ∈ S.

In fact, we can make an even stronger statement about the relationship between T3 and the Cantor

set C:

T : C → C or T (C) = C . (28)

This is stronger than the statement,

T (C) ⊂ C . (29)

It essentially states that the map T3 : C → C is onto. Given a point y ∈ C, there exists at least one

point x ∈ C such that T3(x) = y.

Because of these results, we can focus on the dynamics of iteration of the map T3 on the

(invariant) Cantor set C and ignore all other points in [0, 1]. Recalling that C ⊂ C1 = [0, 13 ]∪ [23 , 1],

let us label the components of C1 as follows:

C1

I0 I1

(These two subintervals were labelled K0 and K2 in the previous lecture.)

We are now in a position to define itinerary sequences for points x ∈ C under the action of T3, in

the same way as we did for the Tent Map T (x) and logistic map f4(x) over the interval [0, 1] in earlier

lectures:

Given an x ∈ C, we associate the following binary sequence,

x : x = x0x1x2 · · · , (30)

where

xn =







0 if T n(x) ∈ I0 ,

1 if T n(x) ∈ I1 .
(31)
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Note that the sequence x is not the ternary expansion of x discussed in the previous lecture. Once

again, this is because of the nature of the Tent Map T3(x), in particular, its second “piece.”

As was the case for the maps studied earlier (i.e., T (x) and f4(x)), the action of the map T3 on a

point x ∈ C induces a Bernoulli left-shift map S on its itinerary sequence:

S : x0x1x2 · · · −→ x1x2x3 · · · . (32)

A brief interlude: Before moving on, let’s recall why the above statement is true. If the itinerary

sequence of a point x is

x0x1x2 · · · , (33)

this means that x lies in subinterval Ix0 (n = 0 in (31)). And from the itinerary sequence, we know

that y = T3(x) ∈ Ix1 . Therefore, the first digit of the itinerary sequence of T3(x) is x1. If we apply

T3 one more time, then from the itinerary sequence, the result, z = T3(y) = T3(T3(x)) must lie in Ix2 .

But this means that the first digit of the itinerary sequence of z is x2, etc..

Now recall that this itinerary scheme induces a natural a natural partitioning, as well as indexing,

scheme. The partitioning will be identical to the sets Cn defined earlier. The indexing will actually be

identical to the indexing associated with the Tent Map on [0,1]. For example, the next set of partitions

and indices will be as follows:

C0

C1

I0 I1

C2

I00 I01 I11 I10

Continuing in this way, we see that the length of the subinterval Ix0x1···xn−1 ⊂ Cn is
1

3n
. This implies

that if the itinerary sequences b and b′ of, respectively, x ∈ C and x′ ∈ C agree to n digits, then

|x− y| ≤
1

3n
. (34)
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From these results, and the correspondence between the action of the Tent Map T3 on the Cantor set

C and the left-shift operator S on itinerary sequences of points in C, we can now conclude that T3 is

chaotic on the Cantor set C, i.e.,

1. T3 has SDIC on C,

2. T3 is transitive on C and

3. T3 is regular on C, i.e., the set of periodic points of T3 are dense on C.

This is looking quite bizarre, isn’t it? We have the map T3 acting on a set of length zero – the Can-

tor set C – which is full of “holes” or gaps. And the dynamics associated with this map on C is chaotic.

The other bizarre feature is that one would not be able to see this chaotic process numerically,

unless you had access to infinite precision arithetic! In finite precision, as soon as you are “off” the

Cantor set C, you get iterated to −∞! As we’ll see later, however, there is a way to perform dynamics

on the Cantor set – if we run the iteration “backwards” so that the Cantor set is an attracting set

as opposed to a repulsive set.

And further on the note of the Cantor set being a repulsive set: Since C is an invariant set of T3,

it must contain all of the periodic points of T3. And all of these points are repulsive. Because of

Property 3 listed above, we can say the following:

The set C is the closure of the set of all (repulsive) periodic points of T3.

More on this later.

Finally, given that the “pieces” of the T3 map are linear, we might expect that iterates of the map are

distributed uniformly over the Cantor set C. This could be hard to verify experimentally, in light of

our earlier comments. But it is true that the distribution is uniform. But the distribution function is

no longer a continuous function ρ(x) – it has to be a measure µ that is supported on the Cantor set.
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Appendix: A sketch of Cantor’s “diagonal method” to prove that R is uncountable

Note: This section is intended to be purely supplementary.

As mentioned above, the German mathematician G. Cantor (1874) proved that there are infinite

sets whcih are not countable (countably infinite). Such sets are said to be uncountable (or nonenu-

merable, nondenumerable). Cantor showed that the set of real numbers R is uncountable by by means

of his famous “diagonal method,” which we sketch below.

First consider the set of real numbers in the interval (0, 1]. Each real number x ∈ (0, 1] possesses

a unique non-terminating decimal expansion of the form .d0d1d2, . . . , where di ∈ {0, 1, 2, · · · , 9}. A

real number x ∈ (0, 1] may have a terminating expansion, e.g., 0.5278 = 0.5278000000 . . . , but this

expansion can be replaced by a non-terminating one, i.e., 0.5277999999999 . . . , which represents the

same number x. In this way, we can associate a unique non-terminating decimal expansion to each

x ∈ (0, 1].

Now suppose that

x0, x1, x2, x3, · · · (35)

is an infinite list of real numbers which belong to the interval. (Whether or not this list will include

all real numbers in (0, 1] is not known at this time. This is, in fact, what we wish to determine.) Now

write down, one below another, the non-terminating decimal expansions of these numbers as follows,

.d00 d01 d02 d03 · · ·

ց

.d10 d11 d12 d13 · · ·

ց

.d20 d21 d22 d23 · · ·

ց

.d30 d31 d32 d33 · · ·

ց
...

...
...

...

(36)

It is probably useful to recall that each of these infinite, non-terminating expansions is unique and

appears only once in the complete list.
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Now select the diagonal elements of this array, dkk, k ≥ 0, as shown by the arrows. We shall now

use the infinite sequence {dkk} to construct a new infinite sequence which is not in the list of decimal

expansions. To do this, we change each digit dnn to a different digit d′nn, but careful not to produce a

terminating fraction, i.e., an infinite tail of 0’s. For example, if d00 = 1, d′00 could be any of the other

nine digits not equal to 1, e.g., d′00 = 5.

We now claim that the resulting fraction,

.d′00 d
′
11 d

′
22 d

′
33 · · · , (37)

represents a real number x′ which belongs to the interval (0, 1] but not to the infinite list in (36).

To see this – and to appreciate the ingenuity of the construction – we simply compare the decimal

expansion (i.e., the list of decimal digits) to each expansion in (36):

1. By construction, the expansion of x′ differs from the first expansion in the first digit, i.e.,

d00 6= d′00. Therefore, x
′ cannot be equal to the real number x0 defined by the first expansion.

2. Once again by construction, the expansion of x′ differs from the second expansion in the second

digit, i.e., d11 6= d′11. Therefore, x
′ cannot be equal to the real number x1 defined by the second

expansion.

The reader should now see the pattern: x′ cannot be equal to any of the real numbers xn, n =

0, 1, 2, · · · , defined by the expansions which comprise the original infinite list in (35). In other words,

this original enumeration is not an enumeration of all real numbers in the interval (0, 1]. We conclude,

therefore, than an enumeration of all real numbers in the interval (0, 1] is not possible, i.e., the set

(0, 1] is uncountable (which implies that the set [0, 1] is uncountable).

Note: At this point, the reader may be thinking – and quite understandably so – the

following: “OK, I see that since, say, the second digit of the new decimal sequence, d′11, is

different that the original second digit, d11, of the second row, the new sequence cannot

agree with the second row. But maybe there is a sequence down the road, say the Nth

row, with digits that are identical to the second row after its second element has been

modified, i.e.,

.dN0 dN1 dN2 · · · = d10 d
′
11 d12 · · · . (38)

That may well be, and most probably is, the case. But recall that by (clever) construction,

the Nth digit of our new sequence, d′NN , has been selected not to agree with the Nth

element, dNN , of this original decimal sequence.
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The extension to the entire real number line R is straightforward. Any real number can be writ-

ten in the form x = i + f , where i denotes the integer part of x and f ∈ (0, 1] its fractional part,

e.g., 3.14159265 · · · = 3 + .14159265 · · · . We are simply “translating” the result from (0, 1] to cover

the entire real line. As such, we may conclude that the set of real numbers R is uncountable/non-

denumerable.

A final note on Cantor’s diagonal proof: Instead of decimal expansions using digits dij ∈

{0, 1, 2, · · · , 9}, binary expansions of real numbers using the digits bij ∈ {0, 1} could also have been

used.

For more information on the material presented in the section dealing with uncountable sets, set the-

ory and transfinite numbers, the following references are highly recommended. The excellent book by

Rucker is written for the more general reader. The other two books are textbooks for mathematicians

and students of mathematics.
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Lecture 23

Extension to general case: Tent Maps Ta(x) for a > 2

The results established in the previous section apply to all tent maps Ta(x) which map points outside

the interval [0, 1], i.e., Ta for the case a > 2, defined earlier as follows,

Ta(x) =







ax 0 ≤ x ≤ 1
2

a(1− x) 1
2 < x ≤ 1 .

(39)

The maximum value of Ta(x) is Ta

(

1

2

)

=
a

2
. (Recall that when a = 2, T2(x) is the Tent Map that

we have studied in past lectures.) A generic case for a > 2 is sketched below.

1 − 1/a

y = Ta(x)

a/2

1/a
x

y = x

1

y

1

The sets which remain after any number of iterations will be Cantor-like sets that can be generated

by means of an iterative dissection procedure. Instead of the one-thirds dissection produced by the

T3 map, the dissection will be as follows:

1

C0

r r

C1

I0 I1
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The parameter r < 1
2 represents the contraction factor associated with the Tent Map Ta(x). It is the

length of the subintervals I0 and I1, which are contracted copies of the interval C0. It is easy to show

that

r =
1

a
, a > 2 . (40)

Proceeding in the same way as for the ternary Cantor set, the set C2 will have four intervals of length

r2 = a−2. In general, the set Cn will have 2n intervals of length rn = a−n. The length of Cn is

therefore

Ln = 2nrn =

(

2

a

)n

→ 0 as n → ∞ , (41)

since 0 < r < a. We shall let Ca denote the Cantor-like set associated with the Tent Map Ta(x) for

a > 2:

Ca = {x ∈ [0, 1] , T n
a (x) ∈ [0, 1] for all n ≥ 0 } . (42)

The set Ca will possess all of the properties established for the Cantor set, i.e., (1) closed, (2) bounded,

(3) totally disconnected, (4) perfect and (5) uncountable. (After all, it is a Cantor-like set.)

In addition, it is rather easy to show – in the same way as for the Tent Map T3(x), that for

arbitrary a > 2,

1. Ta : Ca → Ca¡ i.e., the Cantor-like set Ca is an invariant set of Ta,

2. Ta is chaotic on Ca.

“Shifted” Tent Maps Tab(x)

We may also extend our earlier discussion to “shifted” tent-like maps that map points of [0, 1] out of

[0, 1]. We simply denote these maps as Tab(x), where a will determine the height of the map and b

the position of the maximum point. A generic situation is sketched below.

In the same way as before, we can establish the existence of a Cantor-like set Cab defined as follows:

Cab = {x ∈ [0, 1] , T n
ab(x) ∈ [0, 1]for all n ≥ 0 } . (43)

Unlike the cases studied earlier, the Cantor-like set associated with the map in the figure above will

be unsymmetric with respect to the midpoint x = 1
2 of [0, 1]. In general, such Cantor sets may be
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y = Ta,b(x)

1

x

y = x

1

y

viewed as the limits of iteration of the following dissection procedure.

1

C0

r s

C1

I0 I1

In this sketch, which corresponds roughly to the map shown in the figure above, 0 < r < 1
2 and

1
2 < s < 1. Note that for a true dissection to take place, the length of C1, L1 = r + s must be less

than 1, i.e.,

r + s < 1 . (44)

The next step of this dissection procedure will produce C2, which is a union of four subintervals of

length (Exercise)

r2 , rs , rs , s2 . (45)

Note that the length of C2 is

L2 = r2 + 2rs+ s2 = (r + s)2 . (46)
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In general, the length of Cn will be

Ln = (r + s)n . (47)

Since r + s < 1, we have

lim
n→∞

Ln = lim
n→∞

(r + s)n = 0 . (48)

Using the partitions I0 and I1 in the above figure, we may define itinerary sequences for points x ∈ Cab.

This allows us to once again establish the correspondence between the action of the map Tab on C

and the action of a Bernoulli shift-map on the space of itinerary sequences. The net result:

Tab : Cab → Cab is chaotic on Cab.
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Return to the Logistic Map fa for a > 4

Finally, we return to our original motivation, the logistic map fa(x) = ax(1 − x) for a > 4, sketched

generically below.

J1

y = x

1

1

x

y

Here we simply summarize the results:

1. The set of all points x ∈ [0, 1] that for which fn
a (x) ∈ [0, 1] for all n ≥ 0 is a Cantor-like set Ca

which is produced by a more complicated dissection procedure involving the (nonlinear) inverses

of fa(x). The set Ca is invariant under the action of fa, i.e., fa : Ca → Ca.

2. For each x ∈ Ca, we may now construct an itinerary sequence x : x = x0x1x2 · · · , in the same

way as was done for the Cantor sets of the Tent and modified Tent maps. The action of fa on

a point x ∈ Ca induces a Bernoulli left-shift map S on its itinerary sequence.

3. From the above, we may conclude that the map fa is chaotic on the Cantor-like set Ca.
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Higher-dimensional dynamics in Rn

We now consider briefly the dynamics associated with the iteration of functions in higher dimensions,

i.e.,

f : RN → RN . (49)

In this case, we start with a point x0 ∈ RN and define the iteration procedure,

xn+1 = f(xn) n ≥ 0 . (50)

Here, we shall examine – and very briefly – the case n = 2, i.e., dynamics in the plane R2.

We shall be using a few notations and hope that they do not cause confusion. For example, in some

places we may denote a point in R2 as

x = (x1, x2) . (51)

In others, we may use

x = (x, y) . (52)

And to make matters even worse, we may sometimes use the transposes of these vectors, i.e.,

x =





x1

x2



 . (53)

The functions studied here will be mappings of R2 to R2. In general, they will have the form,

f(x, y) = (f1(x, y), f2(x, y)) . (54)

But we may also write them as follows,

f





x

y



 =





f1(x, y)

f2(x, y)



 . (55)

Linear maps in R2

The simplest case of higher-dimensional dynamics is that of (constant) linear maps in R2. In this case

f(x) = Ax , (56)
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where A is a constant 2× 2 matrix. The iteration scheme will assume the form,

xn+1 = Axn , n ≥ 0 , (57)

where x0 ∈ R2 is the initial value. The point x̄ = 0 is the only fixed point of this dynamical system.

As was the case for the associated one-dimensional system, i.e.,

xn+1 = axn , (58)

we would like to know the nature of the fixed point x̄ = 0, i.e., is it attractive, repulsive or neither?

Here we recall that the answer to the one-dimensional problem was easily provided by the form of the

solution of (58), by

xn = anx0 . (59)

Indeed, the solution of (57), which is easily seen to be

xn = Anx0 , (60)

will provide the answer for the two-dimensional problem.

Simplest subcase: A is diagonal

The simplest case of the simplest case is when A is a diagonal matrix, i.e.,

A =





a 0

0 b



 . (61)

In this case, the iteration scheme in (57) is




xn+1

yn+1



 =





a 0

0 b









xn

yn



 . (62)

The result is a decoupled set of iteration schemes, i.e.,

xn+1 = axn ,

yn+1 = byn . (63)

We can treat the dynamics of the xn and yn separately. But we know how these dynamical systems

behave – they were the first ones studied in this course:

xn = anx0 ,

yn = bny0 . (64)

We can therefore quickly write down some basic results.
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1. Case No. 1: |a| < 1 and |b| < 1. In this case,

xn → 0 and yn → 0 as n → ∞ . (65)

In other words,

xn = (xn, yn) → (0, 0) as n → ∞ . (66)

Note that we are not differentiating between the cases that a > 0 and a < 0 and with b as well.

In case a < 0 for example, the iterates xn would be alternating in sign, i.e., “flip-flopping” with

respect to the origin as they approach it. In the case a > 0, the iterates xn would be approaching

the value 0 monotonically. A generic situation for the case in which both a and b are positive is

sketched below.

In summary, the fixed point x̄ = 0 is attractive.

0
x

y

Case No. 1: 0 < a < 1 and 0 < b < 1.

2. Case No. 2: |a| > 1 and |b| > 1. In this case,

|xn| → ∞ and |yn| → ∞ as n → ∞ . (67)

In other words,

‖xn‖ → ∞ as n → ∞ . (68)

Once again, we are not interested in differentiating between the cases that a > 0 and a < 0 and

with b as well. A generic situation for the case in which both a and b are positive is sketched

below.

In summary, the fixed point x̄ = 0 is repulsive.

3. Case No. 2: |a| < 1 and |b| > 1. In this case,

xn → 0 and |yn| → ∞ as n → ∞ . (69)
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y

x

Case No. 2: a > 1 and b > 1.

Since xn → 0 as n → ∞, the y-axis plays the role of an asymptote for the long-term trajectories

of points (xn, yn). A phase portrait for the case in which both a and b are positive is sketched

below.

y

x

Case No. 3: 0 < a < 1 and b > 1.

Note that only those sequences (xn, yn) with initial points (x0, y0) on the x-axis, i.e., y0 = 0,

remained bounded as n → ∞. In fact, for these sequences, (xn, yn) = (xn, 0) → (0, 0) as n → ∞.

As a result, we may state that “almost all” sequences in the plane are unbounded.

In summary, the fixed point x̄ = 0 is neither attractive nor repulsive, although it does repel

most points in the plane. It will be referred to as a saddle point.

General subcase: A is not necessarily diagonal

In this case, the eigenvalues and eigenvectors of A will play an important role. In fact, they have

already done so: In the diagonal case studied above, the eigenvalues of A were λ1 = a and λ2 = b.

The associated eigenvectors were v1 = (1, 0) and v2 = (0, 1).
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Before getting involved with specifics, let’s discuss an important general point. Suppose that A

is an n× n matrix, and suppose that λ is a real eigenvalue of A with associated eigenvector v, i.e.,

Av = λv . (70)

This implies that

A(Av) = λAv = λ2v . (71)

Repeated application yields

Anv = λnv . (72)

Now define the following one-dimensional subspace of Rn,

E = span{v} = {tv , t ∈ R } . (73)

Now let x ∈ E, which implies that x = tv for some t ∈ R. Then

Ax = A(tv) = tAv = tλv = λx ∈ E . (74)

In other words, A maps the subspace E to itself. As such, E is an invariant set of A. If you start at

a point in E, and apply A to it iteratively, you remain in E.

Let’s now return to Eq. (72). If we set x0 = v ∈ E, then, from Eq. (72),

xn = λnx0 , (75)

so that

‖xn‖ = |λ|n‖v‖ . (76)

As a result,

1. If |λ| < 1, then ‖xn‖ → 0.

2. If |λ| > 1, then ‖xn‖ → ∞.

In summary, the eigenvalue λ determines whether points in E are iterated toward the fixed point 0 or

away from it. We now employ these results in our analysis of the two-dimensional case below.
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Distinct real eigenvalues λ1, λ2 ∈ R.

In this case, let v1 and v2 denote the eigenvectors associated with eigenvalues λ1 and λ2, respectively,

so that

Av1 = λ1v1

Av2 = λ2v2

(77)

Also define the following subspaces of R2:

E1 = spanv1 = {tv1 , t ∈ R }

E2 = spanv2 = {tv2 , t ∈ R }

(78)

A generic situation is sketched below.

E1

E2

v2

v1
x

y

From our earlier discussion, if we start at a point x0 ∈ E1, we stay in E1 under iteration of A. If we

start at a point x0 ∈ E2, we stay in E2 under iteration of A. In each case, the motion of the iterates,

i.e., toward the origin or away from it, depends on the respective eigenvalue, λ1 or λ2. One should

be able to see that the situation is a “skewed” version of the diagonal cases we studied earlier, with

λ1 = a and λ2 = b, and E1 = x-axis, E2 = y-axis.

There are two very simple cases that can be immediately deduced.

Case No. 1: |λ1| < 1 and |λ2| < 1

In this case:
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1. If x0 ∈ E1, then xn = Anx0 = λn
1x0 → 0 as n → ∞.

2. If x0 ∈ E2, then xn = Anx0 = λn
2x0 → 0 as n → ∞.

As such, the iterates move toward 0 along the lines defining the Ei.

Now recall that if λ1 and λ2 are real and distinct, then their respective eigenvectors, v1 and v2 are

linearly independent in R2. This implies that v1 and v2 can serve as a basis for R2. Given any

x0 ∈ R2, there exist c1, c2 ∈ R so that

x0 = c1v1 + c2v2 . (79)

This implies that the iterates of x0 are given by

xn = Anx0

= An(c1v1 + c2v2)

= c1A
nv1 + c2A

nv2

= c1λ
n
1v1 + c2λ

n
2v2 . (80)

Since |λ1| < 1 and |λ2| < 1, it follows that

λn
1 → 0 and λn

2 → 0 as n → ∞ , (81)

which implies that

xn → 0 as n → ∞ . (82)

Therefore, the fixed point x̄ = 0 is attractive. A generic situation is sketched below.

Case No. 2: |λ1| > 1 and |λ2| > 1

In this case:

1. If x0 ∈ E1, then ‖xn‖ = ‖Anx0‖ = |λ1|
n‖x0‖ → ∞ as n → ∞.

2. If x0 ∈ E2, then ‖xn‖ = ‖Anx0‖ = |λ2|
n‖x0‖ → ∞ as n → ∞.

Once again, v1 and v2 can serve as a basis for R2. Given any x0 ∈ R2, there exist c1, c2 ∈ R so that

x0 = c1v1 + c2v2 . (83)
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E1

E2

x

y

Case No. 1: 0 < λ1 < 1 and 0 < λ2 < 1.

From Eq. (80), the iterates of x0 are given by

xn = c1λ
n
1v1 + c2λ

n
2v2 . (84)

Since |λ1|
n → ∞ and |λ2|

n → ∞ as n → ∞, we expect that the right side of the above equation

“blows up” as n → ∞. But to show that the iterates xn do “blow up”, i.e., their norms ‖xn‖ → ∞,

is requires just a little more work. First, taking norms of both sides of (84),

‖xn‖ = ‖c1λ
n
1v1 + c2λ

n
2v2‖ . (85)

Without loss of generality, let λ1 be the eigenvalue with the greater magnitude, i.e., |λ1| > |λ2|. Then

‖xn‖ =

∥

∥

∥

∥

(λn
1 )

[

c1v1 + c2
λn
2

λn
1

v2

]∥

∥

∥

∥

= |λ1|
n

∥

∥

∥

∥

c1v1 + c2

(

λ2

λ1

)n

v2

∥

∥

∥

∥

. (86)

As n → ∞,

(

λ2

λ1

)n

→ 0, so that, for n sufficiently large,

‖xn‖ ≈ |λ1|
n‖c1v1‖ → ∞ as n → ∞ . (87)

Therefore, the fixed point x̄ = 0 is repulsive. A generic situation is sketched below.

Case No. 3: |λ1| < 1 and |λ2| > 1

In this case:

1. If x0 ∈ E1, then ‖xn‖ = ‖Anx0‖ = |λ1|
n‖x0‖ → 0 as n → ∞.
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E1

E2

x

y

Case No. 2: λ1 > 1 and λ2 > 1.

2. If x0 ∈ E2, then ‖xn‖ = ‖Anx0‖ = |λ2|
n‖x0‖ → ∞ as n → ∞.

This is a “skewed” version of Case No. 3 for the diagonal case, |a| < 1 and |b| > 1 examined earlier.

As such, the iterates move toward 0 along the lines defining the Ei.

Once again, v1 and v2 can serve as a basis for R2. Given any x0 ∈ R2, there exist c1, c2 ∈ R so that

x0 = c1v1 + c2v2 . (88)

From Eq. (80), the iterates of x0 are given by

xn = c1λ
n
1v1 + c2λ

n
2v2 . (89)

In this case, |λ1|
n → 0 and |λ2|

n → ∞ as n → ∞. In the special case that c2 = 0, i.e., our starting

point x0 ∈ E1, then xn → 0. Otherwise, we expect that ‖xn‖ → ∞, as n → ∞. But to show this

more rigorously, we need to perform the same type of analysis that was done earlier.

As before, we take norms of both sides of (89),

‖xn‖ = ‖c1λ
n
1v1 + c2λ

n
2v2‖ . (90)

Recalling that |λ1| < 1, and |λ2| > 1, λ2 is now the eigenvalue with the greater magnitude. We

therefore proceed as follows,

‖xn‖ =

∥

∥

∥

∥

(λn
2 )

[

c1
λn
1

λn
2

v1 + c2v2

]∥

∥

∥

∥

= |λ2|
n

∥

∥

∥

∥

c1

(

λ1

λ2

)n

v1 + c2v2

∥

∥

∥

∥

. (91)
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Since

∣

∣

∣

∣

λ1

λ2

∣

∣

∣

∣

< 1, it follows that

(

λ1

λ2

)n

→ 0 as n → ∞. Therefore, for n sufficiently large,

‖xn‖ ≈ |λ2|
n‖c2v2‖ → ∞ as n → ∞ . (92)

This implies that for any starting point x0 /∈ E1, its forward orbit behaves as ‖xn‖ → ∞ as n → ∞.

Therefore, the fixed point x̄0 is once again a saddle point. A generic situation is sketched below.

E1

E2

x

y

Case No. 3: 0 < λ1 < 1 and λ2 > 1.
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Lecture 24

Linear dynamics in R2 (cont’d)

Equal real eigenvalues λ1 = λ2 = λ

We shall treat this case very lightly. The bottom line is that there is one degree of freedom, i.e., one

eigenvalue λ. As you may recall from linear algebra, the matrix A can always be transformed, via a

linear transformation of the basis, i.e., y = Cx, into the following Jordan canonical form,

B = CAC−1 =





λ 1

0 λ



 . (93)

We may now investigate the dynamics of iteration of the matrix B in y-space and then transform back

into x-space. In both coordinate systems, the point x = 0 is the fixed point. The net results are:

1. |λ| < 1: x = 0 is attractive.

2. |λ| > 1: x = 0 is repulsive.

3. |λ| = 1: Each matrix A must be examined separately.

We now arrive at our final important case.

Complex eigenvalues

Since the matrix A is real, its two eigenvalues must be complex conjugates of each other. To see this,

let λ ∈ C be a complex eigenvalue with associated complex eigenvector v, i.e.,

Av = λv . (94)

Now take complex conjugates of both sides of this equation,

Av∗ = λ∗v∗ , (95)

since A = A∗. This equation shows that λ∗ is an eigenvalue with associated eigenvector v∗.

In what follows, we let one of the eigenvalues be written as

λ = a+ ib a, b ∈ R , b 6= 0 . (96)
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so that the other eigenvalue is

λ∗ = a− ib . (97)

We’ll also express the eigenvector v of λ into real and imaginary components,

v = v1 + iv2 , v1,v2 ∈ R2 . (98)

This implies that

v∗ = v1 − iv2 , v1,v2 ∈ R2 (99)

is the λ∗-eigenvector of A.

We now employ a standard result from linear algebra: The vectors v1,v2 are linearly indepen-

dent and therefore form a basis for R2.

Aside: There are probably a number of ways to prove this result. Here is one. The vectors v and

v∗ are linearly independent in the space of complex ordered pairs, C2. (This rests on the assumption

that v2 6= 0 – otherwise, the eigenvalues are real and equal, as are the eigenvectors!) This implies that

the equation,

Cv +Dv∗ = 0 , (100)

is true for C,D ∈ C only in the case C = D = 0. Now assume that v1 and v2 are not linearly

independent in R2. This implies that

v2 = Av1 (101)

for some nonzero real constant A. This, in turn, implies that

v = v1 + iv2 = v1 + iAv1 = (1 + iA)v1 , A 6= 0 . (102)

But this implies that

v + v∗ = (1 + iA)v1 + (1− iA)v1 = 2v1 6= 0 , (103)

which contradicts Eq. (100).
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Now consider the action of the matrix A on its λ-eigenvector v:

Av = λv . (104)

Expressing all quantities in terms of real and imaginary components,

A(v1 + iv2) = (a+ ib)(v1 + iv2) , (105)

so that

Av1 + iAv2 = av1 − bv2 + i(bv1 + av2) . (106)

Equating real and imaginary components, we see that

A : v1 → av1 − bv2

A : v2 → bv1 + av2 . (107)

For reasons that will become clearer below, we shall reverse the ordering of our vectors, treating v2

as the first vector and v1 as the second, so that

A : v2 → av2 + bv1

A : v1 → −bv2 + av1 . (108)

From linear algebra, these relations imply that the representation of the matrix A (actually the linear

operator A associated with A) in the basis {v2,v1} has the form

B =





a −b

b a



 . (109)

The first column of B is comprised of the coefficients a and b in the action of A on v2 and the second

column of B is comprised of the coefficients −b and a in the action of A on v1.

Aside: If you don’t remember this result, however, it can be derived from (108) as follows: In the

basis {v2,v1}, let x ∈ R2 be given by the expansion,

x = cv2 + dv1 . (110)
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In other words, the coordinates of x in this basis are (c, d). Let us now compute the coordinates of

y = Ax in this basis:

Ax = A(cv2 + dv1)

= cAv2 + dAv1

= c(av2 + bv1) + d(−bv2 + av1)

= (ac− bd)v2 + (bc+ da)v1 . (111)

Therefore, the coordinates (c′, d′) of y in the {v2,v1} basis are related to the coordinates (c, d) of x

in this basis as follows,




c′

d′



 =





a −b

b a









c

d



 . (112)

This confirms the representation matrix B in (109). It is also easily confirmed that the eigenvalues of

B are λ = a+ ib and λ∗ = a− ib.

We now examine the nature of the matrix B, i.e., its action on points in the plane. First of all, we’ll

rewrite it as follows,

B =
√

a2 + b2





a√
a2+b2

− b√
a2+b2

b√
a2+b2

a√
a2+b2



 . (113)

Now define the quantities r and θ as follows,

r = |λ| =
√

a2 + b2 (114)

and

sin θ =
b

r
cos θ =

a

r
. (115)

These latter relations imply that

tan θ =
b

a
. (116)

The matrix B then becomes,

B = r





cos θ − sin θ

sin θ cos θ



 . (117)

The action of B on a point x ∈ R is to rotate it counterclockwise (about the origin) by the angle θ

and then multiply it by the scalar r.
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But let’s now recall that B is the representation of the original matrix A in the basis {v2,v1}.

As such, the original dynamical system,

xn+1 = Axn , (118)

becomes the dynamical system,

x′
n+1 = Bx′

n , (119)

where x′ is the coordinate of a point x ∈ R2 with respect to the basis {v2,v1}. The two sets of

coordinates are related to each other by means of a linear transformation of the form,

x′ = Cx . (120)

It is not necessary to get into any details about C – the only thing that we have to keep in mind is

that C can map circles to ellipses.

1. Case No. 1: r = |λ| = 1. In this case, the matrix B is a rotation matrix. A point x′ is mapped

to a point y′ = Bx′ whose distance from the origin is unchanged. The iteration scheme,

x′
n+1 = Bx′

n , (121)

simply sends the points x′
n around the origin on circles of constant radius with respect to the

basis {v2,v1}. As a result, the iterates x′
n move neither away nor toward the origin. When

we transform back into “xn space”, circle can become ellipses. The most important point here,

however, is that iterates neither approach the fixed point 0 nor are they repelled away. A generic

situation is sketched in the figure below. In this case, the fixed point x̄ = 0 is neither attractive

nor repulsive. We could use the terms neutral or indifferent from our study of one-dimensional

systems to describe this fixed point. In dynamical systems theory, such a fixed point is said to

be stable (even though it is not attractive) since solutions do not “escape” off to infinity.

2. Case No. 2: r = |λ| < 1. In this case, the action of B on a point x′ is to rotate it by an

angle θ and then shrink its distance from the origin by the factor r < 1. As a result, the

iterates x′
n = Bnx′

0 will spiral inward toward the fixed point x̄′ = 0. This implies that iterates

xn = Anx0 will also spiral toward the fixed point x̄ = 0. A generic situation is sketched below.

In this case, the fixed point x̄ = 0 is attractive.
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Left: Case No. 1: r = |λ| = 1. Right: Case No. 2: r = |λ| < 1.

3. Case No. 3: r = |λ| > 1. In this case, the action of B on a point x′ is to rotate it by an angle

θ and then amplify its distance from the origin by the factor r > 1. As a result, the iterates

x′
n = Bnx′

0 will spiral outward away from the fixed point x̄ = 0. This implies that iterates

xn = Anx0 will also spiral outward indefinitely. A generic situation is sketched below.

x

y

Case No. 3: r = |λ| > 1.

In this case, the fixed point x̄ = 0 is repulsive.
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Nonlinear dynamics in R2

We now consider the more interesting case of nonlinear functions f : R2 → R2, i.e., the iteration

scheme,

xn+1 = f(xn) (122)

Note that f is a vector-valued function of a point x ∈ R2. In vector form, the above equation becomes

(xn+1, yn+1) = (f1(xn, yn), f2(xn, yn)) . (123)

Another vector form – which was used in the lecture – is as follows,





xn+1

yn+1



 =





f1(xn, yn)

f2(xn, yn)



 (124)

One of the first things of interest is whether the function f has fixed points, i.e., x ∈ R2 such that

x = f(x) . (125)

In vector form,

(x̄, ȳ) = (f1(x̄, ȳ), f2(x̄, ȳ)) . (126)

As in the one-dimensional case, f : R → R, we shall be interested in determining whether the fixed

points are locally attractive, repulsive or neither.

Example: Consider the function

f(x, y) = (f1(x, y), f2(x, y)) =

(

1

2
(x2 + y2), xy

)

. (127)

For notational convenience, we shall leave the bars off the fixed point equations for the moment. A

fixed point of f(x, y) will have to satisfy vector equation,

(x, y) =

(

1

2
(x2 + y2), xy

)

, (128)

or, in component form,

x =
1

2
(x2 + y2)

y = xy . (129)
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There are a number of ways to find solutions to these fixed point equations. Here is one: First

rearrange the above two equations as follows,

x2 − 2x+ y2 = 0

y(x− 1) = 0 . (130)

The second equation implies that either (i) x = 1 or (ii) y = 0 or (iii) both. Now rewrite the first

equation as follows,

x2 − 2x+ 1 + y2 = 1 , (131)

or

(x− 1)2 + y2 = 1 . (132)

This is the equation of a circle of radius 1 centered at (1, 0). The fixed points are located at the

intersections of this circle and the lines x = 1 and y = 0. A quick sketch of these three curves – see

below – shows that there are four fixed points:

x1 = (0, 0) , x2 = (2, 0) , x3 = (1,−1) , x4 = (1, 1) . (133)

-1 0 1 2

1

-1

x = 1

x

(x− 1)2 + y2 = 1

We now need a method to determine the nature of these fixed points, i.e., attractive, repulsive or

neither. Recall that in one-dimension, i.e., f : R → R, it is the multiplier |f ′(x̄)| associated with the

fixed point x̄ that determines whether x̄ is attractive, repulsive or neither. In two-dimensions, we’ll

also be looking at derivatives but, in this case, they must partial derivatives, since two directions are

involved.

Suppose that the function f(x, y) has a fixed point x̄ = (x̄, ȳ). We shall be interested in points

x = (x, y) that are close to x̄ = (x̄, ȳ) and what happens to them under the application of the map f .
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Specifically, how does the distance between f(x) and x̄, i.e.,

D1 = ‖f(x)− x̄‖ , (134)

compare with the original distance between x and x̄, i.e.,

D0 = ‖x− x̄‖ ? (135)

If we can show that D1 < D0 for all x in a neighbourhood of x̄, then x̄ is attractive since further

iteration by f will bring the iterates closer and closer to x̄. If D1 > D0, then x̄ is repulsive.

We now use Taylor’s Theorem for functions of two variables to approximate the function f(x, y) =

(f1(x, y), f2(x, y)) in terms of its value at the fixed point x̄:

f(x, y) =





f1(x, y)

f2(x, y)





≈





f1(x̄, ȳ) +
∂f1
∂x

(x̄, ȳ)(x− x̄) + ∂f1
∂y

(x̄, ȳ)(y − ȳ)

f2(x̄, ȳ) +
∂f2
∂x

(x̄, ȳ)(x− x̄) + ∂f2
∂y

(x̄, ȳ)(y − ȳ)



 . (136)

(Note that, in order to keep the derivation simple, we have bypassed the use of the Mean Value The-

orem or a remainder term, employing an approximation instead of an equality. This does not change

the final result.)

Since (x̄, ȳ) is a fixed point, f1(x̄, ȳ) = x̄ and f2(x̄, ȳ) = ȳ, i.e.,

f(x, y) =





f1(x, y)

f2(x, y)





≈





x̄+ ∂f1
∂x

(x̄, ȳ)(x− x̄) + ∂f1
∂y

(x̄, ȳ)(y − ȳ)

ȳ + ∂f2
∂x

(x̄, ȳ)(x− x̄) + ∂f2
∂y

(x̄, ȳ)(y − ȳ)



 . (137)

Now subtract the vector (x̄, ȳ)T from all sides to obtain the following,





f1(x, y)− x̄

f2(x, y)− ȳ



 ≈





∂f1
∂x

(x̄, ȳ)(x− x̄) + ∂f1
∂y

(x̄, ȳ)(y − ȳ)

∂f2
∂x

(x̄, ȳ)(x− x̄) + ∂f2
∂y

(x̄, ȳ)(y − ȳ)





=





∂f1
∂x

(x̄, ȳ) ∂f1
∂y

(x̄, ȳ)

∂f2
∂x

(x̄, ȳ) ∂f2
∂y

(x̄, ȳ)









x− x̄

y − ȳ



 . (138)
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You will probably recognize the matrix on the RHS: It is the Jacobian matrix A = Jf of the

vector-valued function f evaluated at the fixed point x̄ = (x̄, ȳ). In most books, including the book,

“Encounters with Chaos and Fractals,” the Jacobian matrix of the mapping f is denoted as follows,

Jf (x, y) = Df(x, y) . (139)

This is to emphasize that the Jacobian of f is a derivative. It is a linear operator in the space in

which f is acting.

In principle, we should now be able to answer the question regarding the distances D0 and D1 given

earlier. If we take norms of both sides of Eq. (138), i.e.,

‖f(x)− x̄‖ ≈ ‖A(x− x̄)‖

≤ ‖A‖ ‖x − x̄‖ , (140)

where ‖A‖ denotes the matrix norm of the matrix A. Apart from a few technicalities involving the

approximation sign, if ‖A‖ < 1, then the distance D1 on the LHS is less than the distance D0 on the

RHS, implying that the fixed point x̄ is attractive.

Let us now show how Eq. (138) can be used to analyse the iteration procedure,

xn+1 = f(xn) (141)

for points near a fixed point x̄ = (x̄, ȳ). Suppose that we select a point xn = (xn, yn) near x̄. Then

from Eq. (138), substituting x = xn,





xn+1 − x̄

yn+1 − ȳ



 ≈





∂f1
∂x

(x̄, ȳ) ∂f1
∂y

(x̄, ȳ)

∂f2
∂x

(x̄, ȳ) ∂f2
∂y

(x̄, ȳ)









xn − x̄

yn − ȳ



 (142)

For points x = (x, y) close to x̄, it is now convenient to define u, v ∈ R as follows,

u = x− x̄ v = y − ȳ , (143)

so that

x = x̄+ u , u = (u, v) . (144)

The vector u is the displacement vector from the fixed point x̄ to the point x. We are essentially

treating the fixed point x̄ as the origin of a new coordinate system so that the positions of all iterates
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will be measured with respect to x̄. Associated with the iteration sequence xn is the sequence,

un = xn − x̄ , (145)

or, in component form,

(un+1, vn+1) = (xn − x̄, yn − ȳ) . (146)

Eq. (142) then becomes,





un+1

vn+1



 ≈





∂f1
∂x

(x̄, ȳ) ∂f1
∂y

(x̄, ȳ)

∂f2
∂x

(x̄, ȳ) ∂f2
∂y

(x̄, ȳ)









un

vn



 . (147)

In matrix-vector form, this equation is

un+1 ≈ Aun . (148)

Note that this is a linear dynamical system in the displacement vectors un.

It may be helpful to summarize the above mathematical operations in a few steps:

1. We wish to examine the behaviour of iterates of the nonlinear dynamical system,

xn+1 = f(xn) , n ≥ 0 , (149)

near a fixed point x̄ of f , i.e., f(x̄) = x̄.

2. We employ the linear approximation to f at x̄ on the RHS of Eq. (149),

xn+1 = f(xn) ≈ f(x̄) +Df(x̄)(xn − x̄)

= x̄+Df(x̄)(xn − x̄) . (150)

3. Now subtract x̄ from both sides of the above result,

xn+1 − x̄ = Df(x̄)(xn − x̄) , (151)

which may be written as

un+1 ≈ Aun , (152)

where un is the displacement vector defined in Eq. (145) and A = Df(x̄) = Jf (x̄).
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We have arrived at the main result of this section:

Locally, i.e., near the fixed point x̄ of a nonlinear mapping f : R2 → R2, the

iteration sequence,

xn+1 = f(xn) , (153)

is well approximated by the linear dynamical system,

un+1 = Aun , (154)

where

A = Jf (x̄) (155)

is the Jacobian matrix of f at x̄ and

un = xn − x̄ . (156)

This implies that the (local) nature of the fixed point x̄, e.g., attractive, repulsive, can be determined

from the eigenvalue/eigenvector properties of the Jacobian matrix Jf (x̄) evaluated at x̄. If λ1 and λ2

are the eigenvalues of A, then from the results of our previous analysis,

1. If |λ1| < 1 and |λ2| < 1, then the fixed point x̄ is locally attractive.

2. If |λ1| > 1 and |λ2| > 1, then the fixed point x̄ is locally repulsive.

The above conditions include the case of complex conjugate eigenvalues, in which case |λ1| = |λ2|.
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