
University of Waterloo

Faculty of Mathematics

MATH 138: Calculus 2

Physics-based Section 005

Winter 2017

Lecture Notes

E.R. Vrscay

Department of Applied Mathematics

c© E.R. Vrscay 2017

1



The following section has been taken from the instructor’s lecture notes for MATH 137,

Physics-based section 8, Fall 2012. It is presented here for your information. It was

not discussed in the first lecture of this course.

Introduction

As written in the information sheet for this course, the purpose of MATH 137 is “to deepen your un-

derstanding of calculus that you began to learn in high school.” More specifically, we shall investigate

in more detail the ideas of “limit”, “derivative” and “integral”.

But this particular “Physics-based” section is somewhat special, which is probably why you are

enrolled in this section. (Presumably, you like Physics.) Unlike the other sections of MATH 137, we’ll

apply these ideas to situations encountered in Science and Engineering, especially in Physics. You can

read more on the philosophy of this section in the Course Information Sheet for this section (found in

the UW-LEARN site for this section).

But let’s step back for a moment and ask the question, “Why study Calculus?” Here are a couple

of possible answers:

1. Because it’s fun. You may well enjoy “doing mathematics” for “mathematics’ sake,” manip-

ulating equations, combining them, etc., or proving theorems. This is the attitude of a pure

mathematician. Starting with Calculus, one may proceed to the more advanced subject of

Analysis.

2. Because Calculus is the natural language of the sciences. It is remarkably effective as a

tool for

(a) solving scientific problems, e.g., trajectories of particles, fluid motion,

(b) formulating scientific theories of the natural world.

This is the attitude of a physicist, an engineer or an applied mathematician.

The two viewpoints given above may be viewed as complementary. Mathematics is deductive in

nature: You start with some axioms or definitions and proceed, using mathematical logic, to make

other conclusions. On the other hand, science is inductive: You observe some phenomena and try
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to formulate a model that explains these phenomena. In the case of a physical theory, it is then

hoped that you can predict some kind of hitherto-unobserved behaviour that can then be observed

experimentally.

The key word above is “modelling” – the job of the scientist is to model physical or biological

phenomena. (By the way, this is why theoretical physicists and applied mathematicians have been

the most sought out people by financial institutions. These institutions want people who know how

to “model” phenomena.) In this course, most of the phenomena will involve classical dynamics, i.e.,

particles moving under the influence of forces. In these cases, the “model” is simply Newton’s Second

Law, i.e.,

F = ma, (1)

where F is the force vector, m is the mass and a is the acceleration vector. We’ll return to this

equation shortly.

In this course, we’re going to look at a number of concepts and phenomena in two ways, i.e.,

1. as a physicist/scientist would see them, and

2. as a mathematician would see them.

This will hopefully give you a more complete picture of these two complementary “cultures” and how

they view the world.

Regarding the formulation of physical theories, those of you who are interested in mathematical

physics are encouraged to read the following book by the “Master,”

The Character of Physical Law, by Richard Feynman, MIT Press, 2001.

This book is a transcript of Prof. Feynman’s 1964 “Messenger Lectures” at Cornell University, ad-

dressed to a nontechnical audience. (It was originally filmed for television by the BBC.) That being

said, it contains a wealth of information of interest and importance to aspiring physicists. It can be

downloaded free as an e-book from the site

http://www.ebook3000.com/The-Character-of-Physical-Law 24257.html

These lectures are now available from viewing at Microsoft Research “Project Tuva”:

http://research.microsoft.com/apps/tools/tuva/index.html#data=2|||
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As many of you may have learned in your high school courses, Calculus was invented in an effort to

understand planetary motion and, more generally, gravitation. The two names that are credited with

the invention of Calculus are are Isaac Newton (1642-1727) and Gottfried Wilhelm Leibniz (1646-

1716). (Actually, due credit should be given to Archimedes (287-212 BC). He developed methods

of finding areas and volumes without the later conveniences of algebra and a number system.) So

who invented Calculus, as we know it today, first? The fact is that both men discovered Calculus

independently – Newton at his home in Woolstorphe, England during the years 1665 and 1666, and

Leibniz in 1685 in Germany. However, Newton did not publish his results (and his work, in general)

until 20 years after Leibniz did. This led to much confusion and, in fact, great arguments within

learned societies, with most scientists on the European continent supporting Leibniz and those in

England supporting Newton.

We don’t have time to discuss the interesting history of Calculus in this course. Suffice it to

say that great names such as Leonhard Euler (1707-1783), Johann Friedrich Carl Gauss (1777-1855),

Austin Louis Cauchy (1789-1857), Georg Friedrich Bernhard Riemann (1826-1866), and many others,

contributed to the development of the subject. In this and future Mathematics and Physics courses,

you will encounter theorems and definitions that honour these names.

The Calculus of Newton and Leibniz was not “rigorously justified” as we know the subject today.

But it certainly seemed “to work” in many cases. And practical power was brought to a height by

Euler, who was acknowledged as a master of manipulative technique. The subject was taken to an

even higher level by Gauss. It was Cauchy who introduced the ideas that would led to a more rigorous

formulation of Calculus, and Mathematics in general. Indeed, Mathematics would then continue to

take on a life of its own, not necessarily connected with applications.

It is unfortunate that in introductory courses, the Calculus is taught “backward” in the sense that

the major results are often presented in a very “clean” form, without any discussion of the original

motivations for these ideas, let alone the great amounts of “blood and sweat” that went into their

development. In this course, we shall try, as often as possible, to provide a discussion of some of the

major results in the “forward” way, starting with the motivation and ending with the final result.
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The “Spirit of Calculus”

The great power of Calculus in solving problems may be attributed to two powerful themes which

employ the notion of “limit”:

1. Rates of change, e.g., velocity, acceleration.

2. Dividing an object into pieces, looking at what happens to each piece and then summing up,

i.e., “integrating” over these pieces to obtain the final answer.

These themes comprise what we shall refer to as the “Spirit of Calculus”.

As an example, you may recall that if m andM are two tiny “point” masses, then the gravitational

force exerted by M on m is given by

F = −GMm

‖r‖3 r, (2)

where r is the vector that starts at M and ends at m, i.e., the position vector of m with respect to M .

But now suppose that the mass M is an extended mass, i.e., a large mass. Moreover, possibly

inhomogeneous, i.e., its density may not necessarily be constant. How do we compute the force F

exerted by M on the test mass m?

The solution, using the “Spirit of Calculus” is to divide the mass M into tiny, infinitesimal pieces

dM which may be considered as point masses. We then compute the infinitesimal force “dF exerted

by each point mass dM on m using the point mass formula (2), acknowledging that each mass dM

has its own position with respect to m. The final step is to “sum over,” i.e., integrate, over all point

masses dM that comprise the mass M . This sum is the net force F exerted by M on m.

.

m

M

dM

dF
F
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Lecture 1

Relevant section from Stewart, Eighth Edition: 5.2

Review of some important ideas from MATH 137 involving Riemann

integrals

In the latter part of MATH 137, you discussed the so-called “Riemann integral” of a function f(x)

over the interval [a, b], written as follows,

∫ b

a
f(x) dx . (3)

Given a function f(x), the above expression represents a real number. Let us recall briefly how that

real number, hence the Riemann integral, is defined. (For more details, you can read Section 5.2 of

Stewart.)

First of all, let f(x) be a continuous (or piecewise continuous function) defined over the interval

[a, b]. You may originally have assumed that f(x) was positive, i.e., f(x) > 0 on [a, b] and that the

goal was to find the area A of the region in the plane enclosed by the graph of f(x), the x-axis and

the lines x = a and x = b. Later, you saw that the restriction that f(x) be positive could be relaxed

– the interpretation of the final result would have to be modified accordingly.

Now define the following set of partition points xk on the interval [a, b]:

xk = a+∆x = a+ k · b− a

n
. (4)

In this way the endpoints of the interval [a, b] are x0 = a and xn = b. We also let Ik = [xk−1, xk]

denote the kth subinterval produced by these partition points.

For each interval Ik, 1 ≤ k ≤ n, pick a sample point x∗k ∈ Ik. This sample point could be the left

endpoint of Ik, i.e., xk−1, the right endpoint xk or even the midpoint of Ik. (In fact, in computations,

it might be desirable to use the midpoint.) Then evaluate the function f(x) at this sample point, i.e.,

compute f(x∗k).

Finally, we form the following sum,

Sn =

n
∑

k=1

f(x∗k)∆x , (5)
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which is known as a Riemann sum. Note the subscript n which indicates the number of subintervals

that are being used to approximate the area.

We now claim that in the limit n → ∞, which implies that ∆x → 0, the Riemann sums Sn

converge to a limit S and this limit is the Riemann or definite integral of f(x) over the interval

[a, b], i.e.,

lim
n→∞

Sn = S =

∫ b

a
f(x) dx . (6)

Let’s rewrite the above result, recalling that each Sn in the sequence is a Riemann sum involving n

terms:

lim
n→∞

Sn = lim
n→∞

n
∑

k=1

f(x∗k)∆x =

∫ b

a
f(x) dx. (7)

Once again, quantity on the right represents the Riemann integral of the function f(x) over the interval

[a, b].

Some geometric interpretations

Recall that if f(x) > 0 on [a, b], then the Riemann integral,

∫ b

a
f(x) dx , (8)

may be interpreted as the area enclosed between the curve y = f(x) (the graph of f(x)) and the x-axis

and between the (vertical) lines x = a and x = b.

On the other hand, if f(x) is not necessarily positive on [a, b], then the above Riemann integral

may be interpreted as the net area enclosed between the graph of f(x) and the lines x = a and x = b,

i.e.,
∫ b

a
f(x) dx = A1 −A2 , (9)

where A1 is the (nonnegative) area of the region above the x-axis and A2 is the (nonnegative) area

of the region below the x-axis. This is shown in Figure 4 of Stewart, p. 379. Some books refer to

this quantity as the total signed area between the curve y = f(x) and the x-axis: Regions above the

x-axis have a positive area and regions below the x-axis have a negative area.

If one wanted to find the total unsigned area enclosed between the curve y = f(x) and the x-axis,

where all regions have nonnegative area, then one would have to compute the following Riemann

integral,
∫ b

a
|f(x)| dx . (10)
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Some basic properties of the definite integral

A number of important properties follow from the Riemann sum definition of the definite integral.

The first property listed in Stewart, p. 385, involves the direction of integration. In most discussions,

including the one presented above, it is usually assumed that the interval over which we are integrating

is [a, b]. But it is also assumed that we are integrating from endpoint a to endpoint b, i.e., in the

positive x-direction. We can, in fact, define the definite integral corresponding to the opposite

direction of motion, i.e., starting at the right endpoint b and ending at the left endpoint a, hence

moving in the negative x-direction. This is denoted as the definite integral,

∫ a

b
f(x) dx . (11)

If we start at b and move toward a, then the “length” ∆x associated with our motion is given by

∆x =
final point− starting point

n
=

a− b

n
= −b− a

n
. (12)

This implies that the Riemann sums Sn associated with this integration procedure are the negations

of the Riemann sums obtained earlier when we travel from a to b. The net result is that

∫ a

b
f(x) dx = −

∫ b

a
f(x) dx . (13)

Finally, in the special case that a = b, then ∆x = 0 so that

∫ a

a
f(x) dx = 0 . (14)

(From a geometrical viewpoint, this result states that the area of the region between y = f(x) and the

x-axis and enclosed between x = a and x = a – in other words, the area of the vertical line segment

of length |f(x)| – is zero, as we would expect.)

A few other properties follow from the Riemann sum definition of the definite integral:

1.

∫ b

a
c dx = c(b− a), where c is any constant.

2.

∫ b

a
[f(x) + g(x)] dx =

∫ b

a
f(x) +

∫ b

a
g(x) dx

3.

∫ b

a
cf(x) dx = c

∫ b

a
f(x) dx, where c is any constant

4.

∫ b

a
[f(x)− g(x)] dx =

∫ b

a
f(x)−

∫ b

a
g(x) dx
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5. Finally, for any c ∈ [a, b], i.e., a ≤ c ≤ b,

∫ c

a
f(x) dx+

∫ b

c
f(x) dx =

∫ b

a
f(x) dx.

In fact, this property holds true for c lying outside the interval [a, b], provided that f(x) is

defined and continuous over the appropriate integration interval(s).

Some comparison properties of the definite integral

A number of other properties also follow from the Riemann sum definition of the definite integral.

These properties are sometimes useful in obtaining estimates of definite integrals.

1. If f(x) ≥ 0 for a ≤ x ≤ b, then

∫ b

a
f(x) dx ≥ 0.

2. If f(x) ≥ g(x) for a ≤ x ≤ b, then

∫ b

a
f(x) dx ≥

∫ b

a
g(x) dx.

3. Now suppose that m ≤ f(x) ≤ M for a ≤ x ≤ b. From Property 2 above, we find, by integrating,

that
∫ b

a
mdx ≤

∫ b

a
f(x) dx ≤

∫ b

a
g(x) dx .

But from Property 1, this implies that

m(b− a) ≤
∫ b

a
f(x) dx ≤ M(b− a) dx .

This result is presented in Stewart, p. 387. But let’s go one step further and divide all terms of

the above inequality by (b− a),

m ≤ 1

b− a

∫ b

a
f(x) dx ≤ M . (15)

The quantity in the middle is the mean value of the function f over the interval [a, b].

(You may, or may not, have seen this in MATH 137. We’ll derive it once again later.)

The above result shows that if the function f(x) is bounded below and above by values m and

M , respectively, over the interval [a, b], then its average value over the interval must also be

bounded below and above by m and M , respectively.
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The practical computation of definite integrals – the Fundamental Theorems of

Calculus I and II

As disussed above, the Riemann sum formulation of the definite integral provides a mathematical

basis of many important properties. As we’ll see later, it will also be the route that we take in many

applications – essentially, the “Spirit of Calculus” that we mentioned earlier. But when it comes

to computing definite integrals, the Riemann sum approach is quite limited – we might be able to

compute a relatively small number of such integrals, in comparison to the huge number of functions

that are known to us.

This is where the Fundamental Theorems of Calculus (FTCs) that you studied in MATH 137

come to the rescue - remarkable results due to Newton and Leibniz that permit the definite integral of

a function f(x) to be evaluated in terms of its antiderivative F (x). In both of the results stated below

(and proved in your MATH 137 course), we assume that f(x) is a continuous (real-valued) function

on [a, b]:

1. First define the function,

g(x) =

∫ x

a
f(t) dt , a ≤ x ≤ b . (16)

Then g(x) is continuous on [a, b] and

g′(x) = f(x) , a ≤ x ≤ b . (17)

This is the First Fundamental Theorem of Calculus, or “FTC I” for short. Recall that

this result was proved by examining the Newton quotient of g(x), i.e.,

g(x+ h)− g(x)

h
, (18)

in the limit h → 0.

2. The FTC I result establishes that g(x) is an antiderivative of f(x). The question is, “Which

one?” Recall that if g(x) and h(x) are antiderivatives of a function f(x), then there exists a

constant C such that

g(x) = h(x) + C . (19)

In other words, all antiderivatives of a given function f(x) are simply “constant shifts” of each

other. Getting back to g(x) defined above, we see that

g(a) =

∫ a

a
f(t) dt = 0 . (20)

10



Now recall that we are interested in determining the value of the following definite integral,

∫ b

a
f(x) dx . (21)

From the definition of g(x) in (16),

∫ b

a
f(x) dx = g(b) . (22)

(It doesn’t matter whether we use x or t as the variable of integration.) Now let F (x) be any

antiderivative of f(x), which implies that

F (x) = g(x) + C , (23)

for some constant C. From (20), we have that

F (a) = g(a) + C = 0 + C = C , i.e. C = F (a) . (24)

Substitution of this result into (23) yields

F (x) = g(x) + F (a) =⇒ g(x) = F (x)− F (a) . (25)

From (22), we have the desired result,

∫ b

a
f(x) dx = g(b) = F (b)− F (a) . (26)

This result is known as the Second Fundamental Theorem of Calculus, or simply “FTC

II”.
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Lecture 2

FTCs I and II (cont’d)

For simplicity, we’ll assume that f(x) is continuous for all x ∈ R, or at least for all x needed in our

discussion. For a given a ∈ R, we define g(x) as follows,

g(x) =

∫ x

a
f(t) dt . (27)

Then from FTC I, it follows that

g′(x) = f(x) , (28)

i.e., g(x) is an antiderivative of f(x).

Now suppose that we define the following function,

G(x) =

∫ b(x)

a
f(t) dt . (29)

In other words, the upper limit of integration is a function of x. What is G′(x)? We can answer this

question in two ways (which may seem different, but they are related, since FTC I and FTC II are

related):

1. Method No. 1: We’ll use FTC II. Let F (x) be any antiderivative of f(x), i.e., F ′(x) = f(x).

Then from FTC II as applied to G(x) in Eq. (29),

G(x) = F (b(x))− F (a) . (30)

We can now compute G(x) using the Chain Rule:

G′(x) = F ′(b(x))b′(x)

= f(b(x))b′(x) . (31)

In the special case that b(x) = x, which implies that b′(x) = 1, G(x) = g(x) so that

G′(x) = f(x) , (32)

in agreement with FTC I.
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2. Method No. 2: We’ll use FTC I. The function G(x) in (29) may be viewed as a composition

of functions, i.e.,

G(x) = g(b(x)) , (33)

where g(x) is defined in (27). We may now use the Chain Rule to compute

G′(x) = g′(b(x))b′(x) = f(b(x))b′(x) , (34)

which is in agreement with the result of Method No. 1.

Let us now define the following function,

H(x) =

∫ b(x)

a(x)
f(t) dt . (35)

Here, both limits of integration are functions of x. Once again, we wish to determine its derivative

H ′(x). And once again, there are (at least) two ways to do this.

1. Method No. 1: We’ll use FTC II. Let F (x) be any antiderivative of f(x), i.e., F ′(x) = f(x).

Then from FTC II applied to H(x),

H(x) = F (b(x)) − F (a(x)) . (36)

We can now compute H(x) using the Chain Rule:

H ′(x) = F ′(b(x))b′(x)− F ′(a(x))a′(x)

= f(b(x))b′(x)− f(a(x))a′(x) . (37)

In the special case that b(x) = x and a(x) = a, a constant, H(x) = g(x) and H ′(x) = f(x).

2. Method No. 2: We’ll use FTC I by rewriting H(x) as follows,

H(x) =

∫ c

a(x)
f(t) dt+

∫ b(x)

c
f(t) dt

= −
∫ a(x)

c
f(t) dt+

∫ b(x)

c
f(t) dt , (38)

where c is a constant. Each of the two integrals on the right has the form of the function G(x)

examined earlier, so we know how to compute their derivatives:

H ′(x) = −f(a(x))a′(x) + f(b(x))b′(x) , (39)

in agreement with Method No. 1.

13



An important consequence of FTC II – the “Net Change Theorem”

Actually, this is simply a restatement of FTC II. Once again, if f(x) is continuous on the interval [a, b]

and if F (x) is any antiderivative of f(x), i.e. F ′(x) = f(x), then
∫ b

a
f(x) dx = F (b)− F (a) . (40)

We’ll simply rewrite this result as
∫ b

a
F ′(x) dx = F (b)− F (a) . (41)

The left side of this equation is an integration of the rate of change of the function F (x) over the

interval [a, b]. The right side of the equation is the net change of the function F (x) as x goes from

a to b. For this reason, Eq. (41) is also known as the Net Change Theorem – see Stewart, Eighth

Edition, Section 5.4, p. 402. We shall explore some important applications of this result over the next

few lectures. For the moment, we’ll consider a simple example from one-dimensional dynamics.

Example: Let x(t) denote the position of a particle moving in one dimension so that v(t) = x′(t) is

the velocity of the particle. Then, from the Net Change Theorem, Eq. (41),
∫ b

a
v(t) dt =

∫ b

a
x′(t) dt = x(b)− x(a) . (42)

In other words, the definite integral of the velocity function v(t) over the time interval [a, b] is the net

displacement of the particle over this time interval. The left side is also the net or signed area

between the graph of the velcity function v(t) and the t-axis.

Note that the net displacement is not necessarily the total distance travelled by the particle.

If the velocity v(t) is negative over some time interval, then the particle “backtracks,” i.e., moves in

the negative direction, possibly cancelling some of its earlier forward displacement. The total distance

of travelled by the particle is found by integrating the speed of the particle over the time interval,

i.e.,

total distance travelled =

∫ b

a
|v(t)| dt . (43)

See Stewart, Eighth Edition, Section 5.4, pp. 406-407.

Antiderivatives and the Indefinite Integral

Clearly, in order to use the FTC II to compute the definite integral as follows,
∫

a
f(x) dx = F (b)− F (a) , (44)
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where F (x) is an antiderivative of f(x), i.e., F ′(x) = f(x), we need to be able to find the antiderivative

of f(x). First of all, we denote the set of all antiderivatives of a given function f(x) as

∫

f(x) dx . (45)

The above expression is known as an indefinite integral because there are no limits of integration.

It is not a number but a set of functions. For example,

∫

x dx =
1

2
x2 + C , (46)

where C denotes an arbitrary constant. Once you have determined that
1

2
x2 is an antiderivative of

the function f(x) = x, you know all antiderivates of f(x) since they are all related to each other by

constants. (You proved this result in MATH 137.)

Another example with which you are familiar is

∫

cos x dx = sinx+ C . (47)

And it wouldn’t take too much effort to determine that

∫

cos(5x) dx =
1

5
sin(5x) + C . (48)

You would probably determine the latter result from the former by some kind of mental “Reverse

Chain Rule”.

But what about the following antiderivative,

∫ √
5x+ 4 dx ? (49)

Well, once again, you would probably notice that if we took the derivative of g(x) = (5x+4)3/2, using

the Chain Rule,

g′(x) =
d

dx
(5x+ 4)3/2 =

3

2
(5x+ 4)1/2 5 =

15

2
(5x+ 4)1/2 , (50)

then we can obtain the desired antiderivative of
√
5x+ 4 by dividing by 15/2, i.e.,

∫ √
5x+ 4 dx =

2

15
(5x+ 4)3/2 + C . (51)

This is an example of the method of “Integration by Substitution” or the “Substitution Rule” which

you learned in MATH 137 (Stewart, Eighth Edition, Section 5.5). Here’s how you would probably

solve the above problem using substitution:
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Example: Find the antiderivative

∫ √
5x+ 4 dx.

We’ll let u = 5x + 4 so that du =
du

dx
dx = 5 dx. This means that dx =

1

5
du. Making these

replacements in the integral yields
∫ √

5x+ 4 dx =

∫ √
u
1

5
du =

1

5

∫ √
u du. (52)

Note that we have rewritten the x-integral entirely as a u-integral – there are no x-terms appearing on

the right. We may now consider u as the new independent variable and antidifferentiate with respect

to it, forgetting x:

1

5

∫ √
u du =

1

5

2

3
u3/2 + C =

2

15
u3/2 + C. (53)

We would now like to return to our original problem, namely, finding the antiderivative of
√
5x+ 4.

This means that we now replace u with 5x+ 4, according to our initial change of variable:

2

15
u3/2 + C =

2

15
(5x+ 4)3/2 + C. (54)

In summary, we have
∫ √

5x+ 4 dx =
2

15
(5x+ 4)3/2 + C. (55)

It never hurts to check the result:

d

dx

[

2

15
(5x+ 4)3/2 + C

]

=
2

15

3

2
(5x+ 4)1/2 (5) (Chain Rule)

= (5x+ 4)1/2. (56)

The result is correct. You can see that the checking procedure – involving the Chain Rule – is roughly

the reverse of the antidifferentiation process. As such, the method of substitution may be viewed as

a kind of “Reverse Chain Rule.”

The mathematical basis of the Method of Substitution is the following: Our integrals have the form

(up to a constant),
∫

f(g(x)) g′(x) dx (57)

If we make the change of variable,

u = g(x) ⇒ du =
du

dx
dx = g′(x) dx, (58)
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and then substitute these results into our original integral, we obtain
∫

f(g(x)) g′(x) dx =

∫

f(u) du. (59)

We now simply proceed by finding the antiderivative of f . Suppose that F is an antiderivative of f ,

i.e.,

F ′(u) = f(u). (60)

Then
∫

f(u) du = F (u) + C. (61)

Substitution of this result into (59) yields
∫

f(g(x) g′(x) dx = F (u) + C

= F (g(x)) + C, (62)

where we have resubstituted u = g(x), to obtain a final result in terms of x. Let’s check this result

(once again, ignoring the C because it vanishes with differentiation). Using the Chain Rule,

d

dx
F (g(x)) = F ′(g(x))g′(x)

= f(g(x))g′(x) (since F ′(x) = f(x)). (63)

Therefore, we have found the required antiderivative.

You may wish to read Section 5.5 of Stewart’s text, “The Substitution Rule,” for a review of this

topic.

Method of Substitution and Definite Integrals

Let’s now return to our integrand of Example 1, but now appearing in the following definite integral,
∫ 10

5

√
5x+ 4 dx. (64)

In Example 1, we found the general antiderivative of the integrand
√
5x+ 4 to be

2

15
(5x+4)3/2 +C.

Here, we omit all of the work that went into finding this antiderivative in terms of x and simply use

the result. From the FTC II, we may evaluate the above definite integral as follows,
∫ 10

5

√
5x+ 4 dx =

[

2

15
(5x+ 4)3/2

]10

0

=
2

15

[

543/2 − 393/2
]

. (65)
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We now propose a slightly alternate method of evaluating this definite integral that can save some

work – instead of returning from “u-space” to “x-space” and working with the x values, as was done

above, we simply remain in “u-space”, making all evaluations in terms of u. This is done as follows.

The first step, as before, is to make the change of variable,

u = 5x+ 4 ⇒ du =
du

dx
dx = 5 du. (66)

We know what happens to the indefinite integral – see Example 1. The question is what happens to

the definite integral:
∫ 10

5

√
5x+ 4 dx =

1

5

∫ ??

??
u1/2 du. (67)

The answer is that if we change variables, i.e., from x to u, and we change the integral to a u-integral,

and decide that we wish to work with the u-integral, then we must change the limits of integration

as well, consistent with our change of variable. Our change of variable u = 5x+ 4 implies that

x = 5 implies u = 29

x = 10 implies u = 54. (68)

We use these values of u as limits of integration in the u-definite integral and proceed as follows,

∫ 10

5

√
5x+ 4 dx =

1

5

∫ 54

29
u1/2 du

=
1

5

2

3

[

u3/2
]54

29

=
2

15

[

543/2 − 293/2
]

, (69)

which agrees with the result obtained earlier.

Once again, the point is that once we make the change of variable u = g(x) to produce an integral

in u, we may stay there and evaluate the definite integral in terms of u. But one must change the limits

of integration, in accordance with the change of variable u = g(x). The procedure can be summarized

as follows,
∫ b

a
f(g(x)) g′(x) dx =

∫ g(b)

g(a)
f(u) du. (70)
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Integration by Parts

Relevant section from Stewart, Eighth Edition: 7.1

We now discuss one of the most important and powerful methods of integration – both indefinite

and definite, the method of “integration by parts.” As a motivation, let us consider the problem of

finding the following antiderivative:
∫

xex dx . (71)

The reader may be able to find this antiderivative after a little experimentation. The answer is

∫

xex dx = xex − ex + C . (72)

Let’s verify this result:
d

dx
(xex − ex + C) = ex + xex − ex = xex . (73)

But what about the antiderivative,
∫

x2ex dx , (74)

or, in general,
∫

xnex dx , n > 0 ? (75)

The method of integration by parts provides a systematic method to determine these antiderivatives.

To derive the main result, let us consider the following product rule for the differentiation of two

differentiable functions u(x) and v(x),

d

dx
[u(x)v(x)] = u′(x)v(x) + u(x)v′(x) . (76)

This result implies, of course, that the function uv is an antiderivative of the function u′v + uv′. In

other words,

u(x)v(x) =

∫

[u′(x)v(x) + u(x)v′(x)] dx

=

∫

u′(x)v(x) dx +

∫

u(x)v′(x) dx . (77)

(We could have obtained this result by antidifferentiating both sides of Eq. (76).) We’ll now rewrite

this result as follows:
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Integration by Parts: Formula 1

∫

u(x)v′(x) dx = u(x)v(x) −
∫

u′(x)v(x) dx . (78)

This result may not look very interesting right now, but we’ll see how powerful it can be. Given

the general problem,
∫

f(x) dx , (79)

we seek to express f(x) in the form,

f(x) = u(x)v′(x) , (80)

so that the integral on the right side of Eq. (78),

∫

u′(x)v(x) dx , (81)

is easier to evaluate.

To illustrate, let us consider the problem posed earlier,

∫

xex dx , (82)

We seek to express the integrand as the following product,

xex = u(x)v′(x) , (83)

so that the following antiderivative,
∫

u′(x)v(x) dx , (84)

may be easier to determine. Of course, the problematic term in the integrand xex is the function x.

If we let

u(x) = x , v′(x) = ex (85)

then

u′(x) = 1 , v(x) = ex . (86)

(We’ll see later that we can ignore the arbitrary constant when we antidifferentiate v′(x) to obtain

v(x). Substituting these results into Formula No. 1 in (78),

∫

xex dx = xex −
∫

ex dx . (87)
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Our goal has been accomplished since the integral on the right side is easy to determine:

∫

xex dx = xex − ex + C . (88)

which is the answer that was provided at the beginning of this section.
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