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1 Introduction

In this paper we are concerned with multifunctions T : X = Y, i.e., set-valued
mappings from a space X to the power set 2¥. In particular, we consider mul-
tifunctions that satisfy the following contractivity condition: There exists a
¢ € [0,1) such that dp(Tx,Ty) < cd(x,y) for all z,y € X, where d}, denotes
the Hausdorff metric. From a fundamental theorem of Covitz and Naylor [5], if
T is contractive in the above sense, then there exists a fixed point Z € X such
that £ € Tz. Note that T is not necessarily unique. The set of fixed points of T,
to be denoted as Xp, will play an important role in this paper.

We first prove a corollary of the Covitz-Naylor theorem using projections onto
sets. This provides a method to construct solutions to the fixed point equation
x € Tx, essentially by means of an iterative method that converges to a point z €
X7. We then derive two results that can be viewed as multifunction analogues
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of those that apply when T is a contractive point-to-point mapping (in which
case Banach’s fixed point theorem applies), namely: (i) a continuity property of
fixed point sets X7 and (ii) “collage theorems” for multifunctions.

These results are important in the inverse problem of approximation by fixed
points of contractive mappings [7,8], which we state for the case in which T :
X — X is a point-to-point contraction mapping:

Given a “target” element y € X, we seek a contraction mapping 7" with
fixed point Z such that d(y, Z) is as small as possible.

In practical applications, however, it is difficult to construct solutions to this
problem. Instead, one relies on the following simple consequence of Banach’s
fixed point theorem,

Ay, %) < ——d(y, Ty), (1)

where ¢ is the contractivity factor of T. In the fractal imaging literature, this
result is known as the “collage theorem” [3,1]. Instead of trying to minimize
the approximation error d(y, Z), one searches for a contraction mapping T' that
minimizes the collage error d(y, Ty). This has been the basis of most, if not all,
fractal image coding methods [6,12]. More recently, it has also been employed
in various inverse problems involving differential equations [11]. The results in
this paper provide the setup for solving inverse problems involving contractive
multifunctions.

We then consider two areas to which the contractive multifunction theory
summarized above can be applied. The first is integral inclusions. We define a
multifunction operator T" analogous to the Picard integral operator for first order
systems of differential equations. Under appropriate conditions this operator is
contractive, guaranteeing the existence of a solution to the integral inclusion.

Secondly, we introduce a method of iterated multifunction systems (IMS) over
a metric space. This is based on a generalization of a standard point-to-point
contraction mapping to a set-valued operator. Hutchinson [9] and Barnsley and
Demko [2] showed how systems of contractive maps with associated probabilities
— called “iterated function systems” by the latter — acting in a parallel manner
either deterministically or probabilistically, can be used to construct fractal sets
and measures. Here we define an IMS operator T' by the parallel action of a set
of contractive multifunctions T;. Under suitable conditions, T is contractive in
the sense defined earlier, implying the existence of a fixed-point multifunction
of Z such that z € Tz.

2 Hausdorff distance: properties and results

In the following we let d(z,y) denote the Euclidean distance. We shall also let
H(X) denote the space of all compact subsets of X and dj, (A, B) the Hausdorff
distance between A and B, that is
dn(A,B) = max{maj‘( d (z, B), max d(x,A)}, (2)
rE

AS



Contractive multifunctions, fixed points and IMS 3

where d’(z, A) is the usual distance between the point x and the set A, i.e.,

d(z,A) = yeigd(x,y). (3)

In the following we will denote by h(A, B) = maxgzeca d'(z, B). It is well known
that the space (H(X),d,) is a complete metric space if X is complete [9].

Lemma 1. Let (X,d) a metric space.
1. Forallz,y e X, C C X we have

d'(z,C) < d(z,y) + d (y,C). (4)

2. If A C B then h(C,A) > h(C, B) and h(A,C) < h(B,C) for all C C X.
8. Forall z,y € X and A, B C X we have

d'(z,A) < d(z,y) +d'(y, B) + h(B, A). ()
4. For allx € X and A, B C X we have

d'(z,A) < d'(x,B)+ h(B, A). (6)

5. Suppose now that (X, ||||) be a real normed space and E C X be a conver
subset of X. Let A1, Ay, By, By C E and A\; € [0,1] and Y-, X\; = 1. Then

dh()\lAl + /\QAQ, M B+ )\QBQ) < /\1dh(A1, Bl) + )\th(AQ, BQ). (7)
6. Let Aj,B; C E and \; € [0,1] fori=1,2,...,N, > .\ =1. Then

dn (Z NiAi, /\Z-Bl-> <> N dn(AiB)). (8)

7. Let A,B,C C E, A1, 2 €[0,1] such that Ay + Ao = 1. Suppose that A, B,C
are compact and A is conver. Then

dn(A, M B + X2C) < Mdi(A, B) + Aadi (A, C). (9)
Proof. 1. Computing we have

d(z,c) <d(z,y) + d(y,c) (10)

and then taking the infimum with respect to ¢ € C' we have

d'(z,C) < d(z,y) +d'(y,0). (11)
2. If A C B then we have

d'(c,B) > d'(c, A) (12)

and taking the supremum with respect to ¢ € C' we have the thesis. In
analogous way one can prove the second inequality.
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3. For all z,y,u,z € X we have

d(z,u) < d(x,y)+d(y, z) + d(z,u) (13)

Taking the infimum with respect to u € A we have

d(z,A) <d(z,y) +d(y,z) + d' (2, A) < d(x,y) +d(y,z) + h(B,A) (14)

and then the infimum with respect to z € B we have the thesis.
4. From the previous point, choosing y € B we have

d'(z,A) < d(x,y) + h(B,A) (15)

and then the thesis follows by taking the infimum with respect to y € B.
5. Computing, we see that

h()\lAl + AQAQ, AlBl + )\QBQ) = max lr)nlbn ||)\16L1 + )\2&2 — Albl — A2b2||
1,02

ap,az

< max min [)\1”@1 - b1|| + )\2”@2 - bg”]
ai,az by,bs

= A\ maxmin [|a; — b1|| + A2 maxmin ||ag — bs||
a b1 az b2

= )\1h(A1, Bl) + )\Qh(AQ, BQ)

Similarly we have that h()\lBl + AoB2, M A1 + MAs) < Alh(Bl,Al) +
)\Qh(BQ,AQ). Since h(Al,Bl) S dh(Al,Bl) and h(Bl,Al) S dh(Al,Bl),
we have the desired result.

6. It is easy to see that if A is convex and A\; > 0 with > . \; = 1 then A =

>; MiA. Using this observation we easily get the following lemma.

The following examples state how to calculate the Hausdorff distance when
the sets are intervals.

Ezample 1. Let A = [a1,a2] and B = [by, b2]. Then
dh(A, B) = max{\bl — l],1|7 |b2 — a2|}.

FEzxample 2. This example shows that there are no possibilities to prove a result
as lemma 1 for the Hausdorff distance. In fact, consider C' = [-3,0], A = [1, 3]
and B = [2,5/2]. Then

dp(C,A) = max{l —(-3),3—0} =4

and
dn(C, B) = max{2 — (-3),5/2 -0} = 5.

So even if B C A then dp(C, A) < di(C, B).
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3 Properties of contractive functions

For the benefit of the reader, we mention some important mathematical results
which provide the basis for IFS fractal transform methods and fractal-based
approximation methods.

Theorem 1. (Banach) Let (X,d) be a complete metric space. Also let T : X —
X be a contraction mapping with contraction factor ¢ € [0,1), i.e., for all x,y €
X, d(Tz,Ty) < cd(z,y). Then there exists a unique T € X such that T = TZ.
Moreover, for any xz € X, d(T"z,Z) — 0 as n — oo.

A simple triangle inequality along with Banach’s theorem yields the following
result.

Theorem 2. (“Collage Theorem” [3,1]) Let (X,d) be a complete metric space
and T : X — X a contraction mapping with contraction factor ¢ € [0,1). Then
for any x € X,

d(z, %) < 1Ld(z,ﬂc), (16)

—c
where T is the fived point of T'.

Another manipulation of the triangle inequality involving =, Tx and T yields
the following interesting result.

Theorem 3. (“Anti-collage theorem” [13]) Assume the conditions of the Col-
lage Theorem above. Then for any z € Y,

_ 1
d(z,z) > 1—+Cd(I,TJC), (17)

Theorem 4. (“Continuity of fixed points” [4]) Let (Y, dy) be a complete metric
space and Ty, Ty be two contractive mappings with contraction factors c1 and cs
and fixed points yi and ys, respectively. Then

. 1
dy (y1.92) < 7 dvsup(T1, T2) (18)
where
dy sup(T1, T2) = sup d(Ti (), T(y)) (19)
EAS

and ¢ = min{ey, co }.

4 Contractive multifunctions and fixed point inclusions

We now extend the previous results to the more general case where when set-
valued functions (multifunctions) are considered. We recall that a multifunction
T:X =Y is a function from X to the power set 2. We recall that the graph
of T is the following subset of X x Y

graphT = {(z,y) e X XY : y € T'(x)}. (20)



6 H.E. Kunze', D .La Torre?3, E.R. Vrscay®

If T'(x) is a closed, compact or convex we say that T is closed, compact or convex
valued, respectively. A multifunction T is said to be convex if

tT(x) + (1 — HT(y) C Ttz + (1 — t)y) (21)

for all z,y € X and t € [0, 1]. There are two ways to define the inverse image by
a multifunction 7" of a subset M:

LT M)={ze X :T@x)NM #0}
2. TV (M) ={x e X : T(z) C M}

The subset T~1(M) is called the inverse image of M by T and T*! is called
the core of M by T. A function ¢ : X — Y is a selection or selector of T if
t(z) € T(x), Vo € X. A fized point of a multifunction T satisfies the relation

zeTx (22)

This relation is also known as a fized point inclusion.
The following result gives a condition for the existence of a fixed point of a
multifunction 7.

Theorem 5. (Covitz-Nadler [5,10]) Let (X,d) be a complete metric space and
suppose that T : X — H(X) be a set valued contraction mapping, i.e.

d(Tz, Ty) < cd(z,y) (23)
for all x,y € X and c € [0,1). Then there exists an T € X such that T € TZ.

Note that the fixed point Z is not necessarily unique.

We now prove a corollary of this theorem which will also provide a method
to construct solutions of the fixed point equation (22). Our proof is based on the
projection of a point onto a set.

Given a point x € X and a compact set A C X we know that the function
d(x,a) has at least one minimum point @ when a € A. So we have

d(z,a) < d(z,a) (24)

for all a € A. We call a the projection of the point x on the set A and denote it
as a = 7, A. Obviously a is not unique but we choose one of the minima.
We now define the following projection function associated with a multifunc-
tion 7"
P(z) = mp(Tx). (25)

Theorem 6. Let (X,d) be a complete metric space and T : X — H(X) a
contraction multifunction such that dp(T(x),T(y)) < Kd(z,y) for all x,y € X
with K € [0,1). Then:

1. For all xg € X there exists a point T € X such that x,y1 = P(x,) — T
when n — +0o0o.
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2. T is a fized point, that is, T € TZ.

Proof. Starting from a point 2y € X, take the projection P(zg) of the point on
the set T'ro. Computing, we have d'(zo,Tz) = d(xo, P(x0)). Let 1 = P(x)
and take the projection of x; on the set Tz1; we have

d(IQ,.Il) = d(P(.Tl),CCl) = d/(:cl,Tarl) = d/(P(Io),TIl)
< h(Txo, Tx1) < cd(xo, 1) = cd (w9, Txo)

and for each n € N we have
d(Tn, Tny1) = d (v, Txy) < d'(x0, Txo) = "d(30,71). (26)

Then for all n,m € N, ng < n < m, we have

m—1

m—1
AT, wm) <Y d(@i,vign) < (o, 1)

i=n 1=

m—1
- 1—cm
= c"d(zg, 1) Z =" ( - ) d(zo, 1)

=0
cho

<
~1-—c

d(Io, Il).

Therefore the sequence {z,} is Cauchy in X. Since X is complete there exists
an T € X such that x,, — Z. Since

d'(z,Tz) < d(Z,zn) + d (2, Txy) + h(Txy, TT)
d(Z,x,) + *d(zg, Txo) + cd(Xy, T)
(1+ 0)d(z, xy,) + "d(zo, Tx0),

[IVANIVAN

it follows that z € T'z.

Remark 1. Suppose that (X,d) is a compact metric space and T : X — H(X)
a nonexpansive multifunction such that dp(Tx,Ty) < d(z,y) for all z,y € X.
In this case the previous result can be extended taking into account only the
sequence Tp4+1 = P(x,,) for which d(zp41,2n) = d(P(xy), ) converge to zero.
Under this hypothesis and taking x¢p € X, it is easy to prove there exists a
subsequence ny, such that x,, — T when k — 400 and 7 is a fixed point.

The following two results provide possible methods of finding solutions of the
fixed point inclusions when some hypotheses are added.

Corollary 1. Let (X,d) be a complete metric space and T : X — H(X) a
contraction multifunction. Suppose that there exist two selectors t1 and ty of T
which are contractions with factors K1,Ks and fized points x1,xs, respectively.
If T is convex then x = txy + (1 — t)x2 is a fived point for each t € [0,1].
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Proof. Computing, we have

x=txy+ (1 —t)xs € tT(z1) + (1 — )T (x2)
CT(terr + (1 —t)xe) =T (z).

Corollary 2. Let X = [a,b] and d be the usual Fuclidean distance. Suppose that
T: X — H(X) is a contraction multifunction and that T'(z) is convex for each
x € X. Then minT'(x) (maxT(z)) is a contraction on X.

Proof. From the hypotheses, T'(x) is a subinterval of [a, b] and so

|minT(x) — min T (y)| < dp(T(z), T (y))
< max{|minT(z) — min T (y)],
| maxT(z) — max T (y)|}
< Kd(z,y).

Given a multifunction 7' : X = X let Xy = {z € X : © € T} be the set of
all fixed points of T'. The following results give some properties of the set Xr.

Theorem 7. Let (X,d) be a complete metric space. Then X is complete.

Proof. Let z,, € X1 be a Cauchy sequence of points of Xp. Since z,, € X and
X is complete then there exists a point € X such that d(z,,Z) — 0. Now we
have

d(z,Tz) < d(z,z,) + d' (xn, Txy) + h(Tay, TT) < 2d(Z,x,) (27)

and the desired result follows.

Remark 2. Let (X, d) be a compact metric space. In this case it is easy to prove
that X is compact.

Theorem 8. (Generalized Collage Theorem) Let (X,d) be a complete metric
space and T : X — H(X) a contraction multifunction with contractivity factor
c€10,1). Then for all x € X there exists a fived point T such that

!/
d(zo, 7) < L& T2 (28)
1—c
so that J (o T
2 (. xp) < A2, (20)
— C

Proof. For any © € X, let g = z. From Theorem 6, there is exists a point
Z € X such that the projection scheme P(x,) — Z. Then

M=

d(l‘o, i‘) < d(l‘l, xi—l) + d(l‘n, ‘f)

3

1

d(P(.Z‘ifl), CCZ',1) + d(l‘n, 1_7)

I

=1
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n—1
< Z c'd(z1,w0) + d(xp, T)
i=0
n—1
Z c'd' (xg, Txo) + d(zn, T)
i
< 1—d’(:c0,Ta:0) +d(zp, T).

IN

In the limit n — oo, we have the desired result.

Theorem 9. (Generalized Anti-Collage Theorem) Let (X, d) be a complete met-
ric space and T : X — H(X) a contraction multifunction with contractivity fac-
tor ¢ € [0,1). Let Xy = {x € X : & € Ta} be the set of all fized points of T.
Then

d'(x,Tx) < (1+c)d'(z, X1). (30)

Proof. From lemma 1 we have that for all y € X

d'(z,Tz) < d(z,y) +d (y, Tx)
<d(z,y)+ h(Ty,Tz) < (1 +c)d(z,y).

The desired result follows by taking the infimum.

The following result establishes the continuity or stability of the fixed point
set X7 of a contractive multifunction.

Theorem 10. Let (X,d) be a complete metric space and T, T : X = X be two
contractive multifunctions on X. Suppose that X7, and X, are compact sets.
Define the following distance

doo (T, To) = sg}g dp (Thz, Tox). (31)
Then
dn (X1, X1,) < % (32)
Proof. From lemma 1 we know that for all x € X and A, B C X we have
d'(z,A) < d(x,B)+ h(B,A). (33)
Let z € X7, and computing we have
d'(z, Tox) < d'(z,Tyix) + M(Tix, Tox) < doo(T1,T2) (34)
Now using collage theorem we have
(1 = c2)d (z,X1,) < d'(2,Tow) < doo(T1, T3) (35)

and taking the supremum with respect to z € X7, we have

(1 — CQ)h(XTl,XT2) S doo(Tla TQ) (36)
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Upon interchanging X7, with X7, we have

doo (T, T
dh(XTleTz) < ( : 2)

~ 1 —min{cy, e}’ (37)
Corollary 3. Let T), : X = H(X) be a sequence of contraction multifunctions
with contractivity constants such that sup,, ¢, = S < 1. Suppose that T, — T
in the deo metric where T : X = H(X) is a contraction multifunction with
contractivity factor c. If Xr, and Xt are compacts then X, — Xt in the
Hausdorff metric.

5 Applications: Integral inclusions and iterated
multifunction systems

We now apply the results of the previous sections to some examples concerning
integral inclusions and iterated multifunction systems (IMS).

5.1 Integral inclusions

Consider now the space of all continuous functions C([a,b]) endowed by the
classical doo metric. It is well known that (C([a,b]),ds) is a complete metric
space. Now consider for each u € C([a, b]) the following operator

Tu(z) = Z P; /x @i(s,u(s))ds + Py := Z P& (x) + Po (38)

where

g = [ " gusu(s))ds, (39)

Py is a compact set, ¢; : RxR — R are Lipschitz functions with constants K; > 0
and P; C R are compact sets. Let X = C([a,b]). It is clear that T : X = H(X)
where the space H(X) is the space of all compact subsets of X endowed by the
metric

dn(A,B) = max{gleai( min dos (a,b), max min doo(a,b)} (40)

The space (H(X),d) is complete.
Theorem 11. T : (X, d) — (H(X),dy).

Proof. We only need to prove that Tu is a compact subset of X. To do this,
take a sequence of elements [, € Tu; then [, = Y. pin&* + po,n and then,
eventually by extracting subsequences and using the compactness of P; we have
that p;,, — p; € P;. Let [ =Y, pi&;* + po. Then

doo(ln,1) < sup | > Ipim — pill€l (@)

z€la,b]
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<Z|pzn p1| sup |§ ( )|_’0

z€la,b

when n — +o0.

The following results shows that Tu is Lipschitz on C([a, b]).
Theorem 12. dj, (Tu,Tv) < cdos(u,v) for allu,v € X where c = (b—a) >, |pi| K;.
Proof. First of all we observe that

dn(Tu, Tv) (ZP@ +P0,ZP§1+PO><dh (ZP@,ZP@)

Computing, we have

h (Z P, Z H§$>

max min  ds(a,b
a€d’; Pig} beys,; Pigy OO( )

_ in d LY *eu
g i 0 (S S

S pi) = Spigi ()

i

max min su - & (v
plEP'Lp EP%;ce[apb] sz ;ngl( )
+ sup széz ZP:&?(I)
z€la,b] 4

<maxminz ;i —pi| su Yz
< s min 3 =] sup 16(0)|

= max min sup
pi€EP;i p;EPR; z€[a,b]

IN

+lez| sup |&7(z) — ()|

z€la,b]

< ma)i2|pz| sup & (x) — &' ()]

906 a,b

/(bzsv ds—/ bi(s,u(s

< & [ lote) = uolds
<K(:C—a)d (v,u)

Now recalling that

&' () = &' (2)] =

we have

h(ZR—&;ﬂme) < max2|pz| sup [61(2) = & @)

z€la,b]
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< Z pil sup Ki(x — a)dso (v, u)
P z€[a,b]

<(b—a) Z |pi| K idoo (v, ).

Theorem 13. Suppose that ¢ = (b — a))_, |pi|K; < 1. Then the fized point
inclusion

uey P&+ PR (41)

has at least a solution 4 € X. Furthermore, for all ug € C([a,b]) there exists a
point 4 € X such that un11 = P(u,) — @ when n — +00.

In Figure 1, we illustrate some selections of the integral inclusion
t
x(t) € (Tz)(t) = / (Po + Pra(s) + Pya?(s)) ds,
0

where each P; is the interval [—1,1]. We select values a; € P; and plot the
solution to the corresponding integral equation. We restrict ourselves to a; €
{—1, —%, 0, %, 1} for each 7, so that there are a total of 125 selections plotted in
the Figure.

Fig.1. Some selections of the integral inclusion z(t) € (Tz)(t) =
fg (Po + Pya(s) + Paa?(s)) ds, where each P; is the interval [—1,1].
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5.2 Iterated function systems and iterated multifunction systems

First of all we introduce the idea of an iterated function system. Once again,
(X,d) denotes a complete metric space, typically [0,1]". Let w = {wy,---,wn}
be a set of contraction maps w; : X — X, to be referred to as an N-map IFS. Let
¢; € [0,1) denote the contraction factors of the w; and define ¢ = maxi<i<n ¢; €
[0,1). As before, we let H(X) denote the set of nonempty compact subsets of
X and h the Hausdorff metric. Associated with the IFS maps w; is a set-valued
mapping w : H(X) — H(X) the action of which is defined to be

w(S) = | Jwi(S), S eH(X), (42)

-

Il
-

K2

where w;(S) := {w;(z),x € S} is the image of S under w;, i =1,2,---,N. It is
a standard result that W is a contraction mapping on (H(X),h) [9]:

h(Ww(A),Ww(B)) < ch(A,B), A,B e H(X). (43)

Consequently, there exists a unique set A € H(X), such that w(A) = A, the
so-called attractor of the IFS w. The equation A = W(A) obviously implies that
A is self-tiling, i.e. A is union of (distorted) copies of itself. Moreover, for any
So € H(X), the sequence of sets Sy, € H(X) defined by S,,+1 = W(S,,) converges
in Hausdorff metric to A.

Ezample 3. X =1[0,1], N = 2: wy(x) =
A is the ternary Cantor set C on [0, 1].

%x, wa(z) = %x + % Then the attractor

As extension of IFS, consider a set of T; : X = X of multifunctions where
i€l...nand Tz € H(X) for all i. We now construct the multifunction 7T :
X == X where

Tz =T (44)

Suppose that the multifunctions 7; are contractions with contractivity factor
€ [0,1), that is,
dn(Tiz, Tiy) < cid(z,y). (45)

From the Covitz-Nadler theorem cited earlier, there exists a point £ € T'Z. Now
given a compact set A € H consider the image

T(A) = | Ta € H(X). (46)

a€A

Since T : (X, d) — (H(X),dy) is a continuous function then T'(A) is a compact
subset of H(X). So we can build a multifunction T : H(X) = H(X) defined by

T*(A) = T(A) (47)
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and consider the Hausdorff distance on H(X), that is given two subset A, B C
H(X) we can calculate

dnp (A, B) = max{sup inf dp(z,y),sup inf dp(z,y)}. (48)

zecAYEB rcAYEB

We have the following result.
Theorem 14. T% : H(X) = H(X) and

Ay (T*(A), T*(B)) < cdi(A, B). (49)
Proof.

dpn(T*(A), T*(B)) = max{ sup inf dp(z,y), sup inf dy(z,
w(T7(4). T"(B)) {xET*(A)yeT*(B) w(@9) zeT*(B)yET*(A) w(@ )}

= max{sup inf dp(Ta, Tb),sup inf dn(Tb,Ta)}

< cmax{sup 1nf d(a,b), Sup 1nf d(b a)} = cdp(A, B)
acAbEB

We therefore have the following result.

Theorem 15. Let (X,d) be a complete metric space and T; : X — H(X) be
a finite number of contractions with contractivity factors ¢; € [0,1). Let ¢ =
max; ¢;. Then

1. For all compact A C X there exists a compact subset A C X such that
Apy1 = P(An) — A when n — +oo.
2. AcC U, Ti(A).

5.3 Iterated multifunction systems on mappings

Consider now the set X of all functions on [0, 1] and the set F = B([0, 1]) built
by taking all the functions w : [0,1] — [0, 1]. Obviously E is convex and we can
consider on this space the metric d, that is

d(u,v) = doo(u,v) = sup_|u(z) — v(z)| (50)
z€([0,1]

It is well known that (X,d) is a complete metric space. Consider as usual in
IFS theory a set of mappings w; : [0,1] — [0,1] for all ¢ = 1...n and let
@; : [0,1] X [a,b] — [0,1] be a family of Lipschitz functions, that is

|¢i (v, 1) — di(v, §)| < Kiltp — & (51)

for all v € [0, 1] and ¢, £ € [a, b]. Consider now the multifunction ¢7 : B([0,1]) =
B([0,1]) defined by

= | silw (52)

£€]a,b]
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It is trivial to prove that ¢} : B([0,1]) — H(B([0,1])) is a contraction. Suppose
that ¢* satisfies

dn (97 (), 97 (v)) < Kjdoo(u, v) (53)
where K € [0,1). Consider the following function Thu
Tou = Zpi@(u(w;l), ai), (54)

where a € R", a = (a1,...,a,), 0 < p; < 1 forall 4, >, p; = 1, and we
suppose that we put zero corresponding to a term in which w; ' (x) = (). Clearly
Tau : [0,1] — [0,1] and we can build the following IMS operator

Tu= U Tau = Zpl(bz(u(w;l)a [CL, b]) (55)
a€(a,b]” i
Theorem 16. Tu is compact in (B([0,1]),dx)-

Proof. To prove this, take a sequence of elements vy € Tu, then vy = T, u but
ag € [a,b]™ and so, eventually by extracting subsequences, we have a, — «. We
now prove that vy — T,u. Computing, we have

doo (Ui, Tou) = sup |vg(z) — Tou(z)]

z€[0,1]

= sup |Ta,u(z) — Tou(z)|
z€[0,1]

< Sl[lopl]Zpi|¢i(u(wi_l(ﬂf))aai) = i(u(w; ' (2), (o))
ze|0, i

< ZpiKi|05i — (ag)il-

So T : B([0,1]) = B([0,1]) and Tw € H(B(]0,1])). We now prove that T is
a contraction.

Theorem 17. The multifunction T : B([0,1]) = B([0,1]) satisfies
dn (T, Tv) < cdos (u, ), (56)
where ¢ = 3, p; K
Proof. Computing we have
(T, 7o) = (3 pid ™) o, ), 3 (ot )
< 36w, [ B, 6™, [ )
= 3 65 ), 65 (00 )
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< ZpiK;doo(u(wf), v(w; ™))

< ZpiKi*doo(u,v).

By the previous results we have then proved the following theorem.

Theorem 18. Let w; : [0,1] — [0,1] for alli =1...n be a set of mappings on
[0,1] and let ¢; : [0,1] X [a,b] — [0,1] be a family of Lipschitz functions, that is

9:(&, @) — ¢(&, B)| < Kila — f]. (57)

and
dn (&7 (u)), &5 (v)) < K7 doo(u,v) (58)

for all u,v € B([0,1]), where K; >0, KX € [0,1), «, 8 € [a,b], £ € [0,1] and

$iw)= J ¢iu9). (59)

£€la,b]
Let
Tou = Zplgbl(u(w;l), a;). (60)
where 0 < p; <1 foralli, Y-, p; =1, and
Tu= |J Tau (61)
acla,b]™

Then

1. For all functions ug € B([0,1]) there exists a function @ € B([0,1]) such that
Upt1 = P(up) — 4 when n — +o00.
2. uweT(u).
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