
AMATH 731: Applied Functional Analysis Fall 2017

Supplementary notes on Sturm-Liouville problems

(To accompany Section 4.10 of the AMATH 731 Course Notes)

The “weight function” r(x)

As seen on Pages 83 and 84, it is necessary to employ the following modified inner product over the

space L2[a, b],

〈u, v〉r =

∫ b

a
u(x)v(x)r(x) dx . (1)

This inner product employs the nonnegative function r(x) of the Sturm-Liouville operator as a “weight

function.” Because of the nonnegativity of r(x), the equivalence of the associated norm ‖u‖r and the

L2 norm ‖u‖ is easily shown.

The weight function r(x) must be used in order that the operator T be self-adjoint, as shown on

Page 84. This may seem to be a kind of “trick,” but the appearance of the weight function in the inner

product also follows from standard ODE treatments of Sturm-Liouville eigenvalue problems which we

outline below.

Consider the general class of Sturm-Liouville eigenvalue equations on [a, b] presented at the be-

ginning of Section 4.10 of the Course Notes,

Lu+ λru = 0 Lu = (pu′)′ + qu (2)

with boundary conditions involving u(x) and u′(x) at the endpoints. Now let u1 and u2 be solutions

of this eigenvalue problem which correspond to two distinct eigenvalues λ1 and λ2, i.e. λ1 6= λ2, so

that

Lu1 + λ1ru1 = 0

Lu2 + λ2ru2 = 0 . (3)

Now multiply the first equation by u2 and the second equation by u1 and subtract the latter from the

former to obtain

u2Lu1 − u1Lu2 + (λ1 − λ2)u1u2r = 0 . (4)

Now integrate both sides w.r.t. from a to b:

〈Lu1, u2〉 − 〈u,Lu2〉+ (λ1 − λ2)〈u1, u2〉r = 0 . (5)

A short calculation (which we omit here - a similar calculation was done in an earlier set of Supple-

mentary Notes on the adjoint operator) will reveal that L is self-adjoint. As such, the first two terms

cancel each other and we are left with the following result,

〈u1, u2〉r =

∫ b

a
u1(x)u2(x)r(x) dx = 0 . (6)
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The compactness of the L
−1 and T operators

In the notes, it is shown that if

Lu = v, (7)

where v ∈ C[a, b], then

u(x) = L−1v(x) =

∫ b

a
g(x, y)v(y) dy (8)

and

g(x, y) =
1

p(a)w(a)
·

{

u1(x)u2(y), a ≤ x ≤ y ≤ b ,

u2(x)u1(y), a ≤ y ≤ x ≤ b .
(9)

Clearly, L−1 is a linear operator. Furthermore, the kernel g(x, y) is continuous on the compact set

[a, b]2 and hence bounded which, in turn, implies that L−1 is bounded.

At this point, the Course Notes focus on the operator T , defined as follows,

Tu(x) = −L−1(ru) = −

∫ b

a
g(x, y)r(y)u(y) dy , (10)

On Pages 83-84, T is shown to be self-adjoint with respect to the weighted inner product 〈, 〉r. It

is then stated that “T is compact and self-adjoint on (L2[a, b], 〈, 〉r), although compactness is not

proved, either directly or by reference to a theorem or previous result from the Course Notes. Such

a previous result does exist: It is Example 4.8 on Page 75. The kernel g(x, y) of L−1, shown above

to be in C([a, b]2), is also in L2([a, b]2). Hence L−1 is compact. Since the function r(x) is in C[a, b],

the kernel of T is also in C([a, b]2) and therefore in L2([a, b]2). Hence, from Example 4.8, T is compact.

At this point, we recall that if T : X → Y is a compact linear operator then R(T ) 6= Y . One may

ask whether L−1 and T map the space L2[a, b] to a space that is “recognizable”. (Recall that in the

case that the kernel g(x, y) is a multinomial in x and y, the range space R(T ) is finite-dimensional,

being a linear space of polynomials.) Indeed, since the kernel g(x, y) in Eq. (9) is in C([a, b]2), it

follows that L−1 and T map C[a, b] to C[a, b]. Let us now rewrite the kernel g(x, y) in Eq. (9) so that

the expression for L−1 in Eq. (8) becomes

u(x) = L−1v(x) = Ku1(x)

∫ b

x
u2(y)v(y) dy +Ku2(x)

∫ x

a
u1(y)v(y) dy , K = [p(a)w(a)]−1 . (11)

Then if v ∈ C[a, b], we could immediately conclude that u ∈ C1[a, b] from the Fundamental Theorem

of Calculus. But the function u is a solution to the inhomogeneous DE in Eq. (7), then u should be

in C2[a, b]. Let us check this by differentiating leftmost and rightmost sides of Eq. (11), recalling that

u1 and u2 are in C2[a, b]:

u′(x) = Ku′
1
(x)

∫ b

x
u2(y)v(y) dy −Ku1(x)u2(x)v(x) +Ku′

2
(x)

∫ x

a
u1(y)v(y) dy +Ku2(x)u1(x)v(x)

= Ku′
1
(x)

∫ b

x
u2(y)v(y) dy +Ku′

2
(x)

∫ x

a
u1(y)v(y) dy . (12)

It should be clear that we can differentiate both sides of the above equation to show that u′′(x) is

continuous on (a, b). It therefore follows that L−1, and therefore the operator T , map the space C[a, b]

to C2[a, b]. In fact, by construction, they map the space C[a, b] to the subspace of C2[a, b] composed

of functions that satisfy the boundary conditions R1u = R2u = 0. This is stated in the middle of Page

84 of the notes.
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But what about functions v in L2[a, b] that are not in C[a, b]? Where are they mapped by L−1

and T ? If v ∈ L2[a, b] in Eq. (11), we cannot compute u′(x) by means of the Fundamental Theorem

of Calculus, since the integrand is not continuous (or piecewise continuous). We can, however, use the

following result to conclude that u(x) in Eq. (11) is continuous.

Theorem: Let v ∈ L2[a, b] (hence in L1[a, b]) and define u(x), a ≤ x ≤ b as follows,

u(x) =

∫ x

a
v(t) dt . (13)

Then u is uniformly continuous on [a, b].

Proof: If v = 0 on [a, b] (in the L2 sense), then u = 0 and the desired result follows. Otherwise,

u(x)− u(y) =

∫ x

a
v(t) dt−

∫ y

a
v(t) dt

=

∫ y

x
v(t) dt . (14)

Therefore,

|u(x)− u(y)| =

∣

∣

∣

∣

∫ y

x
v(t) dt

∣

∣

∣

∣

≤

∫ y

x
|v(t)| dt (finite, since v ∈ L1)

≤

[
∫ y

x
12 dt

]

1/2 [∫ y

x
|v(t)|2 dt

]

1/2

≤ |x− y|1/2‖v‖2 . (15)

Given an ǫ > 0, |u(x) − u(y)| < ǫ for all x, y such that |x − y| < δ, where δ = ǫ2/‖v‖2
2
. The theorem

is proved.

We have therefore shown that the operator L−1 maps L2 functions on [a, b] to continuous functions

on [a, b], i.e.,

L−1 : L2([a, b]) → C[a, b] . (16)

Very shortly, we shall be able to identify the range of L−1 more precisely: It is the subset of functions

of C[a, b] whose derivatives are L2 functions, namely, the Sobolev space W 1

2
[a, b] that was mentioned

in Question No. 5 of Problem Set 4 of the Course Notes as the completion of C1[a, b] with respect to

the ‖ ‖1,2 norm. In this way, we can assert that solutions of the inhomogeneous problem,

Lu = v , v ∈ L2[a, b], (17)

belong to the Sobolev space W 1

2
[a, b].

So far, our discussion has focussed on the operator L−1. Returning to the operator T in Eq.

(10), we see that if r ∈ C[a, b], then, from the preceding discussion, T maps L2[a, b] to C[a, b] (more

precisely, W 1

2
[a, b]. This is also the case if the weighting function r ∈ L2[a, b].
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