
AMATH 731: Applied Functional Analysis Fall 2007

The Fourier transform and the “Sampling Theorem”

(to supplement Section 4.3 of the Course Notes)

Digital representation and reconstruction of audio and video data involves sampling of the data. For

example, suppose that we have a function f(t) that represents a continuous audio signal, for example, the music

that we hear at a concert. Digitization of this signal involves producing samples of this function of the form

xn = f(nT ) (1)

for some desired sampling time T > 0. For example, T = 1/8000 sec. for a modest “8 MHz” sampling rate.

A natural question is, “Can we reconstruct the continuous function f(t) from the sampled values f(nT )?”

In general, with “real-world” signals that we encounter in day-to-day life, the answer is “No.” Now, if the

function f(t) happens to be very well approximated by piecewise linear interpolation of the sample points, then

such sampling could work well. That being said, such a function would “sound terrible.”

Of course, a number of questions remain regarding how well the function f(t) can, in fact, be approximated.

One may suspect that the approximation improves as T is decreased. However, this is done at a price – we

produce more data! A convenient reference point is provided by the Sampling Theorem, which gives a condition

on f so that it can be reconstructed exactly, provided that we sample it sufficiently often.

Before we look at this result, let us return to the practicalities of sampling. In practice, one has to work

with approximations even of the samples f(nT ) themselves. (We won’t even get into the question of how

these samples are produced.) The samples are quantized in order to be stored as digital data. For example, a

particular software may use 1 byte = 8 bits per sample, with one bit specifying the sign of f(nT ) and seven

bits to specify its modulus to one part in 127 (of some fixed maximum modulus).

A digitized sound file that uses 8000 8-bit samples/sec has the quality of a telephone transmission – certainly

not acceptable for a home stereo. For a CD recording that uses 44100 16-bit samples/sec, the amount of storage

required is
44100 samples

sec
· 3600 sec

hour
· 2 bytes

sample
=

318 Mbytes

hour
. (2)

Needless to say, digitized audio files are huge! (Unless you compress them further, at the expense of reducing

the quality of the sound.)

As mentioned in the previous handout, there are numerous definitions of the Fourier transform, with

variations in the normalization constants and frequency variables. In what follows, we work with a definition

that is used in much of the engineering literature as well as in mathematics books that towards connections

with engineering. (Note that this definition differs from the one used in the previous handout.)

In what follows, we shall work with the following definition of the Fourier transform of a function f(t),

t ∈ R:

F (s) = (Ff)(s) =

∫ ∞

−∞

e−i2πstf(t) dt. (3)

The inverse Fourier transform, in which f(t) can be reconstructed from its Fourier transform F (s), is given by

f(t) = (F−1F )(t)

∫ ∞

−∞

ei2πstF (s) ds. (4)

In applications, t is usually interpreted as the “time variable” and s as the “frequency variable.” Note that

because of the appearance of the factor “2π” in the exponent, s will be in units of cycles/sec (as opposed to

radians/sec, if the 2π were not there).

It is convenient to introduce two very important functions:
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1. The Rectangle, or “Rect” function:

Π(t) =







1, |t| < 1
2

0, |t| > 1
2

1
2 , |t| < 1

2

(5)

2. The “Sinc” function:

sinc(t) =

{

sin(πt)
πt , t 6= 0

1, t = 0
(6)

A fundamental result is that:

The Fourier transform of Π(t) is sinc(s).

In other words, if f(t) = Π(t), then

F (s) = sinc(s) =

∫ ∞

−∞

e−i2πstΠ(t) dt. (7)

The corresponding inverse relation is

f(t) = Π(t) =

∫ ∞

−∞

ei2πstsinc(s) ds. (8)

There are two other important results that will be useful below. If F = Ff , then

1. Scaling property:

F [f(at)] =
1

|a|F
( s

a

)

. (9)

2. Shift property:

F [f(t − τ)] = F (s)e−i2πsτ . (10)

Now a few comments from the viewpoint of mathematical analysis. We shall assume that the functions

f(t) are real-valued and elements of the real-valued Hilbert space Ht = L2(−∞,∞). The Fourier transforms of

functions in Ht are complex-valued functions F (ω) such that

1.

∫ ∞

−∞

|F (s)|2 ds < ∞,

2. Re[F (s)] is an even function about ω = 0, i.e.

Re[F (s)] = Re[F (−s)] (11)

(for almost all ω) and Im[F (s)] is an odd function, i.e.,

Im[F (s)] = −Im[F (−s)] (12)

(for almost all ω).

The Fourier transforms X(s) are elements of the complex-valued Hilbert space Hs with inner product defined

by

〈F, G〉 =

∫ ∞

−∞

F (s)G(s) ds. (13)
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Note that, because of the even and odd nature of, respectively, the real and imaginary parts of F and G, it

follows that 〈F, G〉 is real for all F, G ∈ Hs.

The Sampling Theorem is concerned with bandlimited functions, i.e., functions f(t) whose Fourier trans-

forms F (s) are supported on a finite interval, i.e. −σ ≤ s ≤ σ. This may seem to be artificial but, in fact, is

quite a practical situation. Sounds made by the human voice are contained well within the frequency range of

the piano keyboard, where “low A” has a frequency of 27.5 Hz and “high C” a frequency of 4186 Hz. As such,

speech signals are essentially bandlimited with σ = 4000 Hz. And since the human ear does not respond to

frequencies above 20000 Hz, we may consider music signals to be essentially bandlimited with σ = 20000 Hz.

With this in mind, we define the closed linear subspace Mσ of Ht as follows:

Mσ = {f(t) ∈ Ht : F (s) = (Ff)(s) = 0 for |s| ≥ σ}. (14)

This is our space of bandlimited signals. It is often helpful to express these transforms in the form

F (s) = F (s)Π
( s

2σ

)

(15)

to emphasize the fact that F (s) = 0 for |s| > σ.

Also let Mσ of Hs be defined as follows

Mσ = {F (s) ∈ Hs : F (s) = 0 for |s| ≥ σ}. (16)

This is our space of bandlimited Fourier transforms. Note that F(Mσ) = Mσ. Mσ and Mσ are unitarily

equivalent Hilbert spaces.

We now make use of the following result: Let I[a, b] be any bounded interval with a < b and let H be the

complex space L2(I) with the usual inner product. Then the functions

en(t) = (b − a)−1/2exp

(

2πin
t− a

b − a

)

, n = 0,±1, · · · (17)

form a complete orthonormal set in L2(I). We apply this result to the interval [a, b] = [−σ, σ] to conclude that

the set of functions

Φn(s) =

{

1√
2σ

e−inπs/σ, |s| ≤ σ,

0, |s| > σ, n = · · · ,−1, 0, 1, 2, · · · , (18)

forms a complete orthonormal set in Mσ. This implies that for any F ∈ Mσ, there exists an expansion of the

form

F (s) =

∞
∑

n=−∞

〈F, Φn〉Φn, (19)

where

〈F, Φn〉 =
1√
2σ

∫ σ

−σ

F (s)eiπns/σds. (20)

But recall that F = Ff or f = F−1F , i.e.,

f(t) = (F−1F )(t) =

∫ ∞

−∞

ei2πnstF (s) ds =

∫ σ

−σ

ei2πnstF (s) ds, (21)

recalling that F (s) is bandlimited. A comparison of Eqs. (20) and (21) shows that

〈F, Φn〉 =
1√
2σ

f
( n

2σ

)

. (22)
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Eq. (19) then becomes

F (s) =

∞
∑

−∞

f
( n

2σ

)

e−inπs/σ 1

2σ
Π

( s

2σ

)

, (23)

where we have also inserted the “rect” function to remind us that F (s) = 0 for |s| > σ. We now take inverse

Fourier transforms of both sides. The functions on the right side, i.e.,

gn(s) = e−inπs/σ 1

2σ
Π

( s

2σ

)

, (24)

are phase-shifted and scaled “rect” functions. As such, their inverse Fourier transforms will be appropriately

time-shifted and scaled sinc functions. The net result is the important

“Cardinal Series” or “Sampling Theorem”

f(t) =

∞
∑

n=−∞

f
( n

2σ

)

sinc(2σt − n), t ∈ R. (25)

This result is often written as

f(t) =

∞
∑

n=−∞

f(nT ) sinc

(

t

T
− n

)

, (26)

where T =
1

2σ
is one-half the period associated with the maximum frequency σ.

The usual interpretation: A bandlimited signal can be completely recovered from samples of its values, i.e.,

f(nT ), n = · · · ,−1, 0, 1, 2, · · ·, as long as the samples are taken frequently enough, i.e., at least at the rate 2σ.

This minimum rate is referred to as the Nyquist rate.

The cardinal series is often referred to as “Shannon’s sampling theorem” because of Shannon’s classic paper

of 1948. However, the result was shown by E.T. Whittaker in 1915, a work that Shannon cited in his 1948

paper. For this reason, it is also referred to as the “Whittaker-Shannon sampling theorem”. There is also

evidence that the mathematician Cauchy was aware of the mechanism of band-limited signal sampling back in

1841. And Borel, in an 1897 paper, states the essential features of the sampling theorem.

A brief survey of the history of the sampling theorem is given in the Introduction to the book, Introduction

to Shannon Sampling and Interpolation Theory, by Robert J. Marks II. Copies of this Introduction will be

distributed with this handout.
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