
AMATH 731: Applied Functional Analysis Fall 2017

A revised version of the proof of Theorem 2.2, p. 9 of Course Notes

The proof of Theorem 2.2 on p. 9 of the Course Notes is theoretically correct but it employs

a result that has not been established previously in the course. The statement of concern is

the following:

“Thus, {fn(x)} converges uniformly to f(x) on [a, b] =⇒ f ∈ C[a, b].”

This is essentially Weierstrass’ Theorem, which was stated in the Supplementary Notes enti-

tled, “Some important results from real analysis”, as Theorem 9 on p. 13. In fact, Weierstrass’

Theorem could have been used immediately after the inequality in the Proof to conclude the

final result.

Here, we present a proof of Theorem 2.2 completely from the “basics.” The early part of this

proof will use much of the results from the proof of Theorem 2.2. For pedagogical purposes,

the proof is somewhat annotated.

Theorem: The metric space C([a, b], d∞ ) is complete.

Proof: Recall that the d∞ metric is defined as follows,

d∞(f, g) = max
a≤x≤b

|f(x)− g(x)| f, g ∈ C[a, b] . (1)

Suppose that {fn} ⊂ C[a, b] is a Cauchy sequence, which means that for all ǫ > 0, there exists

an Nǫ > 0 such that d∞(fn, fm) < ǫ for all n,m > Nǫ.

(We must prove that the sequence {fn} converges to an element f ∈ C[a, b].)

This implies that for all n,m > Nǫ,

max
a≤x≤b

|fn(x)− fm(x)| < ǫ (2)

which, in turn, implies that

|fn(x)− fm(x)| < ǫ for all x ∈ [a, b] . (3)

For a fixed x ∈ [a, b], Eq. (3) implies that the sequence {fn(x)} ⊂ R is a Cauchy sequence.

(From the completeness of R) it follows that the sequence {fn(x)} converges to a limit which

we shall call f(x). In other words, for all x ∈ [a, b],

fn(x) → f(x) as n → ∞ . (4)

The set of limit points f(x) defines a function f : [a, b] → R. Eq. (4) shows that the sequence of

functions {fn} converges to f pointwise. We must now show that it converges to f uniformly,

i.e., in the d∞ metric. This is easily done by taking the limit m → ∞ on both sides of Eq. (3)

to obtain

|fn(x)− f(x)| < ǫ for all x ∈ [a, b] , (5)
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which implies that for all n > Nǫ,

max
a≤x≤b

|f(x)− fn(x)| < ǫ (6)

which, in turn, implies that

d∞(fn, f) < ǫ , for all n > Nǫ . (7)

This proves that the sequence of functions {fm} ⊂ C[a, b] converges in d∞ metric, i.e., uni-

formly to f . It remains to show that f is a continuous function, i.e., f ∈ C[a, b].

With reference to the figure below, for x, y ∈ [a, b], and n ≤ 1,

|f(x)− f(y)| ≤ |f(x)− fn(x)|+ |fn(x)− fn(y)|+ |fn(y)− f(y)| , (8)

by the triangle inequality.
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(Our goal is to make the entire RHS of Eq. (8) less than ǫ for x and y sufficiently close, thereby

proving that f is continuous.)

From the (uniform) convergence of the {fn} sequence to f(x), cf. Eq. (7), it follows that for

an ǫ > 0 (different from the one used above), there exists an N1 > 0 such that for any n > N1,

|f(x)− fn(x)| <
ǫ

3
and |f(y)− fn(y)| <

ǫ

3
. (9)

This takes care of the first and third term on the RHS of Eq. (8). As for the middle term, recall

that all functions fn were assumed to be continuous. For a fixed n > N1 and ǫ > 0 employed

here, there exists a δ > 0 such that

|fn(x)− fn(y)| <
ǫ

3
for all x, y such that |x− y| < δ . (10)

(δ will depend on n but this does not affect the proof.) Putting all of these results together,

we have that

|f(x)− f(y)| < ǫ for all x, y ∈ [a, b] such that |x− y| < δ . (11)

Therefore f is continuous, i.e., f ∈ C[a, b], and the proof is complete.
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