
Lecture 18

Derivatives and rates of change

Rates of change in the physical sciences

(Relevant section from Stewart, Seventh Edition: Section 3.7)

Suppose that y = f(x). Recall that the average rate of change of y with respect to x over the

interval [x1, x2] is given by
∆y

∆x
=

f(x2) − f(x1)

x2 − x1
. (1)

In the limit x2 → x1, hence ∆x → 0, the average rate of change becomes the instantaneous rate of

change of y with respect to x:

lim
∆x→0

∆y

∆x
=

dy

dx
= f ′(x1), (2)

namely, the derivative of f at x1.

We have already considered the application of this idea to the study of motion, i.e., average

velocity and velocity. We now consider other applications.

Mass/charge distributions on a rod

In this section, we consider the distribution of either mass or charge along a thin “one-dimensional” rod.

By “one-dimensional”, we mean that we may factor all variations in the rod along one direction. This

may appear to be mathematical idealization – which, in fact, it is – but it does yield some important

ideas that can be carried to higher dimensions. As well, it does serve as a good approximation in

many cases.

In what follows, we’ll consider the distribution of mass in a one-dimensional rod. Consider a

straight rod of length L and constant cross-sectional area A. (Later, we can let the cross-sectional

area A vary, i.e., A(x) and then incorporate this variation into the linear density function.) Also let

M denote the mass of this rod. It is useful to let x ∈ [0, L] denote a position (actually a slice) on this

rod, as shown below.

x0 L
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If the rod is homogeneous, that is, the same everywhere, then we can define its linear density,

which is in units of mass per unit length, as follows,

ρ =
M

L
. (3)

You are no doubt familiar with the idea of density as mass per unit volume. Here, the area has

essentially been factored out so that the problem becomes one-dimensional.

This, of course, implies that the total mass M of the rod may be expressed as

M = ρL. (4)

Because of the homogeneity of the rod, any piece of the rod of length l ≤ L has mass m given by

m = ρl = M

(

l

L

)

. (5)

And more to the “Spirit of Calculus” which will be used later, the mass ∆m of a piece of the rod of

length ∆x will be given by

∆m = ρ∆x. (6)

Now suppose that the rod is inhomogeneous, i.e., it is not the same everywhere, perhaps due

to a difference in material. We expect that the linear density ρ is not necessarily constant throughout

the rod. In fact, we expect that the linear density ρ in Eq. (6) will depend on x, the coordinate of a

point on the rod. In other words,

∆m ≈ ρ(x)∆x, x ∈ [0, L]. (7)

This is indeed the case, but we shall derive it in terms of rates of change of mass.

To do this, we shall define the function m(x) to be the mass of the rod contained in the interval

[0, x], x ∈ [0, L]. As such, we definitely know two values of m(x), namely,

m(0) = 0 (no mass), m(L) = M (total mass of rod). (8)

In the special case of a homogeneous rod, from Eqs. (4) or (5), the function m(x) is a straight line,

and given by

m(x) = ρx =
M

L
x. (9)

This graph is sketched below.
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y = m(x)

Graph of m(x) for a homogeneous rod.

y = m(x)

L0
x

y

M

Graph of m(x) for an inhomogeneous rod.

In the general case of an inhomogeneous rod, however, the function m(x) will not necessarily be linear,

due to variations in the materials. A possible situation is sketched above.

Here is an interesting fact about the function m(x): It must be an increasing function of x, i.e.,

if x1 < x2, we must have that m(x1) < m(x2). This follows from the definition of m(x). m(x1) is the

amount of mass over the interval [0, x1]. m(x2) is the amount of mass over the interval [0, x2]. We

must add mass to the first interval, precisely the mass over the interval [x1, x2] to obtain the second

interval.

Once again in the “Spirit of Calculus,” consider an arbitrary interval [x1, x2] ⊂ [0, L]. The amount

of mass ∆m of this segment of the rod will be given by

∆m = m(x2) − m(x1) (amount in [0, x2] - amount in [0, x1]). (10)
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The average density of this segment of the rod is its mass divided by its length, i.e.,

∆m

∆x
=

m(x2) − m(x1)

x2 − x1
. (11)

We recognize this to be the Newton quotient of the function m(x). If we now let x2 → x1, we obtain

the instantaneous rate of change of mass per length at x1, which we define to be the linear

density at x1, i.e.,

lim
x2→x1

m(x2) − m(x1)

x2 − x1
= lim

∆x→0

∆m

∆x
=

dm

dx
= ρ(x1). (12)

From the above limit, it follows that for small ∆x, the amount of mass ∆m in a segment of the rod

of length ∆x centered at x1 is well approximated by

∆m ≈ ρ(x1)∆x. (13)

This idea will be important in our study of integration near the end of this course.

In the special case of a homogeneous rod, from Eq. (9), it follows that

ρ(x) =
dm

dx
=

M

L
, (14)

which, as expected, is independent of x.

Example: Suppose that our rod of length L is composed of two smaller, homogeneous rods of length

L/2 that are welded together, as sketched below.

0 L

Al Zn

L/2

The two smaller rods are composed of materials with substantially different densities, for example,

aluminum (Al) and zinc (Zn). The mass density of zinc (7.14 g/cm3) is about three times the mass

density of aluminum (2.70 g/cm3). We assume the weld at x = L/2 to be a “perfect weld”, i.e., there

is no intermingling of material across the weld so that the linear density function of the welded rod

will be given by

ρ(x) =







ρAl, 0 ≤ x < L/2,

ρZn, L/2 < x ≤ L,
(15)

where ρAl and ρZn denote the linear mass densities of, respectively, aluminum and zinc for this problem.
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First of all, since the two components of the welded rod are each homogeneous, their masses can

be easily computed:

M1 = ρAl ·
L

2
and M2 = ρZn · L

2
. (16)

This, of course, implies that the total mass M of the composite rod is

M = M1 + M2. (17)

Moreover, the mass functions m(x) for the Al and Zn rods will be straight lines with slope ρAl and

ρZn, respectively, sketched qualitatively below.

L/2 L/20 0
x x

y = m(x)

y = m(x)

Aluminum rod Zinc rod

M1

M2

Since m′(x) = ρ for each rod, the slope of the graph of m(x) for the aluminum rod will be roughly

one-third the slope of the graph of m(x) for the zinc rod.

And recalling that the function m(x) is the mass of the rod over the interval [0, x], we may “weld”

these two graphs to obtain the mass function m(x) for the welded rod, as shown below.

L/20

Aluminum rod

M1

x
L

Zinc rod

y = m(x)

M

y

The function m(x) must be a continuous function on [0, L]. (Think about this: If m(x) is not

continuous at c ∈ (0, L), it must have a “jump” there. In such a case, the density function ρ(x) = m′(x)
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would have to be infinite at c in order to produce this jump.)

That being said, we see that the function m(x), being composed of a “welding” of two straight

lines, is differentiable at all points in (0, L) except at x = 1/2. In other words, m′(L/2) is not defined.

From Eq. (15), we have that

m′(x) =



















ρAl, 0 ≤ x < L/2,

undefined, x = L/2,

ρZn, L/2 < x ≤ L,

(18)

A plot of m′(x) is sketched below.

L/20

Aluminum rod

M1

x
L

Zinc rod

M2

y = ρ(x)y

The “continuum approximation” behind the model: The idea of letting ∆x → 0 in a physical

problem is, of course, a mathematical abstraction: Nature does not behave in such a continuous way

in the limit. From a classical, i.e., everyday, point of view, matter may be treated as a continuous

substance down to some small length scales such as 10−6 m. But when we get to 10−10 m (an

Angstrom), the atomic nature of matter shows itself. The so-called “continuum approximation”

consists of “smearing” out all matter, thus filling in all the “holes” between nuclei and electrons. This

turns out to be an excellent approxmation for the treatment of classical phenomena. The same is true

for electric charge, which we consider in the next section. Each fundamental unit of electric charge

is very small. Nevertheless, the number of such charges in a substance is very high (on the order of

Avogadro’s number). For that reason, we may treat charge as a smeared-out distribution, i.e., like a

fluid.
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Charge distribution over a one-dimensional rod

Everything mentioned above for the problem of mass distribution over a thin rod also applies to charge

distributions. We may define q(x) as the amount of charge in the segment of the rod represented by

the interval [0, x]. And we may define the average amount of charge per length in the interval [x1, x2]

as
∆q

∆x
=

q(x2) − q(x1)

x2 − x1
. (19)

As before, we let x2 → x1. In the limit,

lim
x2→x1

q(x2) − q(x1)

x2 − x1
= lim

∆x→0

∆q

∆x
= ρ(x), (20)

the linear charge density of the distribution at x.

Electric current

Now consider a thin wire that serves as an electrical conductor. Electric current, composed of elemen-

tary electric charges qi, is passing through the wire. To measure the amount of current, we consider a

planar surface S of area A and normal to the flow at a particular point x. Over a time interval [t1, t2],

where t2 − t1 = ∆t, we let ∆q denote the number of electric charges that pass through the surface

S. The average current over the time interval [t1, t2] is the amount of charge passing through the

surface over the time interval, i.e.,
∆q

∆t
. (21)

We now take the limit t2 → t1, implying that ∆t → 0. This limit is known as the current I at x1,

i.e.,

I(x1) = lim
∆t→0

∆x

∆t
= lim

t2→0

q(x2) − q(x1)

t2 − t1
. (22)

Once again, we see that this quantity is defined in terms of an instantaneous rate of change.

Rates of change in the natural sciences

Population models

We now consider the role of “rate of change” in modelling population growth. In what follows, we let

n = f(t) (23)
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denote the number of individuals in an animal or plant population at time t. The change in population

between times t1 and t2 > t1 is given by

∆n = f(t2) − f(t1). (24)

The average rate of change of the population over the time interval [t1, t2] is defined as

∆n

∆t
=

f(t2) − f(t1)

t2 − t1
. (25)

If we assume that the population is growing, i.e., f(t2) > f(t1) for all t1 < t2, then the phrase “average

rate of change” may be replaced by “average rate of growth”. That being said, we could ignore whether

the population is growing or decaying and simply call the ratio in (25) the “average rate of growth,”

with the understanding that negative growth implies decay.

We now proceed as we have done before, letting t2 → t1, to yield the instantaneous rate of

growth at t = t1,

lim
∆t→0

∆n

∆t
=

dn

dt
= f ′(t1). (26)

There is one point that should be addressed here. In the above discussion, we have simply

proceeded as in the past, where the dependent variable n is treated as a continuous real number.

Obviously, when we talk about populations, we are using integers to count the number of individuals

– there are no “half-organisms”. When the changes ∆n to the population for small time intervals ∆t

are very small in comparison to the population itself, i.e., when the ratio

∆n

n
(27)

is very small, often written as follows,
∆n

n
<< 1, (28)

then these changes may be viewed as continuous. For example, when one individual is added to a

family of four, the percentage change in the number of people in the family is large, namely, a 25%

increase. When one individual is added to a city of 100,000, the percentage change is very tiny and

may be considered as infinitesimal. In the discussion that follows, we assume that sufficiently large

populations are being modelled so that n may be considered as a continuous variable.
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Lecture 19

Derivatives and rates of change (cont’d)

Rates of change in the biological sciences (cont’d)

Example: A culture of bacteria in a Petri dish

Suppose that we have a culture of bacterial in a Petri dish, with sufficient nutrient in the dish for the

bacteria to multiply over a number of generations. Experimentally, in such cases of “infinite resources,”

it is observed that the population of the bacteria doubles after a roughly fixed time interval T . Let

us assume that at time t = 0, there is a population of

n(0) = n0 (29)

bacteria in the dish. For simplicity, let’s measure time in units of T – this is essentially a rescaling of

time. This means that the populations at future times t = k, k = 0, 1, 2, · · · , are given by

n(0) = n0

n(1) = 2n0

n(2) = 2f(1) = 2(2n0) = 22n0

...

n(k) = 2kn0. (30)

It is a reasonable assumption - and experimentally verifiable – that the bacteria are not doubling their

population at specific times, for example, just before the times that the experimenter measures it.

Instead, the reproduction is going on virtually continuously in time. As a result, we may replace the

k in the above equation by the continuous time variable t, i.e.,

n(t) = n02
t, t ≥ 0. (31)

From previous discussions, this implies that n(t) is an exponential function of the form

fa(t) = Cat. (32)

Recall that the derivative of an exponential function is a multiple of the exponential function, i.e.,

d

dt
(at) = (ln a) at. (33)
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In the case of the bacterial population equation (31), a = 2 and we have that

dn

dt
=

d

dt
(n02

t) = n0
d

dt
(2t) = (n0 ln 2) 2t = (ln 2)n02

t = (ln 2) n(t). (34)

This indicates that the rate of population growth is proportional to its size.

As Stewart writes (Section 3.8, p. 237, line 1)

In many natural phenomena, quantities grow or decay at a rate proportional to their size.

Perhaps it is a good idea to modify this statement slightly to read as follows,

In many natural phenomena, quantities, under appropriate conditions, are observed to grow

or decay at a rate proportional to their size.

This is to clarify that the above natural growth/decay model is based on experimental evidence:

it is not a fact that can be proved by mathematics. And the model is valid under “appropriate

conditions,” i.e., not necessarily all conditions.

The translation of the above growth/decay law into mathematics takes the following form: If

y(t) > 0 denotes the amount of “something” at time t, then

dy

dt
= ky. (35)

1. Case 1: If k > 0, then
dy

dt
> 0, implying growth. Then Eq. (35) is a natural law of growth.

2. Case 2: If k < 0, then
dy

dt
< 0, implying decay. Then Eq. (35) is a natural law of decay.

As you saw in Assignment No. 4, the function ekt is a solution to Eq. (35). But so is

y(t) = Cekt, (36)

where C is a constant. This is easy to verify:

dy

dt
= kCekt = k(Cekt) = ky. (37)

The role of the constant C in Eq. (36) is that it is the initial amount:

y(0) = Ce0 = C. (38)
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If we denote the initial amount as y0 = y(0) = C, then the solutions to (35) may be written as

y(t) = y0e
kt. (39)

If k > 0, these functions are exponentially increasing. If k < 0, the subject of the next section, then

these functions are exponentially decreasing.

A final note on the exponential growth model: As you probably know from secondary school

courses on ecology and geography, the above model of exponential growth is based on the assumption

of “infinite resources:” there is essentially unlimited food available for growth and reproduction. As

we mentioned earlier, this model is observed for bacteria at low populations in a nutrient medium

that, in comparison, is virtually infinite in size – in other words, the bacteria have access to all the

food that they need to grow and reproduce.

Of course, the assumption of “infinite resources” applies only to special circumstances. Even in

the case of a bacterial culture in a Petri dish, there come a time when the population gets large

enough so that there is not enough nutrient to go around. There will be competition, and the rate of

population growth will decrease. In fact, the actual population may start to decrease. If nutrient is

then added at intervals, or perhaps continuously, then it may be possible to sustain a fixed population

throughout time – the so-called “carrying capacity.”

Such “nonideal” situations can be built into differential equation models for population growth.

An example is the “Lotka-Volterra model,”

dy

dt
= ky − ay2. (40)

The last term on the RHS, which decreases the rate of growth, represents competition. You will

see this model in a future course on differential equations. Here we simply state that the above DE

supports a constant population – the “carrying capacity” - of y =
k

a
. Populations that are lower than

this value will grow to it, and populations that are higher than it will decay to it.

Radioactive decay

Radioactive decay is another example of the growth/decay law cited earlier: It has been experimen-

tally determined that the rate of decay of a radioactive element in a sample is proportional

to the amount of that element in the sample.
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In order to emphasize that this process always involves a “decay,” hence a decrease in amount

of a radioactive substance, we shall write the decay law as follows: If x(t) denotes the amount of

radioactive element “X” in a sample, then its rate of decay obeys the following differential equation,

dx

dt
= −kx, where k > 0 denotes the “rate constant”. (41)

This is the conventional approach in scientific literature. Note that it is a departure from Stewart’s

text (see p. 236).

As in the case of population growth models, the solutions to (41) are exponential functions. In

this case, however, they are decaying exponentials: The function x(t) = e−kt is a solution to (41).

But so is the function x(t) = Ce−kt. In fact, you will see later that

x(t) = Ce−kt, C constant, (42)

represents all possible solutions of (41). Let’s first verify that these functions are solutions. If we

substitute them into the LHS of (41), we obtain

LHS =
dx

dt
= −kCe−kt. (43)

If we substitute them into the RHS of (41), we obtain

RHS = −kx = −kCe−kt. (44)

Therefore,

LHS = RHS, (45)

proving that these functions are solutions to the DE in (41).

As before, the role of the constant C is to be the initial amount:

x(0) = Ce−k0 = C. (46)

Therefore, we can write that the solution to the radioactive decay equation (41) satisfying the initial

condition x(0) = x0 is

x(t) = x0e
−kt. (47)

The qualitative behaviour of this curve is sketched below: As t → ∞, x(t) → 0. The larger the value

of k, the quicker is the decay to zero. This will become clearer after the following discussion.
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y = x(t) = x0e
−kt

y

t

x0

0

Before discussing the idea of half-life in more detail, let’s make one more comment regarding the

decay equation (47). If we take logarithms of both sides of this equation, we obtain

ln(x(t)) = lnx0 − kt. (48)

In other words, a plot of ln x(t) vs. t is a straight line with slope −k. Often, the problem is to

determine the decay constant k from experimental data, typically samples of x at discrete times, i.e.,

xk = x(tk), k = 1, 2, · · · , N. (49)

If the data points xk are plotted vs. the tk, then they lie on a decaying exponential curve. It’s not

clear how to determine k from this curve. But if we plot lnxk vs tk, then the points should lie (at

least roughly) on a line with slope −k, as illustrated below. In this way, k can be estimated from the

graph.

y

t0

+ +

+

+

+
+

+

y = ln x − kt

ln x

Plot of data points: logarithms of amounts xk of radioactive element “X vs sample times tk,

k = 1, 2, · · · , N .
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Lecture 20

Radioactive decay (cont’d): The half-life of a radioactive element

There is a unique feature about exponential decay which should not be too surprising, given our

previous discussion about population growth. In the example of bacterial growth, we stated that it is

often experimentally found that, at least for low populations, the bacterial population doubles after a

fixed time T . In an analogous fashion, it is found experimentally that the time taken for a sample

of a radioactive element “X” to decay to one-half its original population is also a fixed

time, characteristic of the element “X”. You are no doubt familiar with this time, it is called

the half-life of the element. We shall denote the half-life of an element as t1/2.

This means that if we start with an amount x0 of element “X”, then at t = t1/2, there will be

only one-half of this amount, i.e.,
x0

2
. And after t = 2t1/2, there will only be a half of this amount,

or a quarter of the original amount, i.e.,
x0

4
. And the process goes on and on. This idea is illustrated

below.

y

t0

y = x(t) = x0e
−kt

t1/2 2t1/2

1

4
x0

1

2
x0

x0

One might suspect that the half-life t1/2 is related to the decay constant k. Mathematically, from Eq.

(47),

x(t1/2) =
x0

2
= x0e

−kt1/2 . (50)

We may divide out the x0 from both sides of the final equation to give

1

2
= e−kt1/2 . (51)

Taking reciprocals gives

2 = ekt1/2 . (52)
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Taking natural logs of both sides allows us to solve for t1/2 in terms of k:

ln 2 = kt1/2 ⇒ t1/2 =
ln 2

k
. (53)

This supports our statement that the higher k is, the quicker the decay: As k increases, the half-life

t1/2 decreases.

In fact, a radioactive element “X” is generally characterized in terms of its half-life, instead of

the decay constant k. We can use the above equation to solve for k in terms of t1/2:

k =
ln 2

t1/2
. (54)

If we substitute this result into Eq. (47, we obtain the decay equation,

x(t) = x0e
−

„

ln 2

t
1/2

«

t
(55)

Does this equation make sense? Let’s substitute t = t1/2 into the above equation:

x(t1/2) = x0e
−

„

ln 2

t
1/2

«

t1/2

= x0e
−ln 2

=
1

eln 2
x0

=
1

2
x0. (56)

Since the sample decays to half its amount after one half-life, then after n half-lives, we expect it to

decay to
1

2n
of its original value:

x(nt1/2) = x0e
−

„

ln 2

t
1/2

«

nt1/2

= x0e
−nln 2

=

(

1

eln 2

)n

x0

=

(

1

2

)n

x0. (57)

This decay occurs over any time interval of length t1/2, i.e., over the time interval [t, t + t1/2],

which we leave as an exercise.
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Exercise: Show that

x(t + t1/2) =
1

2
x(t) (58)

for all t ≥ 0.

Comment: We actually proved this result in class, but I’ll leave it as a rather easy exercise for the

reader.

Eq. (58) is an example of a functional equation - an equation involving a function x(t) and one or

more “variations” of it, for example, translations, scaling. A more general form of the above equation

is

x(t + a) = bx(t), (59)

for a, b ∈ R. The field of functional equations is a very rich one, not only in theory but also in

applications.
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Linearization and the linear approximation

(Relevant section from Stewart, Seventh Edition: Section 3.10)

Recall the idea of the tangent line to the graph y = f(x), as sketched below.

a

f(a)

y = f(x)

y = f(a) + f ′(a)(x − a)

tangent line to graph at x = a

slope f ′′(a)

y

x

The tangent line to y = f(x) at x = a is the line that

1. passes through the point (a, f(a)),

2. has slope f ′(a).

The equation of this line is well known to you,

y = f(a) + f ′(a)(x − a). (60)

If not, let’s derive it: We know that this line contains the point (a, f(a)) and that it must have slope

f ′(a). Therefore any point (x, y) on this line must satisfy the condition,

y − f(a)

x − a
= f ′(a) (slope of line). (61)

A rearrangement of this equation yields Eq. (60).

From now on, we shall refer to the function on the right as the linearization of f at x = a, and

denote it as La(x), i.e.,

La(x) = f(a) + f ′(a)(x − a). (62)

Examples:
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1. The function f(x) = x2 with a = 1. We must compute f(a) and f ′(a): f(1) = 1 and f ′(1) = 2.

Therefore, the linearization is given by

L1(x) = f(1) + f ′(1)(x − 1)

= 1 + 2(x − 1). (63)

We could simplify this result further to give the function 2x − 1, but the above is sufficient.

2. The function f(x) = sin x with a = 0. We must compute f(0) = 0 and f ′(0). Since f ′(x) = cos x,

it follows that f ′(0) = 1. The linearization is given by

L0(x) = f(0) + f ′(0)(x − 0)

= 0 + 1(x − 0)

= x. (64)

The linearization of a function f has an important application: It is the basis of the so-called

linear approximation of f at a point a. We claim that

f(x) ≈ La(x) for x near a. (65)

In other words,

f(x) ≈ f(a) + f ′(a)(x − a) for x near a. (66)

As x approaches a, we expect the approximation to get better, since

lim
x→a

La(x) = f(a) = lim
x→a

f(a). (67)

This is sketched in the figure below.

It would seem that the “flatter” the function f(x) is around the point x = a, the better the linear

approximation at a point x 6= a. And once again, as x → a, the values La(x) and f(x) are coming

together, approaching the common limit f(a).

Let’s return to the two examples mentioned earlier:
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a

f(a)

y = f(x)

y = f(a) + f ′(a)(x − a)

y

x

f(x)

x

La(x)

1. f(x) = x2 and a = 1. We found that L1(x) = 1 + 2(x − 1) = 2x − 1. As such, the linear

approximation of f at a = 1 is

x2 ≈ 2x − 1 for x near 1. (68)

This doesn’t seem too exciting or useful. We probably wouldn’t be using it to approximate x2

for x-values near 1. But just for the sake of interest, let us rearrange this expression,

x2 − 2x + 1 ≈ 0 for x near 1, (69)

which is equivalent to

(x − 1)2 ≈ 0 for x near 1, (70)

which seems to make sense. If we let x = 1 + ǫ, where ǫ is very small, then x − 1 = ǫ and we

have

ǫ2 ≈ 0. (71)

2. f(x) = sin x and a = 0. Here, we found that L0(x) = x. The resulting linear approximation is

sin x ≈ x for x near 0. (72)

Note that x must be in radians!

The above approximation has an interesting consequence:

sin x

x
≈ 1 for x near 0, (73)

which is something that we have already encountered. This is an example of the utility of the linear

approximation in order to determine some possibly complicated limits.
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The linear approximation sin x ≈ x is extremely important in science and engineering. As such,

you are encouraged to understand it. There are a large number of mathematical models that are

concerned with the displacement of objects – point masses, infinitesimal elements of a fluid or a solid.

And since these displacements are often projected onto orthogonal Cartesian axes, the sine function

comes into play. Replacing sin x with x often “linearizes” the mathematical equations in these models,

making them less complicated to solve. In a short time, we shall consider a very simple model that

you shall encounter shortly in your physics course(s), namely, the “pendulum problem.”

Another illustrative example

Now consider the function

f(x) =
√

1 + x, x ≥ −1, (74)

a graph of which is sketched below. (It is obtained by taking the graph of
√

x and shifting it one unit

to the left.)

y = f(x) =
√

1 + x

-1 0
x

y

y = L0(x) = 1 + 1

2
x

Let’s compute the linearization of f(x) at a = 0,

L0(x) = f(0) + f ′(0)x. (75)

The first term is easy: f(0) = 1. As for the coefficient f ′(0), we compute

f ′(x) =
1

2

1√
1 + x

⇒ f ′(1) =
1

2
. (76)

Therefore, the linearization is given by

L0(x) = 1 +
1

2
x. (77)

It is also sketched on the plot above. As such, the linear approximation of f(x) is as follows,

√
1 + x ≈ 1 +

1

2
x for x near 0. (78)
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We can use this approximation to, say, approximate
√

1.1. In this case x = 0.1 and we have

f(0.1) =
√

1.1 ≈ L0(x) = 1 + 0.05 = 1.05. (79)

The actual value of
√

1.1, to five decimal digits, is 1.04881.

Let’s now be a little more daring and estimate the square root of 26. It would be ludicrous to

consider
√

26 =
√

1 + 25 and use x = 25 in the linear approximation (78) since x should be near zero.

So let’s try the following strategy,

√
26 =

√
25 + 1 = 5

√

1 +
1

25
= 5f

(

1

25

)

. (80)

We now employ the linear approximation for the square root, with x =
1

25
= 0.04, which is certainly

near 0:

f

(

1

25

)

≈ L0

(

1

25

)

= 1 +
1

2

1

25
=

51

50
= 1.02. (81)

As a result, we obtain the approximation

√
26 ≈ 5 × 1.02 = 5.1. (82)

The actual value of
√

26, to five decimal digits, is 5.09901.

It is convenient to define the error, E(x), associated with the approximation f(x) ≈ La(x) as follows,

E(x) = La(x) − f(x). (83)

In other words,

Error = Approximation - Actual value, (84)

In this way, if the approximation is greater than than the actual value, the error is positive. If the

approximation is less than the actual value, the error is negative. In later applications, we shall be

more interested in the magnitude of the error as opposed to its sign.

In the above example, the error of the approximation is

E = 5.1 − 5.09901 = 0.001. (85)
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The fact that the approximation overestimates the actual value – thus yielding a positive error – arises

from the fact that the graph of the function f(x) =
√

1 + x is concave down, i.e., it “bends down”,

as we can see in the previous figure. The linear approximation, which is a straight line tangent to the

graph at x = 1, lies above the graph for x 6= 1.

In practice, a better understanding of the accuracy of an approximation is not afforded by the

error, but rather by the relative error, the ratio of the error to the actual value,

Relative error =
Error

Actual value
. (86)

Very often, the relative error is expressed as a percentage error,

Percentage error = 100 × Relative error (in percent). (87)

In most applications, one is interested in simply the magnitude of the relative or percentage errors.

In the above example, the relative and percentage errors are

Relative error =
0.001

5.1
≈ 0.0002 Percentage error =

0.001

5.1
× 100 ≈ 0.02%. (88)

A 0.02% error represents a very good approximation.
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