
AMATH 731: Applied Functional Analysis Fall 2009

Supplementary notes on the spectrum of a linear operator

(To accompany Section 4.8 of the AMATH 731 Course Notes)

The following discussion is brief and in no way assumed to be complete. For more details, the reader is

referred to the book, Linear Operator Theory for Science and Engineering, by A.W. Naylor and G.R. Sell,

starting at p. 411.

Section 4.8 of the AMATH 731 Course Notes is concerned with one aspect of the so-called “spectral

theory” of compact, linear, self-adjoint operators, namely, the existence and properties of the eigenvalues of

such operators. We are, of course, very accustomed to eigenvalues and eigenvectors from earlier studies of

matrices as linear operators in Rn. As we now know, such operators, having finite dimensional range, are

compact.

Here, however, we are concerned with the more general case of linear operators on infinite-dimensional

Banach/Hilbert spaces. The eigenvalue/eigenvector equation is still the same: Given a Banach space X and a

(not necessarily bounded) linear operator L : X → X , if the following relation is satisfied for some v ∈ X and

a real (or complex) number λ:

Lv = λv, (1)

then x is said to be an eigenvector of L with eigenvalue λ.

It will be convenient to rewrite the above equation in the form

M(λ)v = (λI − L)v = 0, (2)

where I denotes the identity operator in X . The operator M(λ) = λI−L is a linear operator, and the eigenvector

v belongs to the null space of M(λ), i.e., v ∈ N(M(λ)). Note that we have chosen to write M(λ) to emphasize

its dependence on λ.

Clearly, if L has eigenvalues λ1, λ2, · · · , λN with associated eigenvectors v1, v2, · · · , vN , then

M(λn)vn = (λnI − L)vn = 0, n = 1, 2, · · · , N. (3)

And, of course, in the infinite-dimensional case, N = ∞. In this case, along with the assumption that L is

compact and self-adjoint, we have the following important properties (from Theorem 3.11 of the Course Notes):

1. λn ∈ R for all n,

2. |λn| ≤‖ L ‖ for all n, with |λ1| =‖ L ‖,

3. |λ1| ≥ |λ2| ≥ · · ·,

4. lim
n→∞

λn = 0.

In general, it is necessary to consider the “other” values of the parameter λ in the operator M(λ), for the

following reason. Many problems in mechanics and applied mathematics in general can be expressed in the

form

Lx + f = λx, (4)

x, f ∈ X and LX → X is a linear operator. Often, one is required to solve for x, given an f and λ. Rewriting

this equation as

(λI − L)x = f, (5)

it is tempting to say that one can solve for x, i.e.,

x = R(λ)f = (λI − L)−1f, (6)

provided that λ is not an eigenvalue of L. But there is more to this problem – one must consider the nature of

the operator R(λ) = (λI − L)−1, which is called the “resolvent operator.”
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The solvability of Eq. (5) for the case of compact linear operators L was first investigated by I. Fredholm

(1903) and further developed by F. Riesz (1918) and J. Schauder (1930). One of the motivations for these works

was the Fredholm integral equation of the second kind, having the form

x(t) − µ

∫
b

a

k(s, t)x(s) ds = y(t). (7)

Setting µ = 1/λ and f(t) = λy(t) casts this integral equation into the form of Eq. (5). The net result of

this work is that the operator λI − L (usually expressed in the form T − λI) satisfies the so-called Fredholm

alternative: either

1. Eq. (5) has a unique solution for all f ∈ X , or

2. the associated homogeneous equation, obtained by setting f = 0 in Eq. (5) has a finite number of linearly

independent solutions.

A discussion of the Fredholm alternative is beyond the scope of this course. For more details, the reader is

referred to the book, Introductory Functional Analysis with Applications, by I. Kreyszig.

The spectrum of a linear transformation

It is necessary to introduce the following definitions:

Definition 1 Let L : X → X be a linear operator in a normed linear space X. The resolvent set ρ(L) is the

set of complex numbers λ for which R(λ) = (λI − L)−1 is a bounded operator with domain that is dense in X.

Such points of C are called regular points. The spectrum, σ(L) of L is the complement of ρ(L).

There are three possibilities for a point λ ∈ σ(L), i.e., λ is not a regular point, but rather is in the spectrum

of L:

1. The operator (λI − L) is one-to-one and its range is dense in X . The inverse (λI − L)−1 exists but is

unbounded. In this case, λ is said to belong to the continuous spectrum of L.

2. The operator (λI−L) is one-to-one but its range is not dense in X . Equivalently, the resolvent (λI−L)−1

exists, but its domain is not dense in X . In this case, λ is said to belong to the residual spectrum of L.

3. (λI −L) is not one-to-one and therefore does not have an inverse. In this case, there is an x 6= 0 satisfying

Lx = λx. In this case, λ is an eigenvalue of L and belongs to the point spectrum (or eigenvalue

spectrum) of L.

Some examples:

1. L is an N × N matrix operator acting on RN . L has only a point spectrum consisting of no more than

N eigenvalues. All other points of the complex plane are regular points – in other words, at these other

points, (λI − L)−1 exists, and you can solve Eq. (6).

2. The differentiation operator L = d/dt acting in C1(a, b) ⊂ C[0, 1]. Any point λ ∈ C belongs to the point

spectrum, since for any λ, the equation

Lx = λx, or
dx

dt
= λx (8)

has a solution x(t) = eλt.

3. The situation is quite different for the differentiation operator L = d/dt acting on the linear subspace

X ⊂ L2(−∞,∞) of functions x(t) for which dx/dt is in L2(−∞,∞). Here, the functions eλt do not belong

to L2(∞,∞). As a result, Re(λ) 6= 0 is in the resolvent set and Re(λ) = 0 is the continuous spectrum of

L. For details, see Naylor and Sell, pp. 423-426.

4. L is a compact linear operator in a Hilbert space H . Then L has only a point spectrum. (We’ll return to

this point.) In the case that H is infinite dimensional, the results of Theorem 4.11 of the Course Notes,

listed earlier, apply.
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5. The so-called “coordinate operator” Q in C[a, b] defined by

Qu(t) = tu(t). (9)

Q has no eigenvalues. (u(t) = 0 is not eligible.) To investigate further, consider the equation

(λI − Q)u(t) = λu(t) − Qu(t) = f(t), (10)

i.e.,

(λ − t)u(t) = f(t). (11)

If λ /∈ [a, b], then this equation has the unique solution

u(t) = f(t)/(λ − t) = (λ − Q)−1f(t). (12)

which implies that all such λ belong to the resolvent set.

If λ ∈ [a, b], then the inverse function (λ−Q)−1 is defined for functions f(t) such that f(λ) = 0. This set

of functions, the domain of (λ−Q)−1 is not dense in C[a, b], which means that points λ ∈ [a, b] belong to

the residual spectrum of Q.

6. The coordinate operator Q in L2[a, b]. The domain of (λI − Q)−1 is dense in L2[a, b] but (λI − Q)−1 is

unbounded. (Exercise.) This implies that [a, b] is the continuous spectrum of Q. (This is important in

quantum mechanics.)

The general study of spectral properties of linear operators in is quite complex – after all, the book by

Naylor and Sell is an introduction! There is the case of bounded vs. unbounded operators, normal vs. non-

normal, self-adjoint vs. nonself-adjoint, etc.. In this course, we have examined the well-behaved case of compact,

self-adjoint operators. Even here, we have so far considered only the spectra of such operators. In what follows,

we present a few more interesting points. But we begin with another look at the spectrum.

Existence of at least one nonzero eigenvalue for a compact self-adjoint operator

Proposition 4.9 in the Course Notes (p. 79) could also be stated in the following way:

A non-zero, linear, compact, self-adjoint operator L on a Hilbert space H has at least one non-zero

eigenvalue λ.

From Proposition 4.9, by construction, |λ| =‖ L ‖.

A simple example: Consider the following linear Fredholm integral operator on L2[0, 1]:

Lx(t) =

∫
1

0

stx(s) ds. (13)

The kernel k(s, t) = st is symmetric, implying that L is self-adjoint. Since k(s, t) ∈ L2[0, 1]2, L is compact. We

now look for eigenvalues of L. Note that

Lx(t) = t

∫
1

0

sx(s) ds. (14)

In other words, the range of L is the one-dimensional subspace, span{t} = {at : a ∈ R}. This implies that

v(t) = t is an eigenfunction of L. Substitution into (14) yields

λt = t

∫
1

0

s2 ds =
1

3
t, (15)

implying that λ = 1

3
. An independent calculation (Exercise) shows that ‖ L ‖2=

1

3
.
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Positive and strictly positive linear operators

Definition 2 A bounded linear self-adjoint operator L on a Hilbert space H is said to be positive if 〈Lx, x〉 ≥ 0

for all x ∈ H. This is often denoted as “T ≥ 0” or “0 ≤ T”. L is said to be strictly positive if 〈Lx, x〉 > 0

for all x 6= 0. This is often denoted as “T > 0” or “0 < T”.

A simple consequence of this definition is the following:

Theorem 1 Let L be a strictly positive, compact, self-adjoint operator on an infinite dimensional Hilbert space

H. Then the eigenvalues of L are positive, with λ1 =‖ L ‖ and

λ1 ≥ λ2 ≥ λ3 ≥ · · · > 0. (16)

Furthermore lim
n→∞

λn = 0.

The Rayleigh-Ritz Method

This section was removed and placed in the next handout entitled, Weak convergence in a Hilbert space and the

Ritz approximation method.

4


