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An introduction to multiresolution analysis and wavelets

Introduction

The following discussion is not intended to be complete – nor does it claim to be rigorous. The intent is

to provide a motivation for what is called multiresolution analysis of functions, with a particular eye toward

applications in signal and image processing.

Consider a function f ∈ L2(R) which will represent a signal of interest. (Later, we may wish to restrict the

support to a finite interval, say, [0, 1].) Now suppose that we input this function into a machine that “scans” f(t)

with a sensor to produce approximations to it with a given “refinement” or “resolution.” One possibility – an

idealized one – is that the sensor produces disjoint, piecewise constant approximations to f(t) over contiguous

intervals on R. The coarser the sensor, the longer the “pieces” that comprise the approximation to f(t). Or,

the other way around, the finer the sensor, the shorter the pieces that comprise the approximation to f(t).

Of course, this is an idealization – no sensor can do this. There will either be some kind of overlap between

intervals or some loss of information near the endpoints of each interval. For the moment, we neglect this

difficulty and consider piecewise constant approximations.

Of course, there are many ways to approximate a function g(t) over an interval [a, b]. In what follows, we

shall assume that the sensor yields the best constant approximation in the L2 sense, i.e., the mean value of g

over [a, b]:

g[a,b] =
1

b− a

∫ b

a

g(t) dt. (1)

From a generalized Fourier series perspective, this is equivalent to projecting g onto the following orthonormal

basis element of L2[a, b]:

ê1(t) =
1√
b− a

, (2)

i.e.,

g(t) ≈ g[a,b] = 〈g, ê1〉ê1. (3)

We shall consider a particular family of such refinements, namely, piecewise-constant approximations fk to

functions f ∈ L2(R) over intervals of length 2−k. For example, consider the following:

1. f0(t): approximation to f(t) by piecewise constant functions over intervals of integer length, i.e., [l, l+ 1],

l ∈ Z

2. f1(t): approximation to f(t) by piecewise constant functions over intervals of half-integer length, i.e.,

[m/2, (m+ 1)/2], m ∈ Z.

These two approximations to a function f(t) are presented in the figure below.

Clearly, f1(t) is a more refined approximation to f(t) than f0(t) is. (And, in general, if m < n, then fn(t)

is a more refined approximation to f(t) than fm(t) is.) One may ask the following questions, which are not

unrelated:

1. “How are f0 and f1 related?”

2. Can we characterize the additional information contained in f1 over that in f0?

One attempt to answer the above questions is to study the difference between the two approximations, i.e.,

fd(t) = f1(t) − f0(t). (4)

fd(t) is what we have to add to the approximation f0(t) in order to obtain the more refined approximation

f1(t), i.e.,

f1(t) = f0(t) + fd(t). (5)
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The “detail” fd(t) between f0(t) and f1(t).

As we’ll discuss below, it is known as the “detail” – the information that is contained in f1(t) which is not

contained in f0(t). A plot of fd(t), shown above, is indeed interesting. The graph of fd(t) is piecewise constant

over half-intervals, as expected. But what may not have been expected is the fact that the two pieces of the

graph of fd(t) over each interval [k, k + 1] are symmetrically places above and below the x-axis. In fact, each

“piece” of the graph of fd(t) over the interval [k, k+ 1] can be expressed as an appropriate multiple of ψ(t− k),

where the detail or wavelet function ψ(t) is defined as

ψ(t) =

{

1, 0 ≤ t < 1/2,

−1, 1/2 ≤ t < 1.
(6)

A little extra work will show that this should, in fact, be the case: The average value of f(t) – which is f0(t)

– over each interval Ik = [k, k + 1) should lie between the average values of f(t) over the two half-intervals of

Ik, the two values of f1(t) over Ik. By construction, this implies that the mean of fd(t) over each interval Ik
should be zero.

Such questions are important in the actual subband coding of signals. It is often desired to have a set

of coefficients that represent various resolutions of a signal, in such a way that one needs only to add higher

resolution coefficients to the already existing lower resolution ones. The generalized Fourier series explored

earlier in this course is an example of such a system.

So, like, why don’t we simply use (Generalized) Fourier Series?

A rather impertinent answer to this question is, “Like, we’re considering functions on (R) – we can’t use Fourier

series.” This is true – we really have to go to Fourier transforms. But, in many applications, e.g., signals and

images, our functions have limited support, even if over large intervals [a, b]. The “problem” (which may or may

not be a problem, depending on what you really want to do) is that Fourier series represent global information

of a function, note that the Fourier coefficient cn of a function f associated with an orthonormal basis element
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φn is given by

cn = 〈f, φn〉 =

∫ b

a

f(t)φn(t) dt, (7)

i.e., it involves an integration of f(t) over the entire interval [a, b].

Now suppose that our signal/image of concern f(t) is modified – for example, by the introduction of noise –

over only a relatively small spatial (or temporal) extent, i.e., over a subinterval [c, d] such that (d−c)/(b−a) << 1.

The result is that all Fourier coefficients are affected. In general, there is no way that the localized perturbation

of f results in a perturbation of only a few Fourier coefficients.

Historically, a number of methods were developed to bypass this complication. Most involved some kind of

“windowing”, e.g., windowed Fourier transforms, Gabor transforms, pyramid algorithms.

Now back to the resolution problem

We now return to address the problem of how the approximations f0 and f1 (and, in general, fk and fk+1) are

related.

Let us introduce the following space of functions:

V0 = {f ∈ L2(R) : f(t) is constant over the interval [k, k + 1), ∀k ∈ Z}. (8)

It can be shown (exercise?) that V0 is a closed, linear subspace of L2(R). Furthermore, the following countably-

infinite set of functions spans V0:

φk(t) = I[k,k+1)(t), (9)

where, for convenience, we have introduced the indicator function of a set S ⊂ R as

IS(t) =

{

1, t ∈ S,

0, t /∈ S.
(10)

Note that the φk form an orthonormal set on V0, i.e.,

〈φk, φl〉 = δkl. (11)

Clearly, the approximation f0(t) to f(t) defined earlier belongs to V0.

We could write that

V0 = span{φk(t), k ∈ Z} ∩ L2(R) (12)

But also notice that the φi are simply translations of each other. We’ll use φ0(t) as a reference and write

V0 = span{φ(t− k), k ∈ Z} ∩ L2(R), (13)

where we have dropped the subscript “0”. In other words, if x(t) ∈ V0, then

x(t) =
∑

k∈Z

c0kφ(t − k). (14)

This is the first important point: Appropriate (in this case, integer) translations of the function φ(t) provide a

basis for V0. This reference function φ(t) is obviously important, and will be referred to as the scaling function

for this particular multiresolution analysis.

Now introduce the space

V1 = {f ∈ L2(R) : f(t) is constant over the interval [
k

2
,
k + 1

2
), ∀k ∈ Z}. (15)

Proceeding in the same way as above, we could write that the following countably-infinite set of functions

provides an orthonormal basis on V1:

φ1k(t) =
√

2 I[k/2,(k+1)/2)(t), (16)
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We notice that the φ1k are translated copies of φ10. But what is more important is that they also are dilated

and translated copies of the scaling function φ(t):

φ1k(t) =
√

2 φ(2t− k). (17)

To see this, recall that φ(t) = 1 for 0 ≤ t < 1 and zero otherwise. This implies that φ1k(t) = 1 for 0 ≤ 2t−k < 1

which, in turn, implies that k ≤ 2t < k + 1. Therefore, k/2 ≤ t < (k + 1)/2, which is precisely the definition in

(16).

This now means that

V1 = span{
√

2 φ(2t− k), k ∈ Z} ∩ L2(R). (18)

In other words, if x(t) ∈ V1, then

x(t) =
∑

k∈Z

c1k

√
2 φ(2t− k). (19)

We can also go “backwards,” and consider the space of functions that are one step lower (or coarser in

resolution): the space V−1 composed of functions that are constant over intervals of length 2:

V−1 = {f ∈ L2(R) : f(t) is constant over the interval [2k, 2k + 2), ∀k ∈ Z}. (20)

It should not be too difficult to see that

V−1 = span{ 1√
2
φ

(

t

2
− k

)

, k ∈ Z} ∩ L2(R). (21)

In other words, if x(t) ∈ V−1, then

x(t) =
∑

k∈Z

c−1,k
1√
2
φ

(

t

2
− k

)

. (22)

In general, we may now define the general resolution levels VJ , · · · ,−1, 0, 1, · · ·, as follows:

VJ = {f ∈ L2(R) : f(t) is constant over the interval [
k

2J
,
k + 1

2J
), ∀k ∈ Z}. (23)

This space is spanned by appropriate dilations and translations of the reference scaling function φ(t):

VJ = span{2J/2 φ(2J t− k), k ∈ Z} ∩ L2(R). (24)

The resolutions VJ are nested

The space V1, composed of functions that are constant over half-intervals, includes all functions in V0, since the

latter are special cases of the former. This implies that

V0 ⊂ V1. (25)

But we can apply this reasoning to any contiguous pair of subspaces VJ and VJ+1, i.e.,

VJ ⊂ VJ+1, J ∈ Z. (26)

Therefore, in general, we have the nesting relations

· · · ⊂ VJ−1 ⊂ VJ ⊂ VJ+1 ⊂ · · · . (27)
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The “scaling equation”

We return to the nesting relationship in (25) above:

V0 ⊂ V1. (28)

Now consider the (reference) scaling function φ(t) = I[0,1)(t) which provides all other basis vectors of V0. Since

V0 ⊂ V1, it follows that φ may be expressed as a linear combination of basis elements of V1. This relation has

the form

φ(t) =
∑

k∈Z

hkφ1k(t). (29)

It is standard practice to write this result in terms of the scaling function φ, acknowledging that the φ1k are

dilated and translated copies of φ:

φ(t) =
∑

k∈Z

hk

√
2 φ(2t− k). (30)

This equation is often called the multiresolution analysis or refinement equation involving the scaling function

φ. It is sometimes simply called the scaling equation. The hk are known as the scaling coefficients. For the

particular case of functions studied above,

hk =

{

1√
2
, if k = 0, 1,

0 otherwise.
(31)

These coefficients characterize the Haar scaling function. It is the nonzero values of the scaling coefficients hk

that characterizes the multiresolution system. We’ll see later that we won’t even have to know the explicit form

of the scaling function φ – it will suffice to know the (nonzero) hk values. In many practical applications, the

scaling function φ has compact support, implying that the set of nonzero hk coefficients is finite. However, there

are examples of scaling coefficients (and associated mother wavelet functions – see below) which are supported

on the entire real line.

We also mention that the scaling relation (30) will be satisfied at a general level J because of the nesting

relation VJ ⊂ VJ+1, i.e.,

φJm(t) =
∑

k∈Z

hk

√
2 φJm(2t− k). (32)

Wavelets

We return once again to the fundamental nesting relation

V0 ⊂ V1. (33)

Now let W0 denote the orthogonal complement of V0 in V1, i.e., W0 = V ⊥
0 , so that W0 ⊥ V0. This implies that

V1 = V0 ⊕W0. (34)

We would like to get an idea of what kind of functions “live” in W0. Therefore, our goal is to find a set of

orthonormal basis functions forW0. This turns out to be rather simple for the piecewise-constant case considered

above. Recall that φ(t) = I[0,1)(t) forms a basis for V0. It is not too difficult to see that the function, ψ(t),

defined earlier in Eq. (6) and repeated below,

ψ(t) =

{

1, 0 ≤ t < 1/2,

−1, 1/2 ≤ t < 1,
(35)

is orthogonal to φ(t). The function ψ(t) is known at the “mother wavelet” of the Haar wavelet system, The two

functions φ(t) and ψ(t) are pictured below.

Given that 〈φ(t− k), ψ(t− k)〉 = 0 for all k ∈ Z and the fact that the φ(t− k) span V0, it follows that the

functions ψ(t− k) for all k ∈ Z span W1.
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Haar scaling function φ(t) and mother wavelet ψ(t).

We can do this a little more carefully as follows: Given that the integer translates φ(t − k) of a single

scaling function φ(t) span V0, we would like to find a single function ψ ⊥ φ whose integer translates ψ(t − k)

span W0. Therefore it is sufficient to demand that 〈ψ, φ〉 = 0.

Since ψ ∈ W0 ⊂ V1, it may be written in terms of the basis functions φ1k of V1. But once again, we

acknowledge that the φ1k are dilated and translated copies of φ. We therefore write that ψ must satisfy the

relation

ψ(t) =
∑

k∈Z

ck
√

2 φ(2t− k), (36)

where the coefficients ck are to be determined. We use this expansion, along with the multiresolution analysis

equation (30), and impose the orthogonality condition 〈ψ, φ〉 = 0:

〈ψ, φ〉 = 2
∑

k

∑

l

ckhl〈φ(2t− k), φ(2t− l)〉 = 0. (37)

From the orthogonality of the φ(2t− k) functions, it follows that

∑

k

ckhk = 0. (38)

From the explicit form of the hk in (31), we see that (up to a sign)

c0 = −c1 =
1√
2
, ck = 0 otherwise, (39)

is a solution, in agreement with (35).

Note: The space W0 represents the detail that we have to add to approximation of f in V0 in order to obtain

the approximation in V1. In the example in the Introduction, f0 ∈ V0, f1 ∈ V1 and fd ∈ W0.

In general, once a scaling function φ satisfying the multiresolution analysis equation (30) is found, the

coefficients ck satisfying the orthogonality relation (38) can be found by the following simple trick: Set

ck = (−1)kh1−k, k ∈ Z (40)

Substitution into (38) yields the following “self-cancelling sum”,

∑

k

ckhk = · · · + h2h−1 − h1h0 + h0h1 − h−1h2 + · · · = 0 (41)

Note that the ck coefficients are therefore determined from the scaling coefficients hk of the multiresolution

equation (30). This implies that once a scaling function φ is given, along with its associated multiresolution

equation, a unique “mother wavelet” function ψ(t) in (36) follows.
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We may now proceed to extend the above relationship to higher or lower scales, i.e., for any j ∈ Z, define

Wj = V ⊥
j to give

Vj+1 = Vj ⊕Wj , for all j ∈ Z. (42)

From the definition of the space Vj in (24), it follows that

Wj = span{2j/2 ψ(2jt− k), k ∈ Z}. (43)

Let us iterate the relation in (42) k times, replacing Vj with Wj−1 ⊕ Vj−1, etc., to obtain

Vj+1 = Wj ⊕Wj−1 ⊕ · · · ⊕Wj−k ⊕ Vj−k. (44)

Now set j0 = j − k and rewrite the above relation as

Vj+k+1 = Vj0 ⊕Wj0 ⊕Wj0+1 ⊕Wj0+2 ⊕ · · · ⊕Wj0+k. (45)

Without loss of generality, we can let j0 = 0 to give

Vj+k+1 = V0 ⊕W0 ⊕W1 ⊕W2 ⊕ · · · ⊕Wk. (46)

We now simply state the following fact, which will be an essential requirement for multiresolution systems:

⋃

m Vm is dense in L2(R).

(This follows from another result that the set of all piecewise constant functions on R is dense in L2(R).) This

implies that we can take the limit as k → ∞ in (46) to give

L2(R) = V0 + [⊕∞
m=0Wm] . (47)

Likewise, we can proceed in the other direction to write that

V0 = V−1 ⊕W−1 = V−k ⊕W−k ⊕ · · · ⊕W−1. (48)

Once again, we take the limit as k → ∞ with the following fact, which we state without proof:

⋂

m Vm = {0}, implying that Vk → {0} .

From (47) and (48), it follows that

⊕m∈ZWm = L2(R). (49)

In other words, the functions {ψjk}, j, k ∈ Z form an orthonormal basis of L2(R).

Let us now return to Eq. (47). It implies that we can express a function f(t) ∈ L2(R) as follows:

f(t) =
∑

k∈Z

b0kφ(t− k) +
∑

j≥0

∑

k∈Z

ajk2j/2ψ(2jt− k), (50)

where

b0k = 〈f(t), φ(t− k)〉, (51)

ajk = 〈f(t), 2j/2φ(2jt− k)〉. (52)

The coefficients b0k are called the scaling or approximation coefficients and the ajk are known as the detail or

wavelet coefficients. Note that the coefficients b0k, representing the component of f in the subspace V0 contain

all coarse-scale information about f , i.e., all information contained in the spaces Vk, k = 1, 2, · · ·.

Note that a Parseval identity also exists for the scaling/expansion coefficients of f :

‖ f ‖2
2= 〈f, f〉 =

∑

k∈Z

|b0k|2 +
∑

j≥0

∑

k∈Z

|ajk|2. (53)
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General multiresolution analysis

We now step back and generalize the results obtained above for the Haar wavelet system. Many of the equations

and relations written above will apply in the general scheme.

First, we begin with a scaling function φ, a real-valued function on R. There may be additional requirements

about the regularity or smoothness of φ, e.g., r-times differentiability, but we omit them here. In order for φ to

qualify as a scaling function, there must be associated with it a multiresolution analysis of L2(R), i.e., a nested

sequence of closed subspaces {Vj}j∈Z such that

1. {φ(t− k)}, k ∈ Z, is an orthonormal basis of V0,

2. · · · ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ · · · ⊂ L2(R),

3. f ∈ Vm ⇐⇒ f(2·) ∈ Vm+1,

4.
⋂

m

Vm = {0},
⋃

m

Vm = L2(R).

From Property (3), it then follows that {
√

2φ(2t − k} is an orthonormal basis for V1, which leads to the

multiresolution analysis equation stated earlier:

φ(t) =
∑

k

hk

√
2 φ(2t− k), (54)

with {ck} ∈ l2.

Associated with the scaling function will be a uniquely determined mother wavelet function ψ, given by

ψ(t) =
∑

k

ck
√

2 φ(2t− k), (55)

where the ck can be related to the scaling coefficients hk.

One of the obvious disadvantages of the Haar wavelet system is the discontinuity of the Haar wavelet

functions. It was for this reason that researchers sought to construct scaling functions, hence mother wavelet

functions, that exhibited sufficient degrees of regularity. Two of the most well-known systems of MRA are given

by the Daubechies and the Coifman wavelet systems, named for their respective inventors.

We simply mention here an interesting multiresolution system composed of functions that are basically

one degree more regular than the Haar system – continuous and piecewise linear. The scaling function φ, with

support [0, 2], is the triangle function defined as follows,

φ(t) =

{
√

2x, 0 ≤ x < 1,√
2(2 − x) 1 ≤ x < 2.

(56)

and pictured below We now define

V0 = span{φ(t− k), k ∈ Z} ∩ L2(R). (57)

The reader will notice that these functions look like “finite element” basis functions. The integer translates of

φ, φ(t − k) do not form an orthogonal set. Nevertheless, they form a basis of V0, the set of functions in L2(R)

that are piecewise linear, with nodes that are separated by integer values.

The spaces VJ formed by appropriate dilatations and translations of φ, i.e., φ(2J t−k) may also be defined.

These spaces consist of piecewise linear functions with nodes that are separated by the distance 2−k. It can

also be shown that the spaces VJ satisfy the nesting requirements for a multiresolution analysis.

The triangle function φ(t), pictured below, can be written as a linear combination of dilated copies that

are suitably translated:

φ(t) =
1

2
φ(2t) + φ(2t− 1) +

1

2
φ(2t− 2). (58)
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This has the form of the multiresolution analysis equation (54), with

h0 =
1

2
√

2
, h1 =

1√
2
, h2 =

1

2
√

2
. (59)

The associated wavelet function ψ(t), orthogonal to φ(t), has the following expansion in φ (cf. Eq. (55):

ψ(t) = −1

2
φ(2t) + φ(2t− 1) − 1

2
φ(2t− 2). (60)

It is also pictured below.

0 t t0

1

2
φ(2t − 2)

φ(t)

φ(2t − 1) φ(2t − 1)

ψ(t)

−

1

2
φ(2t)

−

1

2
φ(2t − 2)

2

1
√

2
1
√

2

1

2
φ(2t)

1 2

Triangle scaling function φ(t) and mother wavelet ψ(t).

The discrete wavelet transform - analysis

In digital signal/image processing, analysis is the process of moving from a finer scale to a coarser one by

removing details. (For example, blurring of an image accomplishes this.) In what follows, we shall show how

this process is accomplished by means of the refinement equation satisfied by the scaling function:

φ(t) =
∑

n∈Z

√
2 φ(2t− n). (61)

Replacing t by 2jt− k yields

φ(2jt− k) =
∑

n∈Z

hn

√
2 φ(2(2jt− k) − n)

=
∑

n∈Z

hn

√
2 φ(2j+1t− 2k − n)

=
∑

m∈Z

hm−2k

√
2 φ(2j+1t− 2k − n), (62)

where the final equation is obtained by substituting m = 2k − n. Also recall that

Vj+1 = span{2(j+1)/2φ(2j+1t− k), k ∈ Z} ∩ L2(R)

= Vj ⊕Wj . (63)

It follows that a signal f(t) ∈ Vj+1 may be expressed as follows:

f(t) =
∑

k∈Z

bj+1,k2(j+1)/2φ(2j+1t− k)

=
∑

k∈Z

bjk2j/2φ(2jt− k) +
∑

l∈Z

ajl2
j/2φ(2jt− l). (64)
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Using (62), the scaling coefficients of this latter expansion are given by

bjk = 〈f(t), 2j/2φ(2jt− k)〉
= 〈f(t), 2j/2

∑

m∈Z

hm−2k

√
2φ(2j+1t−m)〉

=
∑

m∈Z

2(j+1)/2hm−2k〈f(t), φ(2j+1t−m)〉

=
∑

m∈Z

hm−2k〈f(t), 2(j+1)/2φ(2j+1t−m)〉

=
∑

m∈Z

hm−2kbj+1,m. (65)

(66)

In a similar manner, we obtain

ajk =
∑

m∈Z

cm−2kbj+1,m. (67)

Let us repeat these two results below:

bjk =
∑

m∈Z

hm−2kbj+1,m (68)

ajk =
∑

m∈Z

cm−2kbj+1,m. (69)

They comprise the analysis portion, showing how the approximation and detail coefficients at level j – bjk and

ajk, respectively – may be obtained from the finer scale coefficients bj+1,m. (In the language of filters, this

process involves time-reversal followed by a 2-decimation or downsampling process.)

The discrete wavelet transform - synthesis

The process of synthesis consists of moving from a coarser scale representation to a finer scale representation

by adding more details. We start again with the relation

Vj+1 = Vj ⊕Wj . (70)

For a function f ∈ Vj+1, we once consider the expansion,

f(t) =
∑

k∈Z

bjk2j/2φ(2jt− k) +
∑

l∈Z

ajl2
j/2φ(2jt− l). (71)

Using the scaling equation once again, with the replacement of t by 2t − k, we obtain

φ(2jt− k) =
∑

m∈Z

hm

√
2 φ(2j+1t− 2k −m) (72)

ψ(2jt− l) =
∑

n∈Z

cn
√

2 φ(2j+1t− 2l −m) (73)

Substitution into (71) yields

f(t) =
∑

k∈Z

bjk

∑

m∈Z

hm2(j+1)/2φ(2j+1t− 2k −m) +
∑

l∈Z

ajl

∑

n∈Z

cn2(j+1)/2φ(2j+1t− 2l − n). (74)

The scaling coefficients of f in Vj+1 can be obtained as follows:

bj+1,i = 〈f(t), 2(j+1)/2φ(2j+1t− i)〉
=

∑

k∈Z

bjk

∑

m∈Z

hm〈2(j+1)/2φ(2j+1t− 2k −m), 2(j+1)/2φ(2j+1t− i)〉

+
∑

l∈Z

ajl

∑

n∈Z

cn〈2(j+1)/2φ(2j+1t− 2l− n), 2(j+1)/2φ(2j+1t− i)〉 (75)

=
∑

k∈Z

bjkhi−2k +
∑

l∈Z

ajlci−2l. (76)
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We rewrite this result below:

bj+1,n =
∑

k∈Z

bjkhn−2k +
∑

l∈Z

ajlcn−2l. (77)

This is the synthesis portion, showing how the approximation coefficients at level j + 1 can be computed from

the approximation and detail coefficients at the coarser level j. (In the language of filters, this can be interpreted

as an up-sampling followed by a filtering of the detail coefficients.

Practical implementation

In what follows, we shall consider Haar wavelet expansions of functions with compact support – without loss of

generality, the space of functions L2[0, 1]. The lowest order of refinement over the interval [0, 1] is the space of

constant functions V0. As such, a function f ∈ L2[0, 1] will have the following expansion

f(x) = b00φ(x) + a00ψ(x) +

∞
∑

i=1

2i−1
∑

j=0

aijψij(x), (78)

which corresponds to the multiresolution decomposition

L2[0, 1] = V0 ⊕W0 ⊕W1 ⊕W2 ⊕ · · · . (79)

It is convenient to display the coefficients in the following tabular form:

b00
a00

a10 a11

a20 a21 a22 a23

a30 a31 a32 a33 a34 a35 a36 a37

· · · · · · · · · · · · · · · · · · · · · · · ·

Note that the coefficients aij are arranged in the form of a binary tree that extends downward indefinitely.

The width of the box enclosing the coefficients may also be viewed as representing the interval [0, 1]. In

the (nonoverlapping) Haar wavelet case, the width of the box of each coefficient indicates the support of its

corresponding wavelet/scaling function, e.g., b00 is the coefficient of φ(t), which is supported on the entire

interval.

Practically speaking, however, we normally work with a finite sampling of a signal, i.e., a finite number of

coefficients representing the function f(x) on [0, 1]. It is convenient to assume that we work with a number 2N

of data,

f0, f1, f2, · · · , f2N−1. (80)

One normally assumes that these values represent the refinement of f at resolution 2N , that is, the fk are the

coefficients of the expansion of f in the basis φ(2N t− k), i.e.,

fk = bNk = 〈f, φ(2N t− k)〉, 1 ≤ k ≤ 2N − 1. (81)

We now show that the above assumption is indeed justified. We’ll do this by examining the case as N , the

level of refinement, increases. In the Haar case, it can be seen that as N → ∞, the basis functions for VN , i.e.,

φNk(t) = 2N/2φ(2N t− k) (82)

become more “Dirac delta function-like”. This is generally true for scaling functions with compact support. It

then follows that the expansion coefficients bNk will generally provide approximations to function values at the

location of the “spikes” of these scaling functions, i.e.,

bNk → f(k/2N+1), as N → ∞. (83)

In practice, therefore, a finite, discrete signal is usually assumed to define the approximation coefficients bkl at

an appropriate k. For example, if we have a signal composed of 1024 points, it is convenient to assume that

this signal is supported on [0, 1], implying that it is known to the level V10 (210 = 1024.)
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So we now assume that the data points f1, f2, · · · f2N represent the refinement of a signal f in the space

VN . The goal is now to perform a decomposition of this space in the form

VN = V0 ⊕W0 ⊕W1 ⊕ · · ·WN−1. (84)

This is accomplished by means of the analysis algorithm described in the previous section, cf. Eq. (68).

The first step is the decomposition

VN = VN−1 ⊕WN−1. (85)

From the coefficients fk = bNk, we compute, using Eq. (68) the coefficients

bN−1,0, bN−1,1, · · · , BN−1,2N−1−1 and aN−1,0, aN−1,1, · · · , aN−1,2N−1−1. (86)

Recall that the aN−1,k coefficients (there are 2N−1 of them) represent the detail – what you have to add to the

representation of f in VN−1 to obtain its representation in VN . We put them aside for the moment.

We now use the bN−1,k coefficients – the representation of f in VN−1 to perform another decomposition,

again with Eq. (68)

VN−1 = VN−2 ⊕WN−2, (87)

by computing the following coefficients

bN−2,0, bN−2,1, · · · , BN−2,2N−2−1 and aN−2,0, aN−1,1, · · · , aN−1,2N−2−1. (88)

Once again, we put aside the aN−2,k coefficients (there are 2N−2 of them) and perform a decomposition on the

bN−2,k .

We keep going until we reach the final decomposition

V1 = V0 ⊕W0. (89)

which is represented by the coefficients

b00 a00. (90)

The net result: We have replaced the 2N coefficients of f in the resolution VN by

2N−1 coeffs (WN−1) + 2N−2 coeffs (WN−2) + · · · 2 coeffs (W1) + 1 coeff (W0) = 2N − 1 coeffs ajk, (91)

plus

b00 (V0), (92)

for a total of 2N coefficients. These coefficients may be arranged in a table such as the one shown earlier. In

this case, however, the table is finite, with the aN−1,k coefficients at the bottom.

b00
a00

a10 a11

a20 a21 a22 a23

· · · · · · · · · · · · · · · · · · · · · · · ·
aN−1,1 aN−1,2 aN−1,3 · · · · · · · · · aN−1,2N−1−2 aN−1,2N−1−1

Synthesis

With this finite coefficient table, we may now construct lower resolution approximations which correspond to

trunctations of the above table. These, in turn, correspond to truncations of the formal wavelet expansion in

Eq. (78) formed by summing over i = 1, 2, · · ·J ≤ N − 1. And the marvellous feature of this process is that

1. no actual integrals have to be performed, and

2. we don’t have to evaluate any of the wavelet functions ψkj(t).
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We simply use the fact that the coefficients

bJ,1, bJ,2, · · · , bJ,2J−1 (93)

can be interpreted as the piecewise-constant value of f(x) over the respective subintervals of length 2J . At the

Jth step of the synthesis algorithm, we use Eq. (77) to compute the coefficients bJ+1,k from the coefficients bJ,l

and aJ,m.

The first step of the synthesis algorithm uses the fact that

V0 ⊕W0 = V1. (94)

We use b00 and a00 from the table to compute b10 and b11.

The next step of the synthesis algorithm uses the fact that

V1 ⊕W1 = V2. (95)

We use a10 and a11 from the table, along with the coefficients b10 and b11 computed in the first step, to compute

b2,k, 1 ≤ k ≤ 4.

In general, at the Jth step, we use the coefficients aJ,k, 1 ≤ k ≤ 2J − 1 from the table, along with the

coefficients bJ,k computed in the previous step, to produce bJ+1,l, 1 ≤ l ≤ 2J+1 − 1.

The procedure terminates when we have recovered the coefficients bN,k.

Two-dimensional wavelet expansions for image processing

The following subsection is primarily concerned with the notation employed for the standard tensor-product

wavelet basis in R2.

The Wavelet Expansions Considered

We consider the standard construction of orthonormal wavelet bases in L2(R2) using suitable tensor products

of subspaces Vi and Wj in L2(R) as discussed in [1, 2]. Define the sequence of nested subspaces Vk ∈ L2(R2),

k ∈ Z, where Vk ⊂ Vk+1 so that ∩nVn = {∅} and limn→∞ ∪Vn = L2(R2). For each Vk define its orthogonal

complement Wk so that Vk+1 = Vk ⊕ Wk. For any m ∈ Z and n > 0,

Vm ⊕ Wm ⊕ Wm+1 ⊕ . . .⊕ Wm+n = Vm+n+1. (96)

Then

Vk = Vk ⊗ Vk,

Wk = (Vk ⊗Wk) ⊕ (Wk ⊗ Vk) ⊕ (Wk ⊗Wk). (97)

Of particular interest is the case m = 0 and a subset of functions belonging to the subspaces V0

k
⊂ Vk and

W0

k
⊂ Wk, k ≥ 0, defined as follows:

V0

k+1 = V0

k ⊕ W0

k,

W0

k
= Wh

k
⊕ Wv

k
⊕ Wd

k
, k ≥ 0, (98)

where

V0

k = span{φkij(x, y) = φki(x)φkj(y), 0 ≤ i, j ≤ 2k − 1}
Wh

k
= span{ψh

kij(x, y) = φki(x)ψkj(y), 0 ≤ i, j ≤ 2k − 1}
Wv

k = span{ψv
kij(x, y) = ψki(x)φkj(y), 0 ≤ i, j ≤ 2k − 1}

Wd

k = span{ψd
kij(x, y) = ψki(x)ψkj(y), 0 ≤ i, j ≤ 2k − 1} (99)

The superscripts h, v and d stand for horizontal, vertical and diagonal, respectively [1]. The wavelet expansions

will then have the form:

f(x, y) = b000φ000(x, y) +

∞
∑

k=0

2k−1
∑

i=0

2k−1
∑

j=0

[ah
kijψ

h
kij(x, y) + av

kijψ
v
kij(x, y) + ad

kijψ
d
kij(x, y)]. (100)
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The set of all functions admitting the above wavelet expansions will be denoted as L2
0(R

2) ⊂ L2(R2). The

space L2
0(R

2) is complete with respect to the usual L2(R2) metric. The wavelet expansion coefficients may

be conveniently arranged in a standard fashion [1, 2]. The arrangement of the first three blocks is shown in

Figure 1(a). The blocks Ah

k
,Av

k
,Ad

k
, k ≥ 0, each contain 22k coefficients ah

kij , a
v
kij , a

d
kij , respectively. The three

collections of blocks

Ah =

∞
⋃

k

Ah

k , Av =

∞
⋃

k

Av

k, Ad =

∞
⋃

k

Ad

k, (101)

comprise the fundamental horizontal, vertical and diagonal quadtrees of the coefficient tree.

B0 Ah
0 Ah

1

Av
0 Ad

0 Ah
2

Av
1 Ad

1

Av
2 Ad

2

Figure 1(a). Matrix arrangement of two-dimensional wavelet coefficient blocks.

BN →
BN−1 Ah

N−1

Av
N−1 Ad

N−1

Figure 1(b). Wavelet decomposition algorithm.

Now consider any wavelet coefficient aλ
kij , λ ∈ {h, v, d} in this matrix and the unique (infinite) quadtree

with this element as its root. We shall denote this (sub)quadtree as Aλ
kij . In the Haar case, for a fixed set of

indices {k, i, j} the three quadtrees Ah
kij , A

v
kij and Ad

kij correspond to the same spatial portion of the function

or image.

As is well known, the wavelet decomposition algorithm [2, 1] begins with an “image” matrix of coefficients

BN for some N > 0 (e.g. N = 9 for a 512 × 512 pixel array). From BN one computes BN−1, Ah

N−1
, Av

N−1

and Ad

N−1
. The latter three blocks are stored and BN−1 is then decomposed into Ah

N−2
, Av

N−2
and Ad

N−2
.

The procedure, depicted schematically in Figure 1(b) above, is continued until one arrives at the single entry

blocks B0,A
h
0
,Av

0
,Ad

0
. From the matrix in Figure 1(a), BN may be reconstructed in reverse fashion. Once a

wavelet basis is chosen, these algorithms employ the filters associated with that basis.

Note in closing that the tensorial nature of the basis functions in the Aλ
k

leads to the following simple

scaling relations:

ψλ
kij(x, y) = 2kψλ

000(2
kx− i, 2ky − j), λ ∈ {h, v, d}. (102)
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