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Lecture 1

Introduction

As written in the information sheet for this course, the purpose of MATH 137 is “to deepen your un-

derstanding of calculus that you began to learn in high school.” More specifically, we shall investigate

in more detail the ideas of “limit”, “derivative” and “integral”.

But this particular “Physics-based” section is somewhat special, which is probably why you are

enrolled in this section. (Presumably, you like Physics.) Unlike the other sections of MATH 137, we’ll

apply these ideas to situations encountered in Science and Engineering, especially in Physics. You can

read more on the philosophy of this section in the Course Information Sheet for this section (found in

the UW-ACE site for this section).

But let’s step back for a moment and ask the question, “Why study Calculus?” Here are a couple

of possible answers:

1. Because it’s fun. You may well enjoy “doing mathematics” for “mathematics’ sake,” manip-

ulating equations, combining them, etc., or proving theorems. This is the attitude of a pure

mathematician. Starting with Calculus, one may proceed to the more advanced subject of

Analysis.

2. Because Calculus is the natural language of the sciences. It is remarkably effective as a

tool for

(a) solving scientific problems, e.g., trajectories of particles, fluid motion,

(b) formulating scientific theories of the natural world.

This is the attitude of a physicist, an engineer or an applied mathematician.

The two viewpoints given above may be viewed as complementary. Mathematics is deductive in

nature: You start with some axioms or definitions and proceed, using mathematical logic, to make

other conclusions. On the other hand, science is inductive: You observe some phenomena and try

to formulate a model that explains these phenomena. In the case of a physical theory, it is then
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hoped that you can predict some kind of hitherto-unobserved behaviour that can then be observed

experimentally.

The key word above is “modelling” – the job of the scientist is to model physical or biological

phenomena. (By the way, this is why theoretical physicists and applied mathematicians have been

the most sought out people by financial institutions. These institutions want people who know how

to “model” phenomena.) In this course, most of the phenomena will involve classical dynamics, i.e.,

particles moving under the influence of forces. In these cases, the “model” is simply Newton’s Second

Law, i.e.,

F = ma, (1)

where F is the force vector, m is the mass and a is the acceleration vector. We’ll return to this

equation shortly.

In this course, we’re going to look at a number of concepts and phenomena in two ways, i.e.,

1. as a physicist/scientist would see them, and

2. as a mathematician would see them.

This will hopefully give you a more complete picture of these two complementary “cultures” and how

they view the world.

Regarding the formulation of physical theories, those of you who are interested in mathematical

physics are encouraged to read the following book by the “Master,”

The Character of Physical Law, by Richard Feynman, MIT Press, 2001.

This book is a transcript of Prof. Feynman’s 1964 “Messenger Lectures” at Cornell University, ad-

dressed to a nontechnical audience. (It was originally filmed for television by the BBC.) That being

said, it contains a wealth of information of interest and importance to aspiring physicists. It can be

downloaded free as an e-book from the site

http://www.ebook3000.com/The-Character-of-Physical-Law 24257.html

These lectures are now available from viewing at Microsoft Research “Project Tuva”:

http://research.microsoft.com/apps/tools/tuva/index.html#data=2|||
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As many of you may have learned in your high school courses, Calculus was invented in an effort to

understand planetary motion and, more generally, gravitation. The two names that are credited with

the invention of Calculus are are Isaac Newton (1642-1727) and Gottfried Wilhelm Leibniz (1646-

1716). (Actually, due credit should be given to Archimedes (287-212 BC). He developed methods

of finding areas and volumes without the later conveniences of algebra and a number system.) So

who invented Calculus, as we know it today, first? The fact is that both men discovered Calculus

independently – Newton at his home in Woolstorphe, England during the years 1665 and 1666, and

Leibniz in 1685 in Germany. However, Newton did not publish his results (and his work, in general)

until 20 years after Leibniz did. This led to much confusion and, in fact, great arguments within

learned societies, with most scientists on the European continent supporting Leibniz and those in

England supporting Newton.

We don’t have time to discuss the interesting history of Calculus in this course. Suffice it to

say that great names such as Leonhard Euler (1707-1783), Johann Friedrich Carl Gauss (1777-1855),

Austin Louis Cauchy (1789-1857), Georg Friedrich Bernhard Riemann (1826-1866), and many others,

contributed to the development of the subject. In this and future Mathematics and Physics courses,

you will encounter theorems and definitions that honour these names.

The Calculus of Newton and Leibniz was not “rigorously justified” as we know the subject today.

But it certainly seemed “to work” in many cases. And practical power was brought to a height by

Euler, who was acknowledged as a master of manipulative technique. The subject was taken to an

even higher level by Gauss. It was Cauchy who introduced the ideas that would led to a more rigorous

formulation of Calculus, and Mathematics in general. Indeed, Mathematics would then continue to

take on a life of its own, not necessarily connected with applications.

It is unfortunate that in introductory courses, the Calculus is taught “backward” in the sense that

the major results are often presented in a very “clean” form, without any discussion of the original

motivations for these ideas, let alone the great amounts of “blood and sweat” that went into their

development. In this course, we shall try, as often as possible, to provide a discussion of some of the

major results in the “forward” way, starting with the motivation and ending with the final result.
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The “Spirit of Calculus”

The great power of Calculus in solving problems may be attributed to two powerful themes which

employ the notion of “limit”:

1. Rates of change, e.g., velocity, acceleration.

2. Dividing an object into pieces, looking at what happens to each piece and then summing up,

i.e., “integrating” over these pieces to obtain the final answer.

These themes comprise what we shall refer to as the “Spirit of Calculus”.

As an example, you may recall that if m and M are two tiny “point” masses, then the gravitational

force exerted by M on m is given by

F = −GMm

‖r‖3
r, (2)

where r is the vector that starts at M and ends at m, i.e., the position vector of m with respect to M .

But now suppose that the mass M is an extended mass, i.e., a large mass. Moreover, possibly

inhomogeneous, i.e., its density may not necessarily be constant. How do we compute the force F

exerted by M on the test mass m?

The solution, using the “Spirit of Calculus” is to divide the mass M into tiny, infinitesimal pieces

dM which may be considered as point masses. We then compute the infinitesimal force “dF exerted

by each point mass dM on m using the point mass formula (2), acknowledging that each mass dM

has its own position with respect to m. The final step is to “sum over,” i.e., integrate, over all point

masses dM that comprise the mass M . This sum is the net force F exerted by M on m.

.

m

M

dM

dF
F
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Lecture 2

Basic ingredients for this course

This course in Calculus is concerned with real-valued functions of a single real variable. As such, it

shouldn’t be a big surprise that the basic mathematical ingredients for this course will be

1. Numbers

2. Functions

Numbers, in a nutshell (not covered in detail in the lecture)

This course is concerned with real-valued functions of a single real variable, so we’ll be working with

real numbers or the real number line, which I shall denote as R or (−∞,∞).

But that’s already making a big jump. Let’s step back for a moment. First of all, the set of

natural numbers, which we’ll denote as N = {1, 2, · · ·} is good for counting, except if you want to

include the idea of having nothing. So you’ll need the zero element, “0”, as well. (This was a big

deal historically.) The result is, as you know, the set of whole numbers, W = {0, 1, 2, · · · , }. You

can add a whole number a to another whole number b to obtain a whole number c = a + b. And you

can subtract a whole number b from a whole number a to obtain a whole number c = a− b, provided

that b ≤ a. In the case that b > a, i.e., you’re taking more away (or spending more!) than you have,

then you have to introduce negative numbers, e.g.. The result is the set of integers, to be denoted

as integers, Z = {· · · ,−2,−1, 0, 1, 2, · · ·}.
But that’s not enough: You may not be able to eat an entire pizza but only a fraction of it, say

one-half of a pizza, or
1

2
. Or maybe three-quarters of a pizza, i.e.,

3

4
. This leads, as you know, to the

set of rational numbers, which we’ll denote as Q, is the set of all real numbers that can be expressed

as a ratio of integers, i.e.,

Q = {all numbers of the form,
p

q
, for some p, q ∈ Q}.

It seems that rational numbers are sufficient for most day-to-day experiences. But mathematically,

as again you know, they are not enough. For example, the number denoted as
√

2 which, a little more

precisely, is the number a such that a2 = 2, is not a rational number. (Do you know the proof? It’s

actually not that difficult.) You can’t say that we don’t encounter this number: Just draw a right
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triangle with sides of length 1; the length of the hypotenuse is
√

2. And the famous number π – the

ratio of the circumference of a circle to its diameter – is also encountered in everyday life. These are

examples of numbers that are not rational, i.e., hence irrational. An irrational number is a number

that cannot be expressed as a ratio of integers. We’ll denote the set of irrational numbers as Y.

We could state that the set of real numbers is the the union of the set of rational and irrational

numbers. In this way, the set of irrational numbers Y is the complement of the set of rational numbers

Q, i.e.,

Y = Qc = {x ∈ R | x is not rational}

But that might seem somewhat contrived and circular. How do we know that we haven’t missed any

numbers?

The answer is that we can work simply from the rational numbers Q as our “base set”. If we

“close” this set, denoted as Q, we obtain the set of real numbers. (You will learn about what it means

to “close” a set in a future Mathematics course.)

A simple consequence of this is the following: Given any irrational number x ∈ Y, we can find a

rational number r that is as close to x as we wish. We’ll state this more precisely a little later in this

course.

Distances between real numbers and the absolute value function

Given two real numbers, x1 and x2, as sketched below, what is the distance between them?

x1 x2

From the above sketch, you will probably answer that the distance d between the points is

d = x2 − x1. (3)

It is the length of the line segment [x1, x2]. We subtract the numbers in this order because x1 < x2

and we want the distance to be a positive number. But what if x2 < x1, as sketched below?

x2 x1

You will most probably answer

d = x1 − x2, (4)
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which is correct.

Now suppose that x1 and x2 are any two real numbers – we don’t know which of them is larger

than the other. We can combine the above results to arrive at the following formula for the distance

d(x1, x2) between them:

d(x1, x2) = x2 − x1 if x2 > x1

d(x1, x2) = x1 − x2 if x1 > x2. (5)

And we should also consider one more case:

d(x1, x2) = 0 if x1 = x2. (6)

As you probably know, these three results can be combined into one compact formula involving the

absolute value function,

d(x1, x2) = |x1 − x2| = |x2 − x1|. (7)

Because of its importance, we’ll come back to the absolute value function in a few moments.

Just as a side note, we claim that Eq. (7) is a special case of the Euclidean distance between two

points in Rn for n = 1, 2, · · ·. For simplicity, we consider only the two-dimensional case here. Given

two points (x1, y1) and (x2, y2) in the plane R2, as sketched below,

x1 x2

y2
(x2, y2)

y1 (x1, y1)

the Euclidean distance d between them is

d =
√

(x2 − x1)2 + (y2 − y1)2. (8)

In the special case that y1 = y2 = 0, the two points lie on the x-axis, i.e., the real line R. From the

above formula, the Euclidean distance between these two points is

d =
√

(x2 − x1)2 = |x2 − x1|. (9)
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We have to take the absolute value, by definition of the √ sign.

In a few lectures, we’ll be revisiting the concept of limit. You’ll recall that it is centered around

the idea of the behaviour of something, call it f(x), as the real number x is allowed to approach a

fixed number a. This latter procedure of approach is denoted as

“ x → a. ” (10)

Admittedly, the actual method of approach is, at this time, vague. But let’s simply proceed and state

that this approach implies that the distance between x and a is approaching zero, which we may write

as follows,

|x − a| → 0. (11)

But how exactly should x approach a? Should it approach a from one side, or can it oscillate on

both sides? When it gets really close, is it allowed to go out very far from a for a moment, and then

be required to return even closer? We shall formulate a rigorous mathematical prescription for this

limiting process that removes all ambiguity. It will be in terms of the infamous “ǫ-δ definition” of a

limit. More on this later.

The absolute value function (cont’d)

Let us devote a little more attention to the absolute value function because of its importance in

characterizing distances between real numbers. In the lecture, I let “cat” denote the argument of

the absolute value function, just to emphasize that it doesn’t matter what letter (or word) we use to

denote a real number.

Recall what the absolute value function |x| does – it yields the magnitude of a real number. For

example,

|3| = 3 and | − 3| = 3. (12)

In other words, if x is positive, there is no change. If x is negative, we remove the negative sign. But

how do we remove a negative sign by means of a formula? We simply negate the negative number!

The net result is as follows: If cat is a real number, then

|cat| = cat if cat ≥ 0, (13)
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and

|cat| = −cat if cat < 0. (14)

The above rules apply to the examples cat = 3 and cat = −3 presented earlier. And from this

definition it follows (Exercise), that

|cat| = | − cat|, for all cat ∈ R. (15)

Most of you have seen the so-called Triangle Inequality satisfied by the absolute value function:

For any real numbers x, y ∈ R,

|x + y| ≤ |x| + |y|. (16)

This seems rather intuitively obvious. If x and y are positive numbers, then the right side is equal to

the left side. It is only when one of the numbers is positive and the other is negative that we expect

that the left side is less than the right side.

This, however, is not a mathematical proof. The Triangle Inequality in (16) is proved in the

textbook by Stewart in Appendix A, p. A8.

We also mention that the triangle inequality in (16) may be “iterated” in the following sense: If

we replace y with y + z, we obtain

|x + y + z| ≤ |x| + |y + z|. (17)

Now apply the triange inequality to the term |y + z| to obtain

|x + y + z| ≤ |x| + |y| + |z|. (18)

In general, for n real numbers, x1, x2, · · · , xn, we have the general inequality,

|x1 + x2 + · · · + xn| ≤ |x1| + |x2| + · · · |xn|. (19)

If all of these numbers are nonnegative, then the two sides are equal.

10



Solving inequalities involving absolute values

(Relevant section of textbook by Stewart: Appendix A, pp. A7-A9)

The manipulation of absolute values has often been problematic for students. For this reason, it

is instructive to work through a particular example. Understanding this example will be helpful in

our treatment of “limits”, which is coming in a few lectures.

Example: We wish to find all real numbers x ∈ R for which the following inequality,

|2x − 4| ≥ 5, (20)

is satisfied. From a quick inspection, it seems that x = 100 satisfies this inequality, whereas x = 0

does not.

We shall make use of our earlier “cat” definition, referring to each of the two situations as a

“Case,” i.e.,

Case 1: |cat| = cat if cat ≥ 0, (21)

and

Case 2: |cat| = −cat if cat < 0. (22)

The whole idea of solving the inequality in (20) is to remove the absolute value signs in order

to produce an inequality involving x that we may then solve. Of course, the tricky issue is how to

remove the absolute value signs. The above “cat” formula gives us the answer: If we let

cat = 2x − 4, (23)

we must consider two cases in (20):

Case 1: cat ≥ 0, which implies that

2x − 4 ≥ 0. (24)

This implies that

2x ≥ 4 which implies that x ≥ 2. (25)

In this case, |cat| = cat, or |2x − 4| = 2x − 4. Voila – we have removed the absolute value signs! We

substitute this result into our original inequality (20) to yield

2x − 4 ≥ 5 which implies that 2x ≥ 9 → x ≥ 9

2
. (26)

11



Thus, our inequality is satisfied for x ≥ 9

2
. Note that this is consistent with the Case 1 requirement

that x ≥ 2.

This result may also be written as the subset [
9

2
,∞).

Case 2: cat < 0, which implies that

2x − 4 < 0. (27)

This implies that

2x < 4 which implies that x < 2. (28)

In this case, |cat| = cat, or |2x−4| = −(2x−4) = −2x+4. Once again, we have removed the absolute

value signs. We substitute this result into our original inequality (20) to yield

−2x + 4 ≥ 5 which implies that − 2x ≥ 1 → x ≤ −1

2
. (29)

Thus, our inequality is also satisfied for x ≤ −1

2
. Note that this is consistent with the Case 2

requirement that x < 2.

This result may also be written as the subset (−∞,−1

2
].

We may now combine the results of our consideration of Case 1 and Case 2: The set of x ∈ R

that satisfy the inequality in (20) is

(−∞,−1

2
] ∪ [

9

2
,∞). (30)

This solution set is sketched below

9/2−1/2

Another “quick/clever” way of solving the above inequality: Let us return to (20) and divide

both sides by 2:

|x − 2| ≥ 5

2
. (31)

Now recall the relation between absolute values and distances: The left hand side of the above in-

equality represents the distance between x and the number 2. The above inequality is satisfied by

numbers x ∈ R that lie a distance of greater than or equal to 5

2
to 2.
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Graphically, we start with the number 2 on the real line. The number 2 +
5

2
=

9

2
lies a distance

of
5

2
from 2 to the right. All numbers to its right are farther from 2. Thus, all numbers in the interval

[
9

2
,∞) satisfy the inequality, in agreement with our previous result.

In the same way, the number 2− 5

2
= −1

2
lies a distance of

5

2
from 2 to the left. All numbers to its

left are farther from 2. Thus, all numbers in the interval (∞,−1

2
] satisfy the inequality, in agreement

with our previous result. The entire procedure is sketched below.

5/2

9/2−1/2 2

5/2

This concludes our discussion of absolute value functions, at least for the moment.
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1 Lecture 3 (Much of this lecture was presented on slides)

Functions

(Relevant section of textbook by Stewart: 1.1)

The idea of “functions” or “mappings” is one of the most important concepts in mathematics.

We shall use the definition that is found in the textbook by Stewart (p. 11):

Definition: A function f is a rule that assigns to each element x in a set D exactly one

element, called f(x), in a set E.

This relation is expressed mathematically as follows,

f : D → E. (32)

Some of you are familiar with the idea that f is a mapping from the set D to the set E: Given an

“input” x ∈ D, the function f maps it to the element f(x) ∈ E.

We may view the function f as a kind of machine, as sketched in the schematic below:

x f

machineinput output

f(x)

In this course, the sets D and E will be subsets of the real line R. In other words, the function f

maps a real number x to a real number f(x). It is often sufficient to simply make note of this property

(as opposed to keeping track of the sets D and E), and so we write

f : R → R. (33)

Another way to express this is that “f is a real-valued function of a (single) real variable.”

Two other concepts with which you are familiar are the domain and range of a function:
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1. The domain of a function is the set of all points x ∈ R for which f(x) is defined. The textbook

does not have a specific notation for the domain of a function f . Other books often employ the

notation D(f) or D(f). If necessary, we’ll use D(f) in these notes.

It is often desired to restrict the “domain of definition”: In other words, we focus on a subset

of all possible values over which f(x) is defined. This subset is typically an interval [a, b] of the

real line.

2. The range of a function is the set of all values f(x) assumed by the function for x ∈ D(f).

Aside: The beauty of the above definition as found in the textbook is that it applys to any sets D

and E that we choose to employ: They don’t have to be subsets of the real line. For example, D could

be a subset of R2: in other words, the input to f will be an ordered pair of real numbers (x, y) (for

example, the coordinates of a point in the plane). An the output, as well, could be a point in R2 or

R3, etc.. It could be a function! But this is the subject of higher courses in Analysis.

Visualization of functions f : R → R

Let us now return to real-valued functions of a real number, the main subject of this course. As you

know, the behaviour of such a function can be visualized in terms of its graph, y = f(x), in the

xy-plane. Formally, we define the graph of a function as follows:

Definition: The graph of a function f is the set of all ordered pairs

{(x, f(x)) ∈ R2 | x ∈ D(f)}.

In the sketch below, we illustrate the ideas of graph, range and domain of a function f .
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a b

c

d

domain off

range of f

f : [a, b] → [c, d]

(x, f(x))

y = f(x)

o

x

y

Graph of f

Four ways to represent a function

(Stewart, Section 1.1, p. 10)

There are at least four ways in which we may represent a function, or communicate its behaviour:

1. Verbally, i.e., a verbal description.

2. Numerically, in terms of a table of values: This is often done in science and engineering, for

example, tables of specific heats.

3. Visually, by means of a graph: Once again, this technique is often employed in science.

4. Algebraically, by means of an explicit formula or an algorithm.

Please consult the textbook for a more detailed discussion.

Some important examples

1. Absolute value function: We have already studied this function. In terms of the real variable

x ∈ R, the absolute value function f(x) = |x| was defined as follows,

|x| = x if x ≥ 0,

|x| = −x if x < 0. (34)

We may write this formula a little more compactly as follows,

|x| =











x, x ≥ 0

−x, x < 0.
(35)
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This function is defined for all x ∈ R, so its domain is the entire real line R. Its range is the set

of nonnegative real numbers [0,∞). You are all familiar with the graph of this function:

0
x

y

y = |x|

Graph of f(x) = |x|

Finally, we mention that the above definition of the absolute value function |x| is an algebraic

one. However, it could not be defined in terms of only one formula – we needed two formulas,

one for x ≥ 0 and the other for x < 0. In this case, f(x) = |x| is said to be defined “piecewise”.

(In other words, there are two “pieces” in the definition of |x|.)

2. Heaviside function: This function, named after the British engineer, applied mathematician

and physicist, Oliver Heaviside (1850-1925), is also defined piecewise:

H(x) =











1, x ≥ 0

0, x < 0.
(36)

Its graph is sketched below. Note that the domain of H is the real line R. The range of H,

however, is simply the set of two elements 0 and 1. In other words, D(H) = {0, 1}.

x

y

0

y = H(x)

1

Graph of H(x)

You might be wondering why such an inocuous-looking function would deserve such special

recognition. The answer is that this function is a convenient “tool”: In many applications, it is
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desirable to “erase’ the history of a function f(x) for all x less than some reference point, say a.

In other words, we construct a new function g(x) defined as follows:

g(x) =











f(x), x ≥ a

0, x < a.
(37)

We may perform this “erasure” mathematically by multiplying f(x) with the shifted Heaviside

function H(x − a),

x
0

y

a

y = H(x − a)

Graph of H(x − a)

The resulting function g(x) = f(x)H(x − a) has the following graph:

y = f(x)

a

x

y y

x

y = f(x)H(x − a)

Graph of f(x) is truncated by multiplication with H(x − a)

3. Ideal Gas Law:

Suppose that we have a container, the inner volume V of which may be adjusted – for example,

a piston/cylinder-type apparatus. And now suppose that there are n moles of an “ideal gas”

X in this chamber. (The inert gases helium, argon, krypton, xenon and radon are quite close

to “ideal”, but many other gases are also reasonably close.) As you may know/recall from
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Chemistry, the relationship between the pressure P , volume V and temperature T of the gas in

the chamber given by the ideal gas law,

PV = nRT, (38)

where R is the “ideal gas constant” and n is the number of moles of gas in the container.

If we consider the pressure P as the dependent variable, then it is a function of the volume V

and temperature T ,

P (V, T ) =
nRT

V
. (39)

We don’t yet know how to handle functions of two variables, so let’s remove one variable, say,

the temperature T . If we consider the temperature T as a constant, say T = T1, then P and

V are inversely proportional to each other, which makes sense: Decreasing the volume V (by

pushing down on the piston) will increase the pressure P . If we consider P as a function of V ,

then the above relation may be rewritten as

P1(V ) =
K

V
, K = nRT1. (40)

where we attach the subscript “1” to P to indicate that the temperature T1 was used. The graph

of P1(V ) is sketched qualitatively below.

We may now wish to consider several values of T , i.e., T1 < T2 < · · · < TN . Each temperature

Tk yields a function Pk(V ) with its own graph. The qualitative behaviour of a few of these

functions is sketched in the figure below.

V

P

P1(V )

P2(V )

P3(V )

0

T = T3

T = T2

T = T1

Graph of pressure P vs. volume V for ideal gas at several temperatures

This is often the manner in which such behaviour is presented in science texts.
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Mathematical Models: A Catalogue of Essential Functions

Please read Section 1.2 of the textbook by Stewart on the idea of a mathematical model. As well,

he lists a catalogue of functions that are useful in modelling, which is also a catalogue of functions

that we shall be using in this course, i.e.

1. Linear functions (degree one polynomials)

2. Polynomials

3. Rational functions

4. Algebraic functions

5. Trigonometric functions

6. Exponential functions

7. “Transcendental functions”

Much of this should be review. We’ll deal with specific cases in more depth when the need arises.

“New functions from old functions”

(Relevant section from Stewart: Section 1.3)

We now wish to discuss the idea of using functions to construct other functions. Perhaps this

section should have come before the previous section on a “catalogue of essential functions”. If you

start with a small “library” of functions, you can systematically build up a collection of functions –

in fact, you can travel down the list given above.

The discussion in class made use of many sketches in order to visualize graphically the process of

transforming one function into another one. In what follows, the sketches are omitted (it’s just too

much work!) and we refer the reader to Section 1.3 of Stewart’s text.

Transforming a function to produce other functions

Horizontal/Vertical Translations

Suppose we have a function f and a positive real number c > 0. (We won’t worry about the

domain of f, D(f), for the moment.) Now form the function

g(x) = f(x) + c. (41)
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As you well know, the graph of g is obtained simply by translating the graph of f upwards by a

distance c.

Likewise, if we form the function

h(x) = f(x) − c. (42)

then the graph of h is obtained simply by translating the graph of f downwards by a distance c.

The two constructions above represent vertical translations of a function f .

Once again suppose that we have the function f and a positive number c > 0. Now form the new

function

g(x) = f(x − c). (43)

Then the graph of g is obtained by translating the graph of f to the right by a distance c. (Make

sure that you understand why the graph is shifted to the right.)

Likewise, if we form the function

h(x) = f(x + c), (44)

then the graph of h is obtained simply by translating the graph of f to the left by a distance c.

In some cases, such horizontal translations yield significant results. For example,

sin(x +
π

2
) = cos(x), (45)

which you can easily show graphically. The cos(x) function is obtained by sliding the graph of the

sin(x) function to the left by
π

2
.

We can also confirm this result mathematically using the addition rule for the sine function:

sin(x +
π

2
) = sin(x) cos(

π

2
) + cos(x) sin(

π

2
)

= sin(x) · 0 + cos(x) · 1

= cos(x). (46)

Horizontal/Vertical Scaling

Once again suppose that we have a function f and a real number c > 1. Now form the new

function,

g(x) = cf(x). (47)
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The graph of g is obtained by vertically stretching (with respect to the x-axis) the graph of f by

the factor c > 1.

Likewise, if we form the function

h(x) =
1

c
f(x), (48)

the graph of h is obtained by vertically compressing (with respect to the x-axis) the graph of f by

the factor
1

c
< 1.

Starting again with a function f and a real number c > 1, form the function

g(x) = f(cx). (49)

Then the graph of g is obtained by horizontally compressing (with respect to the y-axis) the graph

of f by the factor 1/c < 1.

Likewise, if we form the function

h(x) = f(x/c), (50)

the graph of h is obtained by horizontally stretching (with respect to the y-axis) the graph of f

by the factor c > 1.

Horizontal/Vertical Reflection

Given the function f , then the graph of the function,

g(x) = −f(x), (51)

is obtained by reflecting the graph of f about the x-axis.

And the graph of the function,

h(x) = f(−x), (52)

is obtained by reflecting the graph of f about the y-axis.

Combinations of functions

Now suppose that we have two functions, f and g, with domains D(f) and D(g), respectively.

1. Addition: We may form the “sum” function, denoted as h = f + g as follows,

h(x) = (f + g)(x) = f(x) + g(x). (53)
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Note that for the RHS to make sense, x must be an element of both D(f) and D(g), in other

words, the intersection of D(f) and D(g). Therefore,

D(f + g) = D(f) ∩ D(g). (54)

2. Subtraction: In the same way, we may form the “difference” function h = f − g as follows,

h(x) = (f − g)(x) = f(x) − g(x). (55)

Once again,

D(f + g) = D(f) ∩ D(g). (56)

3. Multiplication: We may form the “product function” h = fg as follows,

h(x) = (fg)(x) = f(x)g(x), x ∈ D(h) = D(f) ∩ D(g). (57)

4. Division: We form the “quotient function” h =
f

g
as follows,

h(x) =

(

f

g

)

(x) =
f(x)

g(x)
. (58)

We have to be a little more careful here regarding the domain of h. Not only does x have to

belong to both D(f) and D(g) but we must have that g(x) 6= 0. Thus,

D(h) = D

(

f

g

)

= {D(f) ∩ D(g) | g(x) 6= 0}. (59)

Composition of functions

Given two functions, f and g, we may form the following composite function, denoted as h = f ◦ g,

or the composition of f with g as follows,

h(x) = (f ◦ g)(x) = f(g(x)). (60)

The little circle “◦” denotes composition. It is merely a symbol.

In terms of “machines”, the input x is put into the g machine. The output from the g machine,

g(x), is then used as input into the f machine. The result is h(x) = (f ◦ g)(x). The procedure is

sketched below.

And what is the domain of this composition function? First of all, x must be in the domain of g,

i.e., D(g). But we must also guarantee that g(x) is an element of D(f). So we can write,

D(f ◦ g) = {x ∈ D(g) | g(x) ∈ D(f)}. (61)
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We may also form the composition of g with f , i.e.,

p(x) = (g ◦ f)(x) = g(f(x)). (62)

Note that this composition is not necessarily equal to the earlier composition. (In fact, it rarely is.)

Example: Let f(x) =
√

x and g(x) = sinx. Then

h(x) = (f ◦ g)(x) =
√

sin x. (63)

The domain of this function is the set of x ∈ R such that sin x ≥ 0. A little work shows that this is

the set of all intervals [2kπ, (2k + 1)π], k ∈ Z, i.e., k ∈ {· · · ,−2,−1, 0, 1, 2, · · ·}.
The other composition is

p(x) = (g ◦ f)(x) = sin(
√

x). (64)

The domain of this function is the set of nonnegative real numbers, x ≥ 0.

Another interesting example: Let f(x) be the Heaviside function, H(x), studied earlier, i.e.

H(x) =











1, x ≥ 0

0, x < 0.
(65)

And let g(x) = sin(x), as before.

Now consider the composition h(x) = H(g(x)) = H(sin x). Since g(x) and H(x) are defined for all

x ∈ R, the composition h(x) is also defined for all x ∈ R. But recall that the range of the Heaviside

function is the set of two values 0 and 1. Therefore, we expect the range of the function h to be only

the set {0, 1}. For all x ∈ R at which sin x ≥ 0, the Heaviside function acting on sinx will produce

the value 1. At all x for which sin x < 0, the Heaviside function acting on sin x will produce the value

0. As a result, the graph of the composition h(x) is as follows,
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Graph of H(sin x), x ∈ R

The nice wavy sin x function has been converted into the bumpy function sketched above. From

an acoustical perspective, the above function is much “less nicer” to listen to than the single-frequency

sin x function. You may learn why in a future course in Fourier analysis or signal processing.

In summary, we have now outlined a way in which one can start with a small library of functions

and start building up an entire collection of functions. For example, suppose that we start with the

functions,

f(x) = 1, g(x) = x. (66)

From g(x) we may form the power functions x, x2, etc.. And from these, using scalar multiplication

and addition, we can form polynomials, i.e.,

P (x) = c0 + c1x + c2x
2 + · · · + cnxn. (67)

We can take two polynomials and use the quotient function to form rational functions.

Perhaps the two functions f and g were not enough. We can now add the square root function,

h(x) =
√

x. And then the sin x function. But we can also obtain the sin x function by means of an

infinite series, i.e.,

sin x = x − x3

3!
+

x5

5!
− · · · ..., x ∈ R. (68)

But that is the subject of MATH 138.
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Some basic properties of functions

“Vertical line test”

(Stewart, Seventh Edition, p. 15)

From the definition of function, for each x ∈ D(f), there is exactly one value f(x). For functions

f : R → R, this implies that a vertical line passing through a point x ∈ D(f) will intersect the graph

of f at only one point. The situation at the left is acceptable, whereas the situation at the right is

not.

x

y

x

y

For this reason, the set of points (x, y) ∈ R2 that satisfy the relation y = x2 correspond to the

graph of the function f(x), whereas the set of points (x, y) that satisfy x = y2 do not correspond to

a function g(x). (Note that we consider x to be the “official” input variable here.)

x

y

x

y

y = x2

x = y2

0

0

As you may well know, the way to get around this “impasse” in the second case is to define two

functions from this set of points: the functions g1(x) =
√

x and g2(x) = −√
x, where it is understood

that the “
√

” operator yields the positive square root. This idea is illustrated in the sketch below.
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y = g1(x) =
√

x

y = g2(x) = −

√

x
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