
Lecture 24

Some applications to classical mechanics (cont’d)

Conservative forces (cont’d)

In the previous lecture, we defined a conservative force in one dimension. First, recall that a force

in one dimension has the vector form,

F(x) = f(x) i. (1)

Since we are working in one dimension, we can dispense with the i unit vector and write everything

in terms of the scalar quantity f(x), with the understanding that when f(x) > 0, the force vector is

pointing to the right, and when f(x) < 0, the force vector is pointing to the left.

Definition: A (one-dimensional) force f that can be expressed in the form

f(x) = −U ′(x), (2)

for some function U(x) is called a conservative force. The function U(x) is known as

the potential energy function associated with the force f .

Let’s go back and determine the potential energy functions associated with the problems examined

earlier:

1. Example 1: Projectile problem Here, the force was the simple, constant, downward-

pointing gravitational force

f(x) = −mg (3)

We look for a function U(x) that satisfies Eq. (2), i.e.,

−U ′(x) = −mg ⇒ U ′(x) = mg. (4)

In other words, U(x) is an antiderivative of mg. This is easy:

U(x) = mgx + C1. (5)
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Recalling that x was the elevation above ground level, we may set C1 = 0 so that

U(x) = mgx. (6)

In this way, U(0) = 0, i.e., the potential energy at ground level is zero.

2. Example 2: Mass-spring problem Here, the mass was acted upon by the restorative force

of the spring, assumed to have the form

f(x) = −kx. (7)

We therefore look for a function U(x) such that

−U ′(x) = −kx ⇒ U ′(x) = kx. (8)

Thus, U(x) is an antiderivative of kx. This is also quite easy:

U(x) =
1

2
kx2 + C2. (9)

Once again, we can make U(0) = 0 by setting C2 = 0. So our potential energy function for the

mass-spring system is

U(x) =
1

2
kx2. (10)

So what do we do with these potential energy functions? The answer is that in each case, we use

the potential energy to construct the total mechanical energy function of the system. As you

already know, this is the sum of the kinetic energy (KE) and potential energy (PE) of the system.

Symbolically, we let E denote the total mechanical energy, K the kinetic energy and U the potential

energy, i.e.,

E = K + U. (11)

The kinetic energy of the mass m moving in one dimension is given by

K =
1

2
mv2. (12)

The total mechanical energy of the mass moving under the influence of a force f(x) will be given by

E =
1

2
mv2 + U(x). (13)

178



But we should be more precise here. The total energy is a function of time, i.e.,

E(t) =
1

2
mv(t)2 + U(x(t)). (14)

At each time t, we must evaluate

1. the velocity v(t) = x′(t) and

2. the potential energy U at the position x(t).

This is an important point to which we shall return shortly.

Let us now apply these results to one of the examples studied earlier.

Example 1: Projectile problem

Recall that the position of the mass was given by

x(t) = x0 + v0t −
1

2
gt2, (15)

where x0 was the initial position of the mass and v0 the initial velocity. As such, the velocity of the

mass was

v(t) = v0 − gt. (16)

Also recall the the potential energy for this problem was determined to be

U(x) = mgx (17)

We may now substitute these quantities into Eq. (14) to yield the total energy function,

E(t) =
1

2
mv(t)2 + U(x(t))

=
1

2
m[v0 − gt]2 + mg[x0 + v0t −

1

2
gt2]

=
1

2
mv2

0 − mgv0t +
1

2
mg2t2 + mgx0 + mgv0t −

1

2
mg2t2

=
1

2
mv2

0 + mgx0

= E(0). (18)

In other words, the total mechanical energy of the mass is constant and equal to its initial total

mechanical energy, which is a sum of its initial KE and its initial PE.
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We could go ahead and perform the same analysis for the mass-spring, harmonic oscillator system,

from a knowledge of the position function x(t) that we determined in the last lecture. From x(t) we

can compute v(t) = x′(t), which allows us to construct the total mechanical energy function.

But we now come to the most important point of this section: We can prove a result that applies

to all situations where a conservative force acts on a mass m: We don’t have to solve Newton’s

equations at all! We state this as a theorem.

Theorem (Conservation of energy): Suppose that a mass m moves along the x-axis under the

influence of a force f(x). Its motion is determined by Newton’s Second Law, f = ma. Furthermore,

suppose that f is conservative, i.e., there exists a potential energy function U(x) such that

f(x) = −U ′(x). (19)

Then the total mechanical energy E of the mass is conserved, i.e., E(t) is constant along the trajectory

x(t) of the mass.

Proof: We shall prove that E′(t) = 0 for all t. To compute the derivative, we must compute

E′(t) =
d

dt

[

1

2
mv(t)2 + U(x(t))

]

=
1

2
m

d

dt
[v(t)]2 +

d

dt
U(x(t)). (20)

We use the Chain Rule to compute the first derivative:

d

dt
[v(t)]2 = 2v(t)v′(t) = 2v(t)a(t), (21)

where a(t) is the acceleration. We use – guess what? – the Chain rule to compute the second derivative:

d

dt
U(x(t)) = U ′(x(t))x′(t) = U ′(x(t))v(t). (22)
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We substitute these results into Eq. (20)

E′(t) =
1

2
m · 2v(t)a(t) + U ′(x(t))v(t)

= v(t) [ma(t) + U ′(x(t))]

= v(t) [ma(t) − f(x(t))] (since f(x) = −U ′(x), by assumption)

= v(t) [f(x(t)) − f(x(t)] (since f = ma, by assumption)

= v(t) · 0

= 0. (23)

This completes the proof.

Example 1 revisited: We return to the near-earth projectile problem and consider the special case

that the initial position x0 = 0, i.e., the ball is thrown upward from the ground surface with velocity

v0. Its height above the ground at time t (at least until it returns to the ground) is the well-known

result,

x(t) = v0t −
1

2
gt2. (24)

We are now concerned with the problem of finding the maximum height h attained by the ball. Of

course, you are familiar with this problem – from a knowledge of x(t), one can find its maximum value

using calculus, either by viewing the graph of x(t) as an inverted parabola, or by using derivatives.

The final result is

h =
v2
0

2g
. (25)

But one can employ a conservation of energy argument to solve this problem, since the gravitational

force f(x) = −mg acting on the mass is a conservative force with potential energy function U(x) =

mgx + C. Once again, we’ll set C = 0 to simplify things - in this case U(0) = 0, i.e., the ground

surface is our reference position at which the potential energy is zero.

At time t = 0, when the ball is launched from the surface of the earth, x = 0, its total mechanical

energy is

E(0) =
1

2
mv2

0 . (26)

At time t = t1, when the ball reaches the highest point of its trajectory, x = h, its velocity is zero. As

such, all of its mechanical energy is potential energy, i.e.,

E(t1) = mgh. (27)
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By conservation of energy, E(0) = E(t1), implying that

1

2
mv2

0 = mgh. (28)

We may easily solve for h to obtain the result

h =
v2
0

2g
, (29)

which agrees with Eq. (25).

This, of course, was a quite elementary exercise – the physical problem was not very complicated.

But it illustrates a very important principle, namely, the use of “energy methods”, i.e., conservation

of energy, as opposed to solving for the actual trajectory x(t) of the mass. In most problems, the

latter is difficult, if not impossible. For example, if the ball/projectile is launched with a sufficiently

high velocity v0 so that the earth’s gravitational field may no longer be well approximated as the

constant −mg, then the maximum height achieved by the mass is easily found using energy methods.

On the other hand, the solution of the differential equation for the trajectory x(t) of the ball is quite

complicated.

Example 2 revisited: We return to the mass-spring system, for which the restorative force of the

spring was

f(x) = −kx. (30)

Suppose that the mass m is placed at the initial position x(0) = x0 = A > 0 and released from rest.

We expect that the mass will first move leftward and across the point x = 0, over to some extreme

position, maybe x = −A, and then reverse its course, moving rightward, across the point x = 0 until

it reaches its original point of release x = A. And we also expect that this will be repeated – in other

words, we expect the motion to be oscillatory. Let’s apply the ideas of conservation of energy to

verify this conjecture.

First of all, recall that the potential energy U(x) associated with the restorative force f(x) was

found to be

U(x) =
1

2
kx2. (31)

We add any constant C to this, but will not do so, for the convenience of having U(0) = 0.
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Since there exists a potential energy function, U(x), such that U ′(x) = −f(x), the total mechanical

energy of the system, E(t), is conserved. In this case, the total energy is given by

E(t) =
1

2
mv(t)2 +

1

2
kx(t)2. (32)

And since it is conserved, it is equal to the total energy at time t = 0. From the initial conditions,

x(0) = A and v(0) = 0 (released from rest),

E(t) = E(0) =
1

2
kA2. (33)

As you know from Physics, as the mass is oscillating, kinetic and potential energies are being contin-

ually exchanged. More on this later.

Let’s first go back and see if we can obtain this result by solving Newton’s equation of motion.

Recall, from an earlier lecture, that Newton’s equation, f = ma, translates to the following differential

equation for the position function x(t),

d2x

dt2
+

k

m
x = 0. (34)

We discussed (without proof) that all solutions to this DE may be written in the form

x(t) = C1 cos ωt + C2 sin ωt, where ω2 =
k

m
. (35)

If this be the case, then we should be able to extract the particular solution x(t) that satisfies the

initial conditions prescribed above, i.e.,

x(0) = A, v(0) = x′(0) = 0. (36)

Let’s impose the first initial condition:

x(0) = C1 cos 0 + C2 sin 0 = C1 = A ⇒ C1 = A. (37)

So we’ve been able to fix one of the constants, C1. Our solution is now

x(t) = A cos ωt + C2 sinωt. (38)

In order to impose the second condition, x′(0) = 0, we must differentiate x(t),

x′(t) = −ωA sin ωt + ωC2 cos ωt. (39)
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Now set t = 0:

x′(0) = ωA sin 0 + ωC2 cos 0 = ωC2 = 0 ⇒ C2 = 0. (40)

Therefore, the solution x(t) that satisfies the prescribed initial conditions is

x(t) = A cos ωt. (41)

This shows us, as expected, that the motion of the mass is oscillatory. It will oscillate between the

positions x = A and x = −A. We’ll say more about this in a moment.

We may use the above result to compute the total mechanical energy. First of all, we compute

v(t) = x′(t):

v(t) = −ωA sinωt. (42)

Now substitute x(t) and v(t) into the total mechanical energy function in Eq. (32),

E(t) =
1

2
mω2A2 sin2 ωt +

1

2
kA2 cos2 ωt. (43)

Now recall that

ω2 =
k

m
, (44)

so that the above expression becomes

E(t) =
1

2
kA2 sin2 ωt +

1

2
kA2 cos2 ωt

=
1

2
kA2, (45)

in agreement with Eq. (33).

Oscillations in a “potential well”

In summary, a great deal of effort was spent in computing the position function x(t) from Newton’s

equation f = ma. From x(t), we can then compute v(t), which allows us to compute the total

mechanical energy – very tediously! For more general problems, e.g., nonlinear oscillators, we cannot

solve Newton’s equation in closed form. Very fortunately, we don’t have to! We can obtain important

information about the motion from a knowledge of the potential energy function and the fact that

total energy is conserved.
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Let’s illustrate with the mass-spring problem. The graph of U(x) =
1

2
kx2 is sketched in the figure

below. The vertical axis of this plot is energy.

E

y = U(x) = 1

2
kx2

x
A−A

1

2
kA2

Total energy E of mass at any time

position after one-half oscillation

KE

PE

KE + PE = E

a

at each point x = a on trajectory, particle has PE and KE

also position after one oscillation

initial position x(0) of mass,

0

We have identified the point x(0) = A at which the mass starts. It is released from rest, so all of

its mechanical energy is the potential energy

U(A) =
1

2
kA2. (46)

The particle now starts moving leftward from x = A, always having total energy E =
1

2
A2. But as it

moves leftward, its potential energy will decrease, since the spring is less and less stretched. Whatever

potential energy the mass loses is converted to kinetic energy. All of this is accomplished via the

“master book-keeping scheme,” i.e., conservation of energy,

1

2
mv(t)2 +

1

2
kx(t)2 =

1

2
kA2. (47)

This is sketched in the figure at a generic point 0 < a < A. And when the mass gets to x = 0, it has

no potential energy – all of its original potential energy U(a) has been converted into kinetic energy.

We may compute the speed v of the particle at x = 0 from the above conservation equation,

1

2
mv2 =

1

2
kA2 = U(A) ⇒ v = A

√

k

m
. (48)
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The greater the initial amplitude A, the greater the speed at x = 0.

The mass will continue its leftward motion, now losing kinetic energy as it is converted into

potential energy so that the spring can be compressed. Finally, it will stop at the point x < 0 where

the potential energy U(x) equals the total energy, U(A), i.e.,

U(x) =
1

2
kx2 =

1

2
kA2 ⇒ x = ±A. (49)

Of course, the mass started at x = A. The other solution is x = −A.

After it reaches the point x = −A, the mass will reverse its direction and begin to move rightward –

the compressed spring is now expanding, hence losing potential energy, which is being converted to

potential energy.

The entire oscillation of the mass between the “classical turning points” x = A and x = −A,

the points at which the mass reverses direction, is represented by the horizontal line in the plot that

connects the points (A,U(A) to (−A,U(A)). (Note that U(A) = U(−A).)

We can do this for any prescribed initial total energy E0 ≥ 0. The oscillation of the mass at this

energy will be a horizontal line that extends from points x at which

U(x) = E0. (50)

For this particular case, we have

U(x) =
1

2
kx2 = E0 ⇒ x = ±

√

2E0

k
. (51)

The situation is sketched below.

These are the classical turning points associated with the energy E0. And note that the mass

doesn’t have to start at one of these turning points. It could be at a position x somewhere between

them, but with enough initial kinetic energy so that its total mechanical energy is E0.

The above analysis carries over to general one-dimensional potential energy functions. Once again,

it is not usually possible to solve Newton’s equation analytically for the position x(t). But if we know

that the potential energy function U(x) has a “well”, i.e., a local minimum, and that a mass has a

total energy E that is greater than this minimum value, then it is possible that the mass will execute
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E

y = U(x) = 1

2
kx2

x

E0

classical turning points associated with energy E0

−
√

2E0

k

√

2E0

k

0

oscillatory motion about this potential minimum. The turning points x1 and x2 of this oscillation will

be the points at which U(x1) = U(x2) = E.

x

Energy

x1 x2

oscillatory motion in potential well

between turning points

E

U(x)
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Appendix: The “phase space” representation of oscillatory behaviour

The following material was not discussion was not presented in class but is provided for those interested

in obtaining a deeper understanding of some mathematical methods that may be employed in classical

mechanics.

The interchange between potential and kinetic energy during an oscillation is much better illus-

trated by means of a “phase space” plot. For one-dimensional spatial motion, as in the cases we

studied above, phase space is simply the two-dimensional space formed by considering position

and velocity as separate variables. You will encounter phase space in an advanced course in classical

mechanics that deals with “Hamiltonian mechanics.”

Let’s return to the conservation of total energy for the mass-spring/harmonic oscillator,

E(t) =
1

2
mv(t)2 +

1

2
kx(t)2 = E0, (52)

where E0 is the initial energy, as determined from the initial conditions.

If we, for the moment, drop the dependence of time t from the above equation and simply consider

v and x as independent variables, then we have the equation,

1

2
mv2 +

1

2
kx2 = E0, (53)

which is an ellipse in xv-space, as sketched below for several E0 values.

x

v

1

2
mv2 + 1

2
kx2 = E0

0

Phase-space portraits of oscillations associated with total energy E0.

Associated with each E0 value is an ellipse which represents the oscillation of the mass between

its classical turning points, which are the intersection points of the ellipse and the x-axis.
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We computed the position function x(t) and associated velocity v(t) for a particular initial con-

dition of the mass-spring system, namely,

x(0) = A, v′(0) = 0. (54)

In this case, the total energy is

E0 =
1

2
kA2. (55)

The solutions were found to be

x(t) = A cos ωt, v(t) = −ωA sin ωt, ω2 =
k

m
. (56)

The particular ellipse corresponding to this solution is sketched below. These functions satisfy the

x

v

0

1

2
mv2 + 1

2
kx2 = E0 = 1

2
kA2

A−A

(x(t), v(t))

equation for the ellipse in (52). But there’s something more here. As time t increases from t = 0, the

point defined by these solutions, i.e.,

(x(t), v(t)) (57)

traces out the ellipse which corresponds to E0 in (55). If we start out at x = A, then the point

(x(t), v(t)) will execute a clockwise motion along the ellipse, since x will be positive, but the velocity v

will be negative. Note that when x = 0, the velocity is at its highest, or lowest, value, corresponding to

maximum speed. As the point (x(t), v(t)) approaches x = −A, the velocity will decrease in magnitude

to zero.

For a more general one-dimensional potential U(x) with a local minimum at x0, there will be

oscillatory motion about this local minimum for energies E > U(x0). The phase-space orbits associated

with oscillatory motion will be closed curves that are concentric at x0.
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Lecture 25

Derivatives revisited: Maxima and minima of functions

(This lecture was delivered by means of slide projection of these notes)

(Relevant section from Stewart, Seventh Edition: Section 4.1)

We now return, for the moment, to “normal” Calculus, in order to develop some important ideas

regarding maxima and minima of functions. In many applications, we are interested in finding the

maximum or minimum value (or both) of a function over a prescribed set of x-values. From your high

school course in Calculus, you are familiar with some of the basic techniques of finding maxima and

minima of functions. Here, we wish to provide some mathematical justification for these methods.

Basic ideas and terminology

Absolute/global maxima and minima

In what follows, we assume that our function of interest f is defined over a set D ⊆ R. Most often,

it will be an interval [a, b]. We consider D to be our domain of definition of f .

Definition: The function f is said to have an absolute or global maximum at c ∈ D if

f(x) ≤ f(c) for all x ∈ D. (58)

The value f(c) is the maximum value of f over D.

(Note that there could be many points c1, c2, · · · , cn) at which f achieves its maximum value. That

does not concern us here.)

Definition: The function f is said to have an absolute or global minimum at d ∈ D if

f(x) ≥ f(d) for all x ∈ D. (59)

The value f(d) is the minimum value of f over D.

190



Local maxima and minima

Local maxima and minima are, as their names suggest, maxima and minima of f , but only over local

neighbourhoods of the maximum or minimum point, and not necessarily the entire set D.

Definition: The function f is said to have a local or relative maximum at c if

f(x) ≤ f(c) for all x near c. (60)

By “x near c” we mean the following: There exists an open interval I = (p, q) in the domain of

definition D (or, mathematically, I = (p, q) ⊂ D) which contains c such that

f(x) ≤ f(c) for all x ∈ I. (61)

Definition: The function f is said to have a local or relative minimum at d if

f(x) ≤ f(d) for all x near c. (62)

By “x near d” we mean the following: There exists an open interval I = (p, q) ⊂ D which contains d

such that

f(x) ≥ f(d) for all x ∈ I. (63)

Extreme Value Theorem

In applications, we must be concerned with the question of whether or not a function actually attains

a maximum or minimum value over a prescribed domain of definition D. In the case of continuous

functions over closed intervals, a strong statement can be made.

Extreme Value Theorem: If f is continuous on a closed interval [a, b], then f attains an absolute

maximum value f(c) and an absolute minimum value f(d) at some points c, d ∈ [a, b].

This is a very strong result, due to both the continuity of the function f and the fact that the

interval [c, d] is closed. From a simple “drawing the graph” perspective, the theorem states that you
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can’t draw the graph of a continuous function over a closed interval without having the function

assume a maximum and minimum value.

The situation is different for open intervals. For example, consider the function f(x) =
1

x
on the

open interval (0, 1). f is continuous at any point in this interval. The problem is that as x → 0+,

f(x) gets larger and larger – in fact, f(x) → ∞. It does not assume a maximum value on (0, 1).

The proof of the Extreme Value Theorem is well beyond the scope of this course, requiring concepts

from real analysis. You may encounter the proof in an advanced course on real analysis, e.g., PMATH

351.

The role of “critical points”

As you probably know from your high school Calculus course, the candidates for local or global maxima

and minima of functions are the so-called “critical points” or “critical numbers”, as Stewart calls them.

These are points c ∈ D at which either

1. f ′(c) = 0 or

2. f ′(c) fails to exist.

Example 1: Consider the function f(x) = x2 on [−1, 1]. There is one critical point, x = 0, at which

f ′(0) = 0. It is also the local and absolute minimum point of f(x) on [−1, 1].

Example 2: Consider the function f(x) = |x| on [−1, 1]. There is one critical point, x = 0, at which

f ′(0) fails to exist. It is also the local and absolute minimum point of f(x) on [−1, 1].

The following theorem provides the mathematical basis for considering critical points as candidates

for local maxima or minima – at least those critical points at which f ′(c) = 0.

Fermat’s Theorem: If f has a local maximum or local minimum at c, and f ′(c) exists, then f ′(c) = 0.
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Proof: We first consider the case that c is a local maximum, assuming that f ′(c) exists. Since c is a

local maximum, there exists an interval I containing c such that

f(x) ≤ f(c) for all x ∈ I. (64)

For reasons that will become clear in a moment, we’ll rewrite this relation, letting x = c+h for h near

0,

f(c + h) ≤ f(c) for all h near 0. (65)

This implies that

f(c + h) − f(c) ≤ 0. (66)

Now since f ′(c) is assumed to exist, it will be given by

f ′(c) = lim
h→0

f(c + h) − f(c)

h
. (67)

Of course, we are not tempted to divide both sides of (66) by h 6= 0 to relate it to the Newton quotient

above. But we have to be careful, since h is either positive or negative.

1. Case 1: h > 0. Then Eq. (66) becomes

f(c + h) − f(c)

h
≤ 0. (68)

Now take limits of both sides for h → 0+ – keeping in mind that h > 0:

lim
h→0+

f(c + h) − f(c)

h
≤ lim

h→0+
0. (69)

We can take limits of both sides of the inequality because the two limits exist. The left limit is

f ′(c), since it must hold for all sequences of h going to zero. The right limit is 0. The result is

f ′(c) ≤ 0. (70)

2. Case 2: h < 0. Then Eq. (66) becomes

f(c + h) − f(c)

h
≥ 0. (71)

Once again, we take limits of both sides for h → 0− – now keeping in mind that h < 0:

lim
h→0−

f(c + h) − f(c)

h
≥ lim

h→0−
0. (72)

Again, the left limit must be f ′(c) and the right limit is 0. The result is

f ′(c) ≥ 0. (73)
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The only way that Eqs. (70) and (73) can be true simultaneously is if

f ′(c) = 0. (74)

We have proved the theorem for the case that c is a local maximum. The proof for the case that c is a

local minimum proceeds in the same way, and with the same conclusion. We omit writing it out here

and simply state that the desired result follows, i.e., f ′(c) = 0.

Fermat’s Theorem forms the basis of the following method of finding absolute minimum and

maximum values of a continuous function over a closed interval [a, b]. You are familiar with this

method from your high school calculus course:

Closed Interval Method: Assuming that f is continuous on the closed interval [a, b]:

1. Find all critical points of f in (a, b), i.e., points c ∈ (a, b) for which f ′(c) = 0 or f ′(c)

fails to exist. Let c1, c2, · · · , cn denote all critical points in (a, b). Evaluate f at these

critical points, i.e., f(c1), f(c2), · · · , f(cn).

2. Evaluate f at the endpoints, i.e., f(a) and f(b).

3. The maximum of the set {f(c1), · · · , f(cn), f(a), f(b)} is the absolute maximum

value of f on [a, b] and the minimum (including most negative) of this set is the

absolute minimum value of f on [a, b].

This method is illustrated in the text by Stewart in Examples 8-10, Section 4.1, pp. 278-280.
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The Mean Value Theorem

(Relevant section from Stewart, Seventh Edition: Section 4.2)

We come to a very important result in Calculus that not only leads to a large number of theoretical

results but also provides a basis for the approximation of functions. We’ll state it first and then prove

it.

Mean Value Theorem: Suppose that a function f is

1. continuous on the closed interval [a, b] and

2. differentiable on the open interval (a, b).

Then there exists a number c ∈ (a, b) such that

f ′(c) =
f(b) − f(a)

b − a
(75)

Graphically, the situation is sketched above. The tangent line to f at c is parallel to the secant line

AB that joins points (a, f(a)) to (b, f(b)).

B

a b

f(a)

f(b)

y = f(x)

c

A

Before proceeding with the proof, a couple of comments on the assumptions of the theorem are in

order, based on questions that were asked during the lecture. First of all, given a closed interval [a, b],

they represent a kind of minimal set of assumptions on a function f to “get the job done”. We assume

differentiability on (a, b) so that we don’t have to worry about the endpoints, since f may not be

defined outside the interval [a, b]. We could have imposed the condition that one-sided derivatives of
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f exist at the endpoint, but this is not even necessary: The theorem will work even if one, or both, of

the endpoints is a “cusp,” where the one-sided derivative does not exist. (For example,
√

x at x = 0.)

We’ll need a kind of preliminary result in order to prove the Mean Value Theorem. This result is

known as “Rolle’s Theorem.”

Rolle’s Theorem: Suppose that a function f is

1. continuous on the closed interval [a, b],

2. differentiable on the open interval (a, b) and

3. f(a) = f(b).

Then there exists a number c ∈ (a, b) such that

f ′(c) = 0. (76)

Proof: There are three cases to consider:

1. Case 1: The function f(x) is constant on [a, b], i.e., f(x) = f(a) = f(b) for all x ∈ [a, b]. In this

case f ′(x) = 0 for all x ∈ [a, b], i.e., the point c is any point in (a, b).

2. Case 2: f(x) > f(a) for some x ∈ (a, b). Since f is continuous on [a, b], we may use the Extreme

Value Theorem to conclude that f has an absolute maximum at a point c ∈ [a, b]. But since

f(x) > f(a) for some x ∈ (a, b), it follows that f(c) ≥ f(x) > f(a), implying that c ∈ (a, b).

Since c is an absolute maximum point, it must also be a local maximum point. Since f ′(c)

exists (by the assumption that f is differentiable on (a, b)), it follows, by Fermat’s Theorem,

that f ′(c) = 0.

3. Case 3: f(x) < f(a) for some x ∈ (a, b). This case proceeds in the same fashion as Case 2,

except that “maximum” is replaced by “minimum”: Since f is continuous on [a, b], we may use

the Extreme Value Theorem to conclude that f has an absolute minimum at a point c ∈ [a, b].

But since f(x) < f(a) for some x ∈ (a, b), it follows that f(c) ≤ f(x) > f(a), implying that

c ∈ (a, b). Since c is an absolute minimum point, it must also be a local minimum point. Since

f ′(c) exists (by the assumption that f is differentiable on (a, b)), it follows, by Fermat’s Theorem,

that f ′(c) = 0.

In all cases, we have been able to establish the existence of (at least) one point c ∈ (a, b) such that

f ′(c) = 0, and the proof is complete.
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Lecture 26

The Mean Value Theorem (cont’d)

(Relevant section from Stewart, Seventh Edition: Section 4.2)

Before proving the Mean Value Theorem, let us make an observation: Rolle’s Theorem appears to be

a special case of the Mean Value Theorem, in which f(a) = f(b). In this case, the slope of the line

joining (a, f(a)) and (b, f(b) is zero, and there exists a point c ∈ (a, b) for which f ′(c) is also zero.

From a geometrical point of view, the figure illustrating the Mean Value Theorem may be considered

as a kind of “sheared” version of Rolle’s Theorem, where you take one side of the graph and move it

upward or downward. We’ll actually use this idea in the proof of the MVT.

Proof of Mean Value Theorem: Consider the function g(x) which, at each x ∈ [a, b] measures the

distance between the value f(x) and the point on the line AB joining (a, f(a)) and (b, f(b)) with the

same x value. To do this, we first need to find the equation of this secant line. Any point (x, y) on

this line must satisfy the point-slope formula,

y − f(a)

x − a
=

f(b) − f(a)

b − a
. (77)

We rearrange this equation to express y in terms of x:

y =
f(b) − f(a)

b − a
(x − a) + f(a). (78)

We can now define the function g(x) outlined above,

g(x) =
f(b) − f(a)

b − a
(x − a) + f(a) − f(x). (79)

By construction, which can be verified from the above formula, we have,

g(a) = 0, g(b) = 0. (80)

(This function looks like it might be a suitable candidate for Rolle’s Theorem.) Note that g is

continuous since it is the difference of a degree-one polynomial in x and the continuous function f .

Also note that g is differentiable on (a, b) since both the degree-one polynomial and f are differentiable

on (a, b). Therefore, we may use Rolle’s Theorem to conclude that there exists a point c ∈ (a, b) at

which

g′(c) = 0. (81)
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From Eq. (79),

g′(x) =
f(b) − f(a)

b − a
− f ′(x), (82)

which implies that

g′(c) =
f(b) − f(a)

b − a
− f ′(c) = 0. (83)

A rearrangement produces the result,

f ′(c) =
f(b) − f(a)

b − a
, (84)

thereby proving the theorem.

Example: In some cases where the formula of f(x) is known, we may be able to find the c-value in

the MVT. For example, consider f(x) = x3 on [0, 10]. Here a = 0, b = 10. Since f s both continuous

and differentiable at all x ∈ R, in particular, the interval [0, 10], we may apply the MVT. Since

f ′(x) = 3x2, we have, from the MVT,

f(10) − f(0)

10 − 0
=

1000

10
= 3c2 ⇒ c =

10√
3

=
10
√

3

3
≈ 5.77. (85)

Suppose that the position of a particle travelling in one dimension is x(t) for t ∈ [a, b]. We’ll assume

that x is continuous on [a, b] and also differentiable on (a, b). Recall that the average velocity of the

particle over the interval [a, b] is given by

v̄[a,b] =
x(b) − x(a)

b − a

(

distance travelled

elapsed time

)

. (86)

From the assumptions on x, we may apply the Mean Value Theorem to conclude that there exists (at

least one) c ∈ (a, b) at which
x(b) − x(a)

b − a
= x′(c) = v(c). (87)

In other words, there is at least one time c ∈ (a, b) at which the instantaneous velocity of the particle

is equal to its average velocity v̄[a,b].

Here is an example to show the applicability of the Mean Value Theorem in the estimation of

function values.
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Example: Suppose that f(0) = 1 and f ′(x) ≤ 3 for all x ∈ R. How large can f(2) possibly be?

We apply the MVT to f on the interval [0, 2]: this is justifiable since f is assumed differentiable

on R, hence continuous on [a, b] = [0, 2]. From the MVT,

f(b) − f(a)

b − a
=

f(2) − f(0)

2 − 0
= f ′(c) for some c ∈ (0, 2). (88)

But we are given that f ′(x) ≤ 3 for all x ∈ R. Therefore f ′(c) ≤ 3 for any c ∈ (0, 2), implying that

f(2) − f(0)

2 − 0
≤ 3 ⇒ f(2) − f(0) ≤ 3 · 2. (89)

Therefore,

f(2) ≤ f(0) + 6 = 7. (90)

We conclude that the maximum possible value of f(2) is 7. Let’s examine this result a little more

closely, with the help of the figure below.

y = f(0) + 3x

x

1

3

4

8

2

5

6

7

1 2

slope 3

y

0

possible

y = f(x)

In this figure are shown a number of possible graphs of functions f(x) that assume the value

f(0) = 1 along with the restriction that f ′(x) ≤ 3. This restriction puts a limit on how they will

increase as we move away from x = 2. The maximum possible growth of f is achieved if f ′(x) = 3 at

all points x ≥ 0. This corresponds to the line y = 1 + 3x. In this case f(2) = 7, which is the value

predicted above by the Mean Value Theorem.
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Some important results obtained from the MVT

Constant functions: Suppose that f is continuous on [a, b] and f ′(x) = 0 for all x ∈ (a, b). Then

f(x) = C on [a, b], i.e., f is a constant.

Proof: Let x1, x2 be any two points in [a, b] such that x1 6= x2. From the assumptions on f , we may

apply the Mean Value Theorem to f on the interval [x1, x2] (since it lies inside the interval [a, b]):

f(x2) − f(x1)

x2 − x1
= f ′(c) for a c ∈ (x1, x2). (91)

But by assumption, f ′(c) = 0, which implies that f(x2) = f(x1). Since this is true for any two distinct

points x1, x2, it follows that f(x) = C, a constant, on [a, b].

Increasing functions: Suppose that f is continuous on [a, b] and f ′(x) > 0 for all x ∈ (a, b). Then

f is increasing on [a, b], i.e., x1 < x2 implies that f(x1) < f(x2).

Proof: Let x1, x2 be any two points in [a, b] such that x1 < x2. From the assumptions on f , we may

apply the Mean Value Theorem to f on the interval [x1, x2],

f(x2) − f(x1)

x2 − x1
= f ′(c) for a c ∈ (x1, x2). (92)

But by assumption, f ′(c) > 0, which implies that f(x2) > f(x1), since x2 > x1. Therefore x1 < x2

implies that f(x1) < f(x2) for any x1, x2 ∈ [a, b], implying that f is increasing on [a, b].

Note: This result “makes sense”. But note that this is not the definition of an increasing function.

The positivity of the derivative f ′(x) guarantees that f is an increasing function, but it is not the

definition, nor is it a necessary condition. A function may fail to have derivatives at some points and

still be increasing. It may also fail to be continuous at some points, yet still be increasing. Can you

come up with some examples?

As expected, if f ′(x) < 0, then f is decreasing. The proof, given below, proceeds in the same fashion

as for the increasing function case.
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Decreasing functions: Suppose that f is continuous on [a, b] and f ′(x) < 0 for all x ∈ (a, b). Then

f is increasing on [a, b], i.e., x1 < x2 implies that f(x1) > f(x2).

Proof: Let x1, x2 be any two points in [a, b] such that x1 < x2. From the assumptions on f , we may

apply the Mean Value Theorem to f on the interval [x1, x2],

f(x2) − f(x1)

x2 − x1
= f ′(c) for a c ∈ (x1, x2). (93)

But by assumption, f ′(c) < 0, which implies that f(x2) < f(x1), since x2 > x1. Therefore x1 < x2

implies that f(x1) > f(x2) for any x1, x2 ∈ [a, b], implying that f is decreasing on [a, b].

We may use these results to derive inequalities. Here is an example.

Example: Prove that
√

1 + x < 1 +
1

2
x for all x > 0.

The function 1 +
1

2
x is the linearization of the function

√
1 + x at x = 0. We encountered this

example a few lectures ago, in our discussion of linearization and the linear approximation. At that

time, we reasoned that the linearization, which is tangent to the graph of
√

1 + x at x = 0, lies above

it, except at x = 0, because the graph of
√

1 + x is concave downward. The Mean Value Theorem

provides a more rigorous proof of this result. Let us define the function

f(x) = 1 +
1

2
x −

√
1 + x. (94)

Note that f(0) = 0. If we can show that f(x) > 0 for all x > 0, then the desired inequality follows.

The derivative of f(x) is

f ′(x) =
1

2
− 1

2

1√
1 + x

. (95)

For x > 0,
1√

1 + x
< 1, which implies that the second term is less than 1

2 . Therefore, the RHS is

greater than zero. (If this is not convincing, see the note at the end of this proof.) Since f ′(x) > 0 for

x > 0, it follows, from the theorem on increasing functions above, that f(x) is increasing for x > 0.

In particular, it follows that

f(x) = 1 +
1

2
x −

√
1 + x > f(0) = 0 for x > 0. (96)
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The desired inequality follows.

Note: Just in case the above discussion on the RHS being positive was not convincing, we can start

from first principles: For x > 0,

1 + x > 1 ⇒
√

1 + x > 1 ⇒ 1√
1 + x

< 1 ⇒ 1

2

1√
1 + x

<
1

2
⇒ (97)

⇒ − 1

2

1√
1 + x

> −1

2
⇒ 1

2
− 1

2

1√
1 + x

>
1

2
− 1

2
= 0. (98)
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