
Lecture 4

We continue with our discussion about using functions to produce other functions.

Transforming a function to produce other functions

Horizontal/Vertical Translations

Suppose we have a function f and a positive real number c > 0. (We won’t worry about the

domain of f, D(f), for the moment.) Now form the function

g(x) = f(x) + c. (1)

As you well know, the graph of g is obtained simply by translating the graph of f upwards by a

distance c.

Likewise, if we form the function

h(x) = f(x) − c. (2)

then the graph of h is obtained simply by translating the graph of f downwards by a distance c.

The two constructions above represent vertical translations of a function f .

Once again suppose that we have the function f and a positive number c > 0. Now form the new

function

g(x) = f(x − c). (3)

Then the graph of g is obtained by translating the graph of f to the right by a distance c. (Make

sure that you understand why the graph is shifted to the right.)

Likewise, if we form the function

h(x) = f(x + c), (4)

then the graph of h is obtained simply by translating the graph of f to the left by a distance c.

In some cases, such horizontal translations yield significant results. For example,

sin(x − π

2
) = cos(x). (5)

Horizontal/Vertical Scaling
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Once again suppose that we have a function f and a real number c > 1. Now form the new

function,

g(x) = cf(x). (6)

The graph of g is obtained by vertically stretching (with respect to the x-axis) the graph of f by

the factor c > 1.

Likewise, if we form the function

h(x) =
1

c
f(x), (7)

the graph of h is obtained by vertically compressing (with respect to the x-axis) the graph of f by

the factor
1

c
< 1.

Starting again with a function f and a real number c > 1, form the function

g(x) = f(cx). (8)

Then the graph of g is obtained by horizontally compressing (with respect to the y-axis) the graph

of f by the factor 1/c < 1.

Likewise, if we form the function

h(x) = f(x/c), (9)

the graph of h is obtained by horizontally stretching (with respect to the y-axis) the graph of f

by the factor c > 1.

Horizontal/Vertical Reflection

Given the function f , then the graph of the function,

g(x) = −f(x), (10)

is obtained by reflecting the graph of f about the x-axis.

And the graph of the function,

h(x) = f(−x), (11)

is obtained by reflecting the graph of f about the y-axis.

Combinations of functions

Now suppose that we have two functions, f and g, with domains D(f) and D(g), respectively.
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1. Addition: We may form the “sum” function, denoted as h = f + g as follows,

h(x) = (f + g)(x) = f(x) + g(x). (12)

Note that for the RHS to make sense, x must be an element of both D(f) and D(g), in other

words, the intersection of D(f) and D(g). Therefore,

D(f + g) = D(f) ∩ D(g). (13)

2. Subtraction: In the same way, we may form the “difference” function h = f − g as follows,

h(x) = (f − g)(x) = f(x) − g(x). (14)

Once again,

D(f + g) = D(f) ∩ D(g). (15)

3. Multiplication: We may form the “product function” h = fg as follows,

h(x) = (fg)(x) = f(x)g(x), x ∈ D(h) = D(f) ∩ D(g). (16)

4. Division: We form the “quotient function” h =
f

g
as follows,

h(x) =

(

f

g

)

(x) =
f(x)

g(x)
. (17)

We have to be a little more careful here regarding the domain of h. Not only does x have to

belong to both D(f) and D(g) but we must have that g(x) 6= 0. Thus,

D(h) = D

(

f

g

)

= {D(f) ∩ D(g) | g(x) 6= 0}. (18)

Composition of functions

Given two functions, f and g, we may form the following composite function, denoted as h = f ◦ g,

or the composition of f with g as follows,

h(x) = (f ◦ g)(x) = f(g(x)). (19)

The little circle “◦” denotes composition. It is merely a symbol.

In terms of “machines”, the input x is put into the g machine. The output from the g machine,

g(x), is then used as input into the f machine. The result is h(x) = (f ◦ g)(x). The procedure is

sketched below.
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And what is the domain of this composition function? First of all, x must be in the domain of g,

i.e., D(g). But we must also guarantee that g(x) is an element of D(f). So we can write,

D(f ◦ g) = {x ∈ D(g) | g(x) ∈ D(f)}. (20)

We may also form the composition of g with f , i.e.,

p(x) = (g ◦ f)(x) = g(f(x)). (21)

Note that this composition is not necessarily equal to the earlier composition. (In fact, it rarely is.)

Example: Let f(x) =
√

x and g(x) = sinx. Then

h(x) = (f ◦ g)(x) =
√

sin x. (22)

The domain of this function is the set of x ∈ R such that sin x ≥ 0. A little work shows that this is

the set of all intervals [2kπ, (2k + 1)π], k ∈ Z, i.e., k ∈ {· · · ,−2,−1, 0, 1, 2, · · ·}.
The other composition is

p(x) = (g ◦ f)(x) = sin(
√

x). (23)

The domain of this function is the set of nonnegative real numbers, x ≥ 0.

Another interesting example: Let f(x) be the Heaviside function, H(x), studied earlier, i.e.

H(x) =











1, x ≥ 0

0, x < 0.
(24)

And let g(x) = sin(x), as before.

Now consider the composition h(x) = H(g(x)) = H(sin x). Since g(x) and H(x) are defined for all

x ∈ R, the composition h(x) is also defined for all x ∈ R. But recall that the range of the Heaviside

function is the set of two values 0 and 1. Therefore, we expect the range of the function h to be only
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the set {0, 1}. For all x ∈ R at which sin x ≥ 0, the Heaviside function acting on sinx will produce

the value 1. At all x for which sin x < 0, the Heaviside function acting on sin x will produce the value

0. As a result, the graph of the composition h(x) is as follows,

0 π 2π 3π−π−2π

1

x

y

Graph of H(sin x), x ∈ R

The nice wavy sin x function has been converted into the bumpy function sketched above. From

an acoustical perspective, the above function is much “less nicer” to listen to than the single-frequency

sin x function. You may learn why in a future course in Fourier analysis or signal processing.

In summary, we have now outlined a way in which one can start with a small library of functions

and start building up an entire collection of functions. For example, suppose that we start with the

functions,

f(x) = 1, g(x) = x. (25)

From g(x) we may form the power functions x, x2, etc.. And from these, using scalar multiplication

and addition, we can form polynomials, i.e.,

P (x) = c0 + c1x + c2x
2 + · · · + cnxn. (26)

We can take two polynomials and use the quotient function to form rational functions.

Perhaps the two functions f and g were not enough. We can now add the square root function,

h(x) =
√

x. And then the sin x function. But we can also obtain the sin x function by means of an

infinite series, i.e.,

sin x = x − x3

3!
+

x5

5!
− · · · ..., x ∈ R. (27)

But that is the subject of MATH 138.
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Some basic properties of functions

“Vertical line test”

(Stewart, Seventh Edition, p. 15)

From the definition of function, for each x ∈ D(f), there is exactly one value f(x). For functions

f : R → R, this implies that a vertical line passing through a point x ∈ D(f) will intersect the graph

of f at only one point. The situation at the left is acceptable, whereas the situation at the right is

not.

x

y

x

y

For this reason, the set of points (x, y) ∈ R2 that satisfy the relation y = x2 correspond to the

graph of the function f(x), whereas the set of points (x, y) that satisfy x = y2 do not correspond to

a function g(x). (Note that we consider x to be the “official” input variable here.)

x

y

x

y

y = x2

x = y2

0

0

As you may well know, the way to get around this “impasse” in the second case is to define two

functions from this set of points: the functions g1(x) =
√

x and g2(x) = −√
x, where it is understood

that the “
√

” operator yields the positive square root. This idea is illustrated in the sketch below.
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√

x

y = g2(x) = −

√

x
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Lecture 5

Some basic properties of functions (cont’d)

Symmetry

(Stewart, Seventh Edition, Pages 17-18.)

(The discussion of even functions presented immediately below actually began at the end of Lecture

4.)

If a function f satisfies the following relation,

f(−x) = f(x), for all x ∈ D(f), (28)

then f is called an even function.

Examples:

1. f(x) = x2, f(x) = x4; in fact, f(x) = x2n, n ∈ Z = {· · · ,−2,−1, 0, 1, 2, · · ·},

2. f(x) = cos x,

3. f(x) = x2 + 12x6.

4. f(x) = 2x20 + 15 cos x.

A consequence of this is that the graph of f is symmetric with respect to the y-axis (or inversion

w.r.t. the y-axis).

y

x
a−a 0

f(a) y = f(x)

Graph of an even function f(x)
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If a function f satisfies the following relation,

f(−x) = −f(x), for all x ∈ D(f), (29)

then f is called an odd function.

Examples:

1. f(x) = x, f(x) = x3; in fact, f(x) = x2n−1, n ∈ Z = {· · · ,−2,−1, 0, 1, 2, · · ·},

2. f(x) = sin x,

3. f(x) = x + 12x5.

4. f(x) = 2x19 + 15 sin x.

A consequence of this is that the graph of f is symmetric with respect to the origin (0, 0) (or inversion

w.r.t. the origin). Another way to state this property is that the graph of f is unchanged if we rotate

it about the origin by 180◦.

y

x

a0−a

f(a)

−f(a)

y = f(x)

Graph of an odd function f(x)

You’ll note that the above graph, which is supposed to represent an odd function in general, passes

through the origin (0, 0). This is not a lack of generality but a necessary property of odd functions –

assuming that they are defined at x = 0 – as we now show.

Suppose that f is an odd function and f(0) is defined. Then, from the definition of an odd
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function, Eq. (29), setting x = 0, we have

f(−0) = −f(0). (30)

But the LHS is simply f(0). This means that

f(0) = −f(0), (31)

which implies that

2f(0) = 0. (32)

Therefore f(0) = 0. Note that this is true only for odd functions that are defined at x = 0. We may

not make this conclusion if f(0) is undefined. An example is the odd function,

f(x) =
1

x
, (33)

which is undefined at x = 0.

Not all functions are even or odd. Many are neither even nor odd. For example, the function,

f(x) = x2 + x3, (34)

is neither even nor odd. This is quite easy to prove: We simply select an appropriate point x 6= 0 and

show that the values f(x) and f(−x) do not satisfy the relationships required for either even or odd

functions. Why shouldn’t we choose the point x = 0? Because −x = 0 as well. In other words, the

values f(0) and f(−0) = f(0) represent the same point - we don’t have two separate values of f to

compare.

So let us select x = 1. Then we find that f(1) = 2 and f(−1) = 0. Clearly, the condition that

f be even is not satisfied since 2 6= 0. Nor is the condition that f be odd is satisfied since 2 6= −0.

Therefore, f is neither even nor odd.

Note that we were trying to prove that f was neither even nor odd. This could be done by

finding just one point x at which neither evenness nor oddness is satisfied. (That being said, we could

formally examine all points x in the domain of the function, as is shown in the textbook of Stewart:

See Example 11 on Page 18.)

On the other hand, if we are trying to prove that a function f is even (or odd), then we must

examine all points x ∈ D(f). Clearly, we cannot do this by tabulating the values of f(x) and f(−x).

We must do this by means of a formal mathematical proof.
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That being said, we’re now going to prove our first “Theorem” in this course! Well, it’s not a

very profound result, and for this reason I shall call it a “Lemma,” although I called it a “Theorem”

in class. (“Lemma” comes from the Greek ληµµα (lemma) meaning “anything which is received, such

as a gift, profit or bribe”.) Normally, Lemmas are stepping-stones to the final goal: Theorems.

Lemma: Let f and g be even functions and suppose that D(f) = D(g). Then any linear combination

of f and g is also an even function.

Note: It seems that most were familiar with the term “linear combination” from their Algebra class,

but let’s review it here. A linear combination of two functions f and g is any function h such that

h(x) = c1f(x) + c2g(x), (35)

where c1 and c2 are real constants. Note that D(h) = D(f) = D(g). We now prove the above Lemma.

Proof: Let h be any linear combination of f and g, that is, for any pair of constants c1, c2 ∈ R, define

h(x) = c1f(x) + c2g(x), for all x ∈ D(h). (36)

Then for any x ∈ D(h),

h(−x) = c1f(−x) + c2g(−x) (substituting −x for x)

= c1f(x) + c2g(x) (by hypothesis – we assumed that f and g are even) (37)

= h(x). (38)

In summary, h(−x) = h(x) for all x ∈ D(h). Therefore h is an even function. This concludes the

proof.

Note: We could have replaced the word “even” in the above Lemma and Proof by “odd”. In

other words, any linear combination of two odd functions is an odd function.

Here are some other results that can be proven in a similar manner:
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1. The product of an even function f with an even function g is an even function.

2. The product of an even function f with an odd function g is an odd function.

3. The product of an odd function f with an odd function g is an even function.

In closing, we have shown that there are even functions, there are odd functions and there are

functions that are neither even nor odd. Here is a very interesting – and important! – result, which

is left as an exercise:

Let f be any function defined for all x ∈ R. Then f may be expressed as the sum of an

even function and an odd function, i.e.,

f(x) = feven(x) + fodd(x), x ∈ R, (39)

where

feven(−x) = feven(x) andfodd(−x) = −fodd(x), for all x ∈ R. (40)

Hint: Given f , define the following two functions,

f1(x) =
f(x) + f(−x)

2
and f2(x) =

f(x) − f(−x)

2
. (41)

Now show that f1 and f2 are, respectively, feven and fodd.

Symmetry is an important idea in both mathematics as well as its applications, including Chem-

istry and Physics. Because of the nature of various equations that occur in Physics (for example, the

Schrödinger equation of quantum mechanics), their solutions will be either even or odd functions.

Periodic functions

(Stewart, Seventh Edition, p. 311, Property C(iii))

This subsection was not discussed in class but is included here for your information, since periodicity

is a very important concept in science and engineering.

In the following section we consider, for simplicity, functions f defined over the entire real line R,

i.e., D(f) = R.
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We say that a function f is periodic with period P (or simply P -periodic) if

f(x + P ) = f(x) for all x ∈ R. (42)

You are certainly familiar with periodic functions: The functions sin x and cos x are periodic with

period P = 2π. The function sin 2x is periodic with period P = π.

The frequency ν of a P -periodic function f is defined as

ν =
1

P
(cycles per second or “cps”). (43)

Its angular frequency ω is defined as

ω =
2π

P
(radians per second). (44)

The latter follows because each cycle, or oscillation of the function, may be viewed as a complete

rotation over a circle, hence 2π radians.

Let us now return to Eq. (42) and replace x with y:

f(y + P ) = f(y), y ∈ R. (45)

Now set y = x + P :

f(x + P + P ) = f(x + P ), x ∈ R. (46)

From Eq. (42) we may conclude that

f(x + 2P ) = f(x), x ∈ R. (47)

We may continue this procedure to obtain the general result,

f(x + nP ) = f(x), n ∈ {1, 2, · · ·}. (48)

And we can go “the other way,” i.e., by setting y = x − P , etc., as well. The final result is that

f(x + nP ) = f(x), n ∈ Z. (49)

In other words, the value f(x) repeats itself every P units in either direction from x, which is not a

surprising result.

This result implies that the graph of f repeats itself after every P units in either direction –

something with which you are familiar when you look at the graph of the sin x or cos x functions.
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The “periodic extension” of functions

In fact, this idea is often used to “extend” functions that are defined over finite intervals [a, b], partic-

ularly in the area of signal processing. Suppose that we have a signal f(x) defined over the interval

[0, P ] as shown below.

0 P
x

y = f(x)

y

We then define its P -periodic extension by means of Eq. (49) as follows: For any x ∈ [0, P ],

f(x + nP ) = f(x), n ∈ {· · · ,−2,−1, 0, 1, 2, · · ·}. (50)

The result is the graph below.

x
0 P 2P−P−2P

y = f(x)

y

“basic unit”

Graph of the P -periodic extension of a function f(x)

Note that in the above example, we assumed that

f(0) = f(P ). (51)

In this way, the resulting periodic extension is continuous at all points x = nP . If f(0) 6= f(P ), we

would have to alter slightly the definition of the extension. That is another matter.
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Increasing and decreasing functions

(Stewart, Seventh Edition, p. 19)

You may recall that I introduced this section by asking the class to pretend that this was our first

class together and to tell me what an “increasing function” was. There were two responses:

1. A function f whose derivative f ′(x) is positive over some interval.

2. A function f such that

f(x + p) > f(x) when p > 0. (52)

The second response is essentially the formal definition of an increasing function. The first response is

not – it is a condition on a function that makes it increasing. It is important to note this distinction.

More on this below.

Here is the “official definition” of an increasing function that we shall be using in this course,

taken from the textbook (p. 20):

A function f is said to be increasing on an interval I if

f(x1) < f(x2) whenever x1 < x2 in I. (53)

Another way of writing the above relation is as follows,

f(x1) < f(x2) for all x1, x2 ∈ I such that x1 < x2. (54)

Likewise, the definition of a decreasing function is as follows,

A function f is said to be decreasing on an interval I if

f(x1) > f(x2) whenever x1 < x2 in I. (55)

Please note that in some books, the definitions of increasing and decreasing also include equalities,

e.g., f(x1) < f(x2) is replaced by f(x1) ≤ f(x2). In these books, Stewart’s definitions would then
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correspond to “strictly increasing” and “strictly decreasing” functions. By using Stewart’s definitions

in this course, we won’t have to write the word “strictly” in future applications.

From our “official” definition, then, the following function appears to be increasing over the

interval I:

x

y

I

y = f(x)

But so is this function, even though its derivative does not exist at a point in the interval: (Of

x

y

I

y = f(x)

course, the graph of the function f could have many other “kinks” and still be increasing.)

The following function is also increasing according to our “official” definition, even though it is

not continuous at a point in the interval: (It could also have many other points of discontinuity and

x

y

I

y = f(x)

still be increasing, according to the official definition.)
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Returning to the two responses given at the beginning of this section, you should now see why the

first response was not the definition of an increasing function. Instead, it presented what is referred

to as a “sufficient condition” for an increasing function. The first of the three graphs presented above

satisfies this condition. But the other two do not, yet they do represent increasing functions.

Hopefully, you will now start to appreciate the importance of clarity and precision in mathe-

matical definitions. When defining something – call it “X” (for example, an increasing function) –

you must state the fundamental property (or properties) that characterizes (or characterize) “X”.
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Lecture 6

Inverse functions

This lecture was based on the contents of Section 1.6 of Stewart’s text, pp. 58-62. As such, most of

it will not be reproduced here.

My one point of departure from the discussion in the text regards the notion of “one-to-oneness”

of a function. Just because a function is not one-to-one everywhere, i.e., for all x ∈ R, does not mean

that it cannot be one-to-one over subsets of R. In other words, we can produce a one-to-one function

from one that isn’t by suitably restricting the domain of definition. After all, this is what we do with

trigonometric functions to produce their associated trigonometric functions, as you may recall.

For example, consider the well-known function,

f(x) = x2, x ∈ R, (56)

a graph of which is sketched below.

x

y

0

y = f(x) = x2

Obviously f is not 1 − 1 since f(−x) = f(x) = x2. Its graph does not pass the “Horizontal Line

Test”. But we can take a “piece” of this function that is one-to-one. Let’s define the following “piece,”

g(x) = x2, x ≥ 0, (57)

the graph of which is sketched below. Clearly, g is one-to-one on its domain D(g) = [0,∞). Its graph

does pass the “Horizontal Line Test”. Therefore, its inverse function g−1 exists. From

y = g(x) → x = g−1(y), (58)

we have

y = x2 → x =
√

y = g−1(y). (59)
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x

y

0

y = g(x) = x2

Therefore,

g−1(x) =
√

x, x ≥ 0, (60)

is the inverse function, the graph of which is sketched below.

x

y

0

y = g−1(x) =
√

x

Finally, consider the function f : [0, 1] → [0, 1] defined as follows,

f(x) =











x, 0 < x < 1
2

3
2 − x, 1

2 ≤ x ≤ 1.
(61)

the graph of which is sketched below.

0 1

1

x

y

Is this function one-to-one? If so, what is the inverse function f−1? And what is the graph of

f−1?

The answers to these questions are: Yes, the function f is one-to-one on its domain [0, 1]. We’ll

cheat a bit and answer the last question: The graph of f−1, which is obtained by reflecting the above
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graph about the line y = x, is identical to the graph of f . From this we can conclude that the inverse

function f−1(x) has the same formulas of definition as f(x) does. You can verify this by actually

solving for f−1(x) on each “piece.”

Exponential and logarithmic functions

Only a few words were said about exponential and logarithmic functions, since you are already familiar

with them. For review, please read Section 1.5 of Stewart’s text, pp. 51-56 (exponential functions)

and Section 1.6, pp. 62-66 (logarithmic functions).

Trigonometric functions

Trigonometric functions are reviewed in Appendix D of Stewart’s text, pp. A24-A31. They were not

discussed in detail in the lecture. Instead, our discussion focussed on the idea of radian measure

because of its importance in Calculus.

The radian measure and its importance in Calculus

Recall the definition of the radian measure: Let OPQ be the sector of a circle of radius r > 0 such

that the of the circular arc PQ is r, as shown in the diagram below.

r PO

Q

rr

θ

The the angle θ is said to define one radian. We may determine its size in terms of normal degrees

by using the following fact:

The ratio of θ to one complete rotation, i.e., 360◦ is equal to the ratio of the length, r, of

arc PQ to the circumference, 2πr, of the circle, i.e.,

θ

360◦
=

r

2πr
. (62)
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Therefore,

θ =
360◦

2π
=

180◦

π
≈ 57.3◦. (63)

Thus

1 radian =
180

π
degrees. (64)

This implies that

π radians = 180 degrees

2π radians = 360 degrees. (65)

So, like, why do we need radians?

Like, because all of the basic formulas of Calculus involving trigonometric functions, e.g.,

d

dx
sin x = cos x, (66)

are true only when the arguments of these functions are expressed in radians. The above equation is

not true if x is in degrees. We’ll show this a little later in the course.

Inverse trigonometric functions

Once again, much of this subject is review. The lecture was based on the treatment in Stewart’s

textbook, Section 1.6, pp. 67-72. As such, we simply mention the most important idea behind inverse

trigonometric functions. Since the sin, cos and tan functions are periodic, they are not one-to-one

function on the real line R. But if one suitably restricts their domains of definition, then one-to-one

functions are produced, for which inverse functions exist.

For example, in the case of the sin function, we define

f(x) = sin x, x ∈
[

−π

2
,
π

2

]

. (67)

This is a “piece” of the function sin x, with domain [−π/2, π/2]. On this restricted domain, the inverse

function f−1 exists: Then

y = f(x) → x = f−1(y), x ∈
[

−π

2
,
π

2

]

. (68)

In this case,

y = sin x → x = sin−1 y or x = arcsin y. (69)
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The graph of the inverse function, i.e., y = sin−1 x is obtained by reflecting the graph y = sin x

about the line y = x. The result is that the domain of the sin−1 x function is [−1, 1] and its range is

[−π/2, π/2].
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