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Lecture 1

(Relevant sections from Stewart, Calculus, Early Transcendentals, Sixth Edition: 14.1, 16.1)

Introduction

The purpose of this course is two-fold:

1. to develop further the calculus of functions of several variables, i.e., multivariable calculus,

2. to present the standard concepts and methods of differential and integral vector calculus.

Even though Item 2 is technically contained in Item 1, it warrants separate mention since vector

calculus will soon be playing an important role in your studies of Physics. Indeed, from a historical

perspective, vector calculus was developed in order to understand a number of physical phenomena

occurring in nature, e.g., gravitation, electromagnetism, fluid flow. Note that these phenomena require

the concept of a field which exists in space and which can be used to explain their behaviour.

In your first Calculus course, you were introduced to the idea of a real-valued function of a single

real variable, i.e.,

f(x).

For each real number, x, in some “domain”, the function f assigns a unique real number, which is

denoted as f(x). So the input to this function f is a real number, and its output is a real number.

In the precusor to this course (hopefully!), e.g. MATH 128, you were then introduced to the idea

of a function of several variables, written as

f(x, y) or f(x, y, z) or perhaps f(x, y, t).

In general, the input to such a function f is an n-tuple: an ordered set of n real numbers, which will

be written generically as

x = (x1, x2, · · · , xn).

Such an ordered n-tuple may be considered as a point in Rn. And the output of such functions was

assumed to be a single real number.

In all of the above examples, the output of the function considered is a single real number, or

scalar. As such, all of the above cases are examples of scalar-valued functions.
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Note: In books, a vector or n-tuple is usually denoted as a boldfaced letter, e.g., x =

(x1, x2, · · · , xn). In lectures, I shall normally use arrow notation, e.g., ~x, since it is tedious

to try to write boldfaced characters on the blackboard. (The notation x is also used by

some lecturers.) Also, it will sometimes be convenient – and I’ve already done it above –

to let x, y and z denote the independent variables, as opposed to x1, x2, · · ·.

Mathematically, the action of a scalar-valued function f is written as follows:

f : Rn → R.

Examples:

1. n = 2: f(x, y) = 50 − x2 − 2y2.

2. n = 3: f(x, y, z) = 3x2 + 2yz + z5

3. Physical quantities such as temperature, pressure and concentration are scalar quantities. For

example, the function

T (x, y) =
200

x2 + y2 + 1

could represent the temperature on the surface of a hotplate at the point (x, y) for a suitably

defined region (x, y) ∈ R ⊂ R2.

We shall often refer to these physically-relevant, scalar-valued functions as scalar fields, to

differentiate them from vector fields that will also be an important part of this course.

Unless otherwise indicated, the domain of the function f , to be denoted as D(f), will be defined

as the set of all points x ∈ Rn such that f(x) is defined. And the range of f , to be denoted as R(f)

is the set of all possible values of f(x) for x ∈ D(f).

As you know well from first-year calculus (and earlier), the graph of a function f : R → R is a

curve in R2 defined by the association y = f(x). For each x ∈ D(f), the point (x, y) = (x, f(x)) lies

on the graph of f . The graph of a function generally gives us a good idea of its action on points in its

domain. It often allows us to identify “hot/high regions” as well as “cool/low regions”.
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In MATH 128, you saw that the graph of a scalar-valued function of two variables, f : R2 →

R, could also be visualized: Graphically, it is the surface in R3 defined as z = f(x, y), sketched

schematically below.

(a, b, f(a, b))

x

y

O

z

z = f(x, y)

.

.

(a, b, 0)

Graph of f(x, y) is represented by the surface z = f(x, y) in R3.

Here, the “input” variables are x and y – you need both of them to identify a unique input to

f . And for each input pair (x, y), f will produce an the “output” z = f(x, y). As such, the point

(x, y, z) = (x, y, f(x, y)) is a point on the graph of f . We’ll consider some examples a little later in

the course.

The graph of a function of three variables f(x, y, z) would require four dimensions. As such, we

must rely on other methods, e.g. level sets (to be revisited shortly), to get an idea of the action of

such functions. We shall return to a more detailed analysis of scalar-valued functions in a few lectures.

We now turn to vector-valued functions of several variables, written mathematically as

f : Rn → Rm,

where n and m are integers that are generally greater than one.

Once again, the input of such a function is a point x = (x1, x2, · · · , xn). But now the output is

a point y = (y1, y2, · · · , ym) in Rm.

Such functions can be written as m-tuples of scalar-valued functions, i.e.,

f(x) = f(x1, x2, · · · , xn)

= (f1(x1, x2, · · · , xn), · · · , fm(x1, x2, · · · , xn))
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In books, such functions are usually denoted in boldface, i.e;, f(x). Once again, on the blackboard,

I shall use arrows, i.e. ~f(~x).

Examples:

1. n = 1, m = 3: You have seen this case in first-year calculus. The input is a single real number

and the output is a point in R3. This is an example of the parametric representation of a curve

in R3. It was standard to let t be the parameter and (x(t), y(t), z(t)) the points on the curve.

As an example,

f(t) = (x(t), y(t), z(t)) = (cos t, sin t, t), t ∈ R,

defines a helix in R3.

2. n = 2, m = 3: f(x, y) = (x, x2 + 3y, x + 6xy).

Here, f1(x, y) = x, f2(x, y) = x2 + 3y, f3(x, y) = x + 6xy.

3. n = 3, m = 2: f(x, y, z) = (xy sin(z), ez).

Here, f1(x, y, z) = xy sin(z), f2(x, y, z) = ez.

Apart from the first example, does this definition of a general vector-valued function of several

variables silly? Useless? Contrived? Perhaps. But consider the following situation. At each point

x = (x, y, z) in the earth’s atmosphere, we would like to consider a number of physical properties of

the air, for example: (1) temperature T , (2) pressure P and (3) velocity v, itself a vector quantity

with three entries, as functions of x. This would involve a function f : R3 → R5, i.e., m = 3 and

n = 5.

In most of the applications to Physics in this course, we shall be using m = n = 2 or 3, i.e.,

f : Rn → Rn, n = 2, 3.

Usually, the input to f will be a point x = (x1, · · · , xn) in physical space. And the output of f will

most often be one of the following:

1. The velocity v(x) = (v1(x), · · · , vn(x)) of a particle at a point x ∈ Rn,

2. The acceleration a(x) = (a1(x), · · · , an(x)) of a particle at a point x ∈ Rn,

3. The force f(x) = (f1(x), · · · , fn(x)) exerted on a particle at a point x ∈ Rn.
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Examples:

1. n = 2 with f(x, y) = (f1(x, y), f2(x, y)) = (x2 + 5, x3 + y + 6xy2). f defines a vector field for all

(x, y) ∈ R2. (Whatever this vector field might mean is not of concern at the moment.)

2. Some examples relevant to Physics are presented in the handouts that accompany this set.

We shall often refer to these vector-valued functions as vector fields.
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Lecture 2

(Relevant section from Stewart, Calculus, Early Transcendentals, Sixth Edition: 16.1)

Visualization of vector fields

We now face a problem: Practically speaking, how do we “graph” a vector-valued function of several

variables, f : Rn → Rm? At each input point (x1, · · · , xn), we obtain an output point (y1, · · · , ym).

On a piece of paper, we can deal with three dimensions at most, with the help of perspective. Even

in a relatively small-dimensional case, e.g., n = m = 4, we’re going to be in trouble.

In most applications in Physics, our vector fields will represent velocities or forces. It turns out

that the visualization of these fields in terms of arrows is a good method of “graphing” them. And,

indeed, it is often useful to be able to visualize these vector fields in this way. For example, a velocity

vector field sketched in terms of arrows can give a reasonable idea of how a fluid is travelling in space.

In R2, the vector field f(x, y) = (f1(x, y), f2(x, y)) is graphically represented by drawing an arrow

representing the vector

f1(x, y)i + f2(x, y)j

that starts at the point (x, y). In this way, we obtain the arrow sketched schematically below.

f1(x, y)i

f2(x, y)j

pictorial arrow representation of the vector

f(x, y) = f1(x, y)i + f2(x, y)j

f(x, y)

(x, y)

Just to repeat: The arrow, in particular its horizontal and vertical components, f1(x, y) and

f2(x, y), respectively, represents the value of f at (x, y), i.e., f(x, y).

If you now draw these arrows for a sufficient number of points (x, y), then you can get an idea of

the “flow” of the vector field. (Think of how iron filings are used to obtain the picture of the magnetic

field surrounding a bar magnet.)

Note: It is often advantageous to use a length scaling for the arrows that is different than the one

used to label the coordinate axes. Otherwise, the arrows are either too tiny or too large, in the latter
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case overlapping each other to yield a rather confusing picture.

Examples:

1. f(x, y) = (1, 0). Here f1(x, y) = 1 and f2(x, y) = 0. At each point (x, y) we simply draw the

arrow vector i + 0j = i. The result is sketched below.

The vector field f(x, y) = i.

x

y

0 1 2 3-1-2-3

2

3

1

-1

-2

-3

Possible physical interpretation: the velocity field of a thin fluid moving horizontally on the

surface of a table at constant velocity in the forward x direction.

2. f(x, y) = (x, y). Note that this can be written in compact notation as f(x) = x, since x = (x, y).

At each point (x, y) we draw the arrow xi + yj. For example, at the point (1, 1), we draw the

vector i + j. At (2,−1), we draw the vector 2i − j. The result is sketched below.

-3

x

y

The vector field f(x, y) = xi + yj.

1 2 3-1-2-3

1

2

3

-1

-2

This has the appearance of a fluid that emanates from the origin and flows in all directions,

increasing speed as it moves away from the origin.
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I thank the student who, during our discussion in class, gave a possible physical realization of

this phenomenon: Imagine water coming out of a vertical pipe that is situated at the top of a

circularly symmetric hill, perhaps in the shape of a cone. As the water flows down the hill, it

increases in speed because of gravitational acceleration.

3. f(x, y) = (y, 0) for y ≥ 0. At each point (x, y), y ≥ 0, we draw the arrow yi:

The vector field f(x, y) = yi, y ≥ 0.

x

y

-1-2-3

2

3

1

0 1 32

This has the appearance of a fluid that is moving horizontally, however the fluid particles are

moving more quickly as we move away from the x-axis. This is not too far from the real motion

of a fluid with friction – particles at the “wall,” i.e., the x-axis are “stuck” to it.

4. f(x, y) = (−y, x). It’s sometimes instructive to pick some easy points and then work around

them. For example: f(0, 0) = (0, 0), f(1, 0) = (0, 1), f(0, 1) = (−1, 0), f(−1, 0) = (0,−1):

0

x

y

1 2 3-1-2-3

1

2

3

-1

-2

-3

The vector field f(x, y) = −yi + xj.

This has the semblance of some kind of rotational field. We’ll return to this example later.

One of the main points of this course is to mathematically characterize the various behaviours of

these vector fields. For example, without looking at the graphical representation of a vector field, can

we determine if it is rotational or not?
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Some examples of important vector fields in Physics

The velocity field of a rotating disc

Consider a thin circular disc (e.g., a rotating turntable for – yes! – vinyl records, or a rotating CD)

that is rotating counterclockwise with angular frequency ω with respect to a stationary laboratory

frame, as sketched below.

. x

y
ω

The laboratory coordinate system defined by the x- and y-axes is fixed on the table. A point P on

the disc traces out a circular trajectory in time. If r(t) = (x(t), y(t)) denotes the position vector of P

at a certain time, as measured from the center of the disc, then the velocity vector v(t) of P is tangent

to this circular trajectory and therefore must be perpendicular to r(t) and point in the direction of

motion, as sketched below.

θ(t)
O

P

x

y

r(t)

v(t)

Since the trajectory of P is circular, it is convenient to use a polar coordinate representation, i.e.,

x(t) = r cos θ(t), y(t) = r sin θ(t), (1)

where r = ‖
−−→
OP‖ is the (constant) radius of the circular trajectory.

And what about the angle θ(t)? Well, we are given that the disc is rotating at a constant angular

speed of ω. By definition, this means that

dθ

dt
= ω. (2)
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In other words, θ(t) is increasing linearly in time. We can integrate the above equation to obtain

θ(t) = ωt + θ0, (3)

where θ0 = θ(0), i.e., the angle between the vector
−−→
OP and the positive x-axis at time t = 0. (In

class, we set θ0 = 0 for convenience, but let’s simply keep it general here.) Therefore, the coordinates

of point P with respect to the stationary coordinate system of the table are given by

x(t) = r cos(ωt + θ0), y(t) = r sin(ωt + θ0). (4)

We leave it as a small exercise (in fact, it is assigned in Problem Set No. 1) to show that the

velocity field of points on the rotating disc is given by

v = −ωyi + ωxj = ω [ −yi + xj ] . (5)

This is “rotational” vector field examined at the end of the previous lecture, multiplied by the scalar

ω.

Note that v is perpendicular to r:

r · v = (x, y) · (−y, x) = −xy + xy = 0. (6)

It is convenient to define the angular velocity vector ~ω = ωk which points in the direction of the

axis of rotation. Here, the so-called “right-handed convention” is being applied: If you slightly curl

the fingers of your right hand and let them point in the direction of motion of P , then your thumb

will point in the direction of ~ω, as shown in the diagram below.

(side view)

r

v

z

~ω = ωk̂

Also note that

v = ~ω × r, (7)

a result that you may have seen in first-year Physics. We verify it below:

~ω × r =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

i j k

0 0 ω

x y 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −ωyi + ωxj + 0k = v (8)
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Note that

‖ v ‖=‖ ~ω ‖‖ r ‖ sin θ = ωr, (9)

since θ = π/2. We see that for a fixed value of ω the speed of the point P increases as we move

outward from the center of the disc. This makes sense: The motion of any point P is periodic with

period T = 2π/ω. But the distance that a point P must travel in one rotation is 2πr, which increases

with the radius r of the trajectory.

The relation (7) applies to the more general situation of a rigid body that rotates about an axis

in three dimensions. The result is proved on Page 629 of the course textbook by Adams and Essex.
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Lecture 3

Some examples of important vector fields in Physics (cont’d)

Gravitational force fields

It is instructive to focus on a particular example of a vector field of major importance in physics: the

gravitational field. Suppose that a mass M is located at the origin O in R3. And suppose that there

is another mass m situated at point P with coordinates x = (x, y, z). (You can refer to the relevant

figure in the set of illustrations of vector fields.) What do we know about gravitation?

1. First, we know that the force exerted by M on m points in the direction from m to M . In this

case, it points in the direction of −r, where r is the position vector of m. (For convenience, we

have placed M at the origin.) Therefore, the gravitational force exerted by M on m will have

the form

FMm = − something × r (10)

where “something” will be a positive quantity that is not necessarily constant.

2. Secondly, we know that the magnitude of FMm is proportional to the square of the distance

between M and m. In other words,

‖ FMm ‖=
K

‖ r ‖2
=

K

r2
, (11)

where K is the constant of proportionality and, for convenience, we use the notation r =‖ r ‖.

3. The magnitude of FMm is also proportional to each of M and m.

We shall first consider the effect of distance on the force, for fixed M and m. From Eq. (10), we have

‖ FMm ‖= something × r (12)

Comparing (12) and (11), it follows that

something =
K

r3
. (13)

Therefore, from (10), we have that

FMm = −
K

r3
r. (14)

13



We now use Fact No. 3 to deduce that K = GMm, where G is a proportionality constant. The final

result is well known to you:

FMm(r) = −
GMm

r3
r, (15)

where G is the so-called gravitational constant. Note that this result can also be written as

FMm(r) = −
GMm

r2
r̂, (16)

where r̂ =
r

r
denotes the unit vector pointing in the direction of r.

Question: What is the force FmM exerted by mass m on mass M?

Eq. (15) is a very compact notation for the vector force field. If we express it in Cartesian

coordinates x, y and z, the result is rather complicated looking. First of all, acknowledging that

r = xi + yj + zk, we have

r =‖ r ‖=
√

x2 + y2 + z2 (17)

so that

FMm(x, y, z) = −
GMm

(x2 + y2 + z2)3/2
[xi + yj + zk] . (18)

This expression will be useful later.

What does this vector field look like? As we reasoned above, at each point P with coordinates

r = (x, y, z), the force exerted by mass M on mass m will point toward mass M , which is located at

the origin O. Therefore all arrows points toward the origin. As we move away from the origin/the

mass M , however, the lengths of the arrows get smaller. Here is a rough sketch:

x

y

z

O

The gravitational force field vector F = −
GMm

r3
r.
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It is often convenient to define the gravitational field f that exists due to the presence of the mass

M at the origin: It is the gravitational force per unit mass exerted by M , i.e.

f =
1

m
FMm = −

GM

r3
r. (19)

The the force exerted on a mass m at point P with position r is given by

F = mf . (20)

Now consider the case where the mass M is not at the origin of our coordinate system but rather

at a position r0 = (x0, y0, z0). What is the force exerted by M on m in this situation?

A little bit of “physical thinking” should reveal that the gravitational force field that we obtained

earlier – which was centered about the origin – would be shifted so that it is now centered about the

point r0 = (x0, y0, z0) where mass M is located. The net result is

FMm(r) = −
GMm

‖ r− r0 ‖3
[r − r0] (21)

Physically, the force exerted by M on m has to be in the direction of the vector that points from m

to M , which is the vector r0 − r = −[r − r0]. And the strength of the vector field must be inversely

proportional to the square of the distance between M and m. You can check that this is the case in

(21). A sketch of this vector field is given in the handout from Lecture 1.

Electrostatic force fields

The electrostatic force on a “test point charge” q due to the presence of a point charge Q at the origin

is given by

F(r) =
KQq

r3
r, (22)

In “SI Units,” the constant K =
1

4πǫ0
, where ǫ0 is known as the permittivity of the vacuum. The

electrostatic force is then written as

F(r) =
Qq

4πǫ0r3
r, (23)

We shall be using this notation throughout the course. Note that F is (1) repulsive when Q and q

have the same sign and (2) attractive when they have opposite signs, as expected.

The electric field due to the presence of charge Q at the origin is the electrostatic force per unit

charge, i.e.,

E(r) =
Q

4πǫ0r3
r, (24)
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so that the force exerted on a charge q at position r is given by

F = qE. (25)

In the case Q > 0, the arrows representing the electric field will point outward as sketched below.

x

y

z

O

The electric field vector E =
Q

4πǫr3
r, for Q > 0.
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Scalar-valued functions of several variables

(Relevant section from Adams and Essex, Calculus, Several Variables, Seventh Edition: 12.1)

Let us now return to the topic of scalar-valued functions of several variables, i.e

f : Rn → R. (26)

The input to such functions is a set of n real numbers, considered as a point (x1, x2, · · · , xn) ∈ Rn,

and the output is a scalar, i.e., a single real value. Let us consider some simple situations where such

functions of several variables are necessary.

1. Let T (x, y, z) denote the temperature at a point (x, y, z) in our classroom. In fact, we know that

the temperature changes from hour to hour, day to day, so that it would be better to the time

dependence in addition:

2. Let T (x, y, z, t) denote the temperature at a point (x, y, z) at time t.

3. Let h(x, y) denote the height of the earth’s surface above sea level at a point (x, y) that identifies

that location uniquely – for example x denotes the latitude and y denotes the longitude of the

point. In general, barring earthquakes or landslides, this function will remain constant over time.

4. Consider an idealized, square black-and-white photograph. At each point (x, y) of the photo-

graph, where 0 ≤ x, y ≤ 1, the photo exhibits a shade of grey that ranges from 0 (black) to 1

(white). We let g(x, y) denote the greyscale function associated with the photograph. We use

the term “idealized” because the greyscale values of real photographs do not exist at points but

are rather determined by the concentration of silver atoms over small regions.

For digital images, x and y actually take on discrete integer values, e.g., 1 ≤ x, y ≤ 512,

corresponding to the pixels that make up the images. The greyscale values g(x, y) also assume

discrete values. Most common are “8 bit per pixel” images, where the g(x, y) can assume the

values {0, 1, 2, · · · , 255}.

Note: For colour images, we need three numbers, e.g., the red, green and blue components,

at a point (x, y) to define the colour at that point. We could use three image functions ui(x, y)

or consider the image function to be a vector-valued function: u(x, y) = (r(x, y), g(x, y), b(x, y)),

where r(x, y), g(x, y) and b(x, y) denote, respectively, the red, green and blue components of the

pixel at (x, y).
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Representations of scalar-valued functions of several variables

Graphs of scalar-valued functions

Recall that the graph of a function f(x) of a single real variable is a curve in R2. We plot the values

(x, y) where y = f(x). The x values represent the “input” of the function and the y values represent

the correspoinding “outputs.” What about the graphs of a function f(x, y) of two variables? Clearly,

we’ll need three dimensions – two for the (x,y) input variables and one for the output z = f(x, y).

The graph of f(x, y) will generally be a surface in R3 as we sketch schematically below.

(a, b, f(a, b))

x

y

O

z

z = f(x, y)

.

.

(a, b, 0)

Examples:

1. Perhaps one of the simplest functions to consider, the function z = f(x, y) = C, where C is a

constant. This function is obviously defined for all x ∈ R. The graph of this function is the

plane z = C, which is parallel to the xy-plane, passing through the point (0, 0, C) on the z-axis.

2. The function z = f(x, y) = 1−x− y, which is defined for all (x, y) ∈ R2. We can rearrange this

definition to give

x + y + z = 1, (27)

which indicates that the points on the graph of f lie on a plane. (A normal of this plane is

(1,1,1).) The portion of the plane that lies in the first quadrant x, y, z ≥ 0 is shown below.

3. The function z = f(x, y) = x2, which is defined for all (x, y) ∈ R2. Here, f is obviously

independent of y. The graph of f is obtained by simply taking the parabola z = x2 at y = 0 and

translating it along the positive and negative x-axis to produce the “parabolic trough” sketched

below.
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z = 1 − x − y

x

y

O

z

1

1

1

z = x2

x

y

O

z

4. The function z = f(x, y) = x2 + y2, defined for all (x, y) ∈ R2. Note the following:

• f(x, y) ≥ 0, with f(0, 0) = 0.

• For y = 0, the parabola z = f(x, 0) = x2 represents the intersection of the graph/surface

z = f(x, y) with the xz-plane (y = 0).

• For x = 0, the parabola z = f(0, y) = y2 represents the intersection of the graph/surface

z = f(x, y) with the yz-plane (x = 0).

• For all points x2 + y2 = C, i.e. points that lie on a circle, the function f(x, y) has the

same value. This implies that the graph of f has circular symmetry, i.e., we can rotate the

parabolas about the z-axis to produce the graph of f , a kind of “parabolic bowl.”

Note that the graph of a function of three variables, i.e., w = f(x, y, z), would be a set in four-

dimensional space. Obviously, we are not able to sketch such sets in their entirety. The method of

“level sets” or contours, to be discussed in the next section, will help in this case.
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z = x2 + y2

x

y

O

z

20


