
AMATH 731: Applied Functional Analysis Fall 2017

Additional notes on projections and approximations

(to supplement, Section 4.3, “Projection Theorem,” of the Course Notes)

In a metric space X, the distance from an element x ∈ X to a nonempty subset Y ⊂ X is defined

to be

δ = inf
z∈Y

d(x, z). (1)

In a normed space, this becomes

δ = inf
z∈Y

‖ x− z ‖ . (2)

It is most often important to know whether

1. there exists a point y ∈ Y such that

d(x, y) or ‖ x− y ‖= δ , (3)

and

2. if such a point exists, whether it is unique.

In other words, we are concerned with existence and uniqueness of such a closest point y. This is

important in the context of approximation theory. If there exists a unique element y ∈ Y for which

Eq. (3) is satisfied, then we y could be viewed as the best approximation in Y to x ∈ X. The value

δ may be viewed as the error in the approximation x ≃ y. We shall return to this idea later in this

section.

Here we simply state that there is a quite significant difference between Banach spaces and Hilbert

spaces with regard to Eq. (3). In the case of Banach spaces, is not always guaranteed that a y ∈ Y

satisfying (3) exists. The following result is to be found in Linear Operator Theory in Science and

Engineering, by A.W. Naylor and G.R. Sell (Theorem 5.14.3, p. 285):

Theorem 1 Let X be a Banach space and let Y be a closed linear subspace of X. Let x ∈ X and

define δ as in (2). Then for each η > 0, there is a y ∈ Y such that

δ ≤‖ x− y ‖< δ + η. (4)

In other words, there are approximations to x in Y such that the error ‖ x − y ‖ is arbitrarily close

to δ. But the theorem does not say that the infimum value δ can actually be achieved. Indeed,

even if X is complete and Y closed, the existence of a point y for which the infimum value δ is not

always guaranteed. The example discussed by Naylor and Sell following Theorem 5.14.3 on page 285

illustrates this point.

That being said, the situation for Banach spaces is not as grim as it may appear from the above.

Many Banach spaces, including those employed in applications, possess an additional property that
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guarantees the existence of a unique minimzes y ∈ Y . We’ll return to this idea later in this section.

On the other hand, the problem of nonexistence and nonuniqueness cannot occur in Hilbert space, as

we sketch below.

Theorem 2 (Minimizing vector) Let X be an inner product space and Y ⊂ X a nonempty convex

subset which is complete in the metric induced by the inner product on X. Let x ∈ X and define δ by

(2). Then there exists a unique y ∈ Y such that

‖ x− y ‖= δ. (5)

Proof: See Kreyszig, pp. 144-145. The proof is quite similar to that proof of existence/uniqueness in

the “Projection Theorem” of the AMATH 731 Course Notes, Section 4.3, p. 64.

If Y ⊂ X is now assumed to be a complete linear subspace, then we have the following result.

Theorem 3 (Orthogonality) Let Y in the previous theorem be a complete linear subspace and x ∈ X

fixed. Then z = x− y is orthogonal to Y .

Proof: Once again, see the “Projection Theorem” of the AMATH 731 Course Notes, Section 4.3, p.

64. Also Kreyszig, p. 145.

A consequence of the latter result is that the inner product space X decomposes into the direct sum

X = Y ⊕ Y ⊥.

The above two results, Minimizing vector and Orthogonality, in the case that X = H is a Hilbert

space, comprise the “Projection Theorem” of Section 4.3 in the AMATH 731 Course Notes. As

discussed in the Course Notes, and in more detail in the Supplementary Notes, an important case of

best approximation is when the subspace Y is the closed linear subspace,

Yn = span{e1, e2, · · · , en} , (6)

for some n ≥ 1, where {e1, e2, · · · , en} is an orthonormal set. In this case, the best approximation

y ∈ Yn to an element x ∈ H is unique and given by

y =
n
∑

k=1

〈x, ek〉ek . (7)

The 〈x, ek〉 are the Fourier coefficients of x.

Best approximation in Banach spaces

The discussion at the beginning of this section was meant to highlight some basic differences between

Banach and Hilbert spaces. As mentioned earlier, if a Banach space X satisfies an additional condi-

tion, to be discussed below, then the existence of a unique minimizer/best approximation is guaranteed.
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Much of the following material is based on the contents of Section 4.2, “Theory of approximation

in a normed linear space,” in the book, Functional Analysis: Applications in Mechanics and Inverse

Problems, Second Edition, by L.P. Lebedev, I.I. Vorovich and G.M.L. Gladwell. Proofs, which are to

be found in this book, are omitted here.

In what follows, we shall consider a quite simple, yet very common set of approximation problems,

along the lines of Eq. (6). Given a Banach space X, we consider the approximation space Yn to be

the closed linear subspace,

Yn = span{v1, v2, · · · , vn}, (8)

where the vi ∈ X are nonzero and linearly independent. In other words, the set of elements {vi}ni=1 ⊂ X

forms a basis in Yn. (Note that we are not assuming that the vi are normalized, i.e., ‖ vi ‖= 1.) The

Hilbert space approximation problem, Eq. (6), is a special case of this class of problems.

Let X be a Banach space with norm ‖ ‖. Given an element x ∈ X, the best approximation

y∗n ∈ Yn to x is defined as

y∗n =
n
∑

k=1

akvk , (9)

such that

‖ x− y∗n ‖ = min
c1,c2,···,cn

∥

∥

∥

∥

∥

x−
n
∑

k=1

ckvk

∥

∥

∥

∥

∥

, (10)

provided that such a minimizer exists (with no constraint on uniqueness). Alternatively, we may write

that the expansion coefficients a = (a1, a2, · · · , an) of the best approximation y∗n ∈ Yn in (9) are given

by

a = (a1, a2, · · · , an) = arg min
c∈Rn

∥

∥

∥

∥

∥

x−
n
∑

k=1

ckvk

∥

∥

∥

∥

∥

, (11)

With reference to Eq. (10), the quantity

∆n =‖ x− y∗n ‖ (12)

may be viewed as the approximation error associated with the approximation

x ≈ y∗n ∈ Yn . (13)

It should be clear that

Yn1
⊂ Yn2

for n1 < n2 . (14)

As such, we would expect/hope that the best approximations y∗n “get better,” or at least “do not get

worse,” with increasing n, i.e.,

∆n+1 ≤ ∆n , n = 1, 2, · · · . (15)

Of course, we would like to go one step further and be assured that

∆n → 0 as n → ∞ . (16)
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This, however, will depend upon whether or not we can find a complete or maximal set of basis ele-

ments {vk}∞k=1
∈ X. That is beyond the scope of this discussion.

Theorem 1: A solution (not necessarily unique) to the above minimization problem exists. (In other

words, we have existence.)

Theorem 2: If the Banach space X is strictly normed, then a unique solution to the minimization

problem in (9) exists.

Definition 1: A normed linear space X is said to be strictly normed if the equality

‖ x+ y ‖=‖ x ‖ + ‖ y ‖ x 6= 0 , (17)

implies that y = λx and λ ≥ 0.

Remarks:

1. The Banach spaces Lp and lp for 1 < p < ∞ are strictly normed. Note that L1 is not strictly

normed, which means that uniqueness of the minimizer is not guaranteed. Here is a simple

example in R2:

x = (1, 0), y = (0, 1) =⇒ ‖x‖ = ‖y‖ = 1 . (18)

Then

x+ y = (1, 1) and ‖x+ y‖ = 2 . (19)

We see that Eq. (17) is satisfied in the case that y 6= λx.

2. The Sobolev spaces Wm,p, to be discussed later in this course, are strictly normed for 1 < p < ∞.

3. A Hilbert space H is strictly normed. (This is consistent with the existence/uniqueness result

of Projection Theorem.) In this case, the norm is given by ‖x‖ =
√

〈x, x〉〉. If we further assume

that the elements vk ∈ H comprise an orthonormal set then the coefficients ak are the Fourier

coefficients of x, i.e., ak = 〈x, vk〉.

4. Indeed, for Banach spaces X that are not Hilbert spaces, the coefficients ak of best approxima-

tions are not, in general (dare we say almost never), expressible in terms of simple formulas as

in the Hilbert space case. This is a major reason why working in appropriate Hilbert spaces is

desirable.

Furthermore, working with an orthonormal basis {ek} in a Hilbert spaceH provides an additional

bonus: The coefficients (a1, a2, ·, an) employed in the best approximation y∗n ∈ Yn are also used

in all “higher order” approximations y∗m ∈ Ym for m > n. They do not have to be recomputed.

As such, one may obtain y∗n+1 from y∗n by simply computing the additional coefficient an+1 =

〈x, en+1〉.
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Some numerical examples

Here we examine the best L1 and L2 approximations of two simple functions f : [0, 1] → R. As

mentioned earlier, the computation of best approximation coefficients ak in L1 cannot be done in closed

form, so we resort to numerical methods. In order that the approximations can be fairly compared,

the best approximations in L2 will also be computed numerically, as opposed to analytically.

The numerical approaches will involve a discretization of the functions over a set of N equally-

spaced mesh points xi ∈ [0, 1], i.e.,

xi = i∆x, 1 ≤ i ≤ N, where ∆x =
1

N
. (20)

For a given approximation space Yn spanned by the basis functions vk, 1 ≤ k ≤ n, the function value

f(xi) will be approximated at each mesh point xi as follows,

f(xi) ≈
n
∑

k=1

ckvk(xi) , 1 ≤ i ≤ N . (21)

This may be expressed in vector/matrix form as follows,

f ≈ Bc , (22)

where

f = (f1, f2, · · · , fN )T ∈ RN , (23)

with components

fi = f(xi) , (24)

c is the vector of expansion coefficients, i.e.,

c = (c1, c2, · · · , cn)T ∈ Rn (25)

and B is an N × n matrix with elements,

bij = vj(xi), 1 ≤ i ≤ N , 1 ≤ j ≤ N . (26)

In a given Banach space (here, L1 or L2), the coefficients ak of the best approximation y∗n in (9) will

be given by

a = arg min
c∈Rn

‖Bc − f‖ . (27)

The following set of linearly independent functions on [0, 1] were employed in all computations:

v1(x) = 1, vk(x) = cos[(k − 1)πx] , k = 2, 3, · · · . (28)

These functions form an orthogonal (but not orthonormal) basis in the Hilbert space L2([−1, 1]). (The

cosine functions would have to be multiplied by the factor
√
2 to produce an orthonormal basis.)

Example 1: We first consider the function f(x) = x2 on [0, 1].
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Approximation function f(x) = x2 on [0, 1]. Left: Best L2 approximation using 3 basis functions. Right: Best

L1 and L2 approximations using 3 basis functions.

In the figure below on the left are plotted the graphs of f(x) and its best L2 approximation in Y3, i.e.,

using the three functions {v1, v2, v3}. On the right, for purposes of comparison are plotted the best L1

and L2 approximations in Y3 to f(x). The L1 approximation is observed to lie slightly farther away

from the graph of f(x) in the region near x = 1.

Below are shown the the best L1 and L2 approximations to f(x) in Y10, i.e., using the 10 functions

{v1, v2, · · · , v10}. As expected, both approximations are much better than their Y3 counterparts.
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Approximation function f(x) = x2 on [0, 1]. Left: Best L2 approximation using 10 basis functions. Right:

Best L1 and L2 approximations using 10 basis functions.
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Example 2: We now consider the following step function on [0, 1],

f(x) =

{

0 , 0 ≤ x ≤ 1

2
,

1 , 1

2
< x ≤ 1 ,

(29)

In the figure below are shown the best L1 and L2 approximations to f(x) in Y10, i.e., using the 10

functions {v1, v2, · · · , v10}.
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Step function of Example 2. Left: Best L2 approximation using 10 basis functions. Right: Best L1 and L2

approximations using 10 basis functions.

The best L1 and L2 approximations in Y20, i.e., using the 20 functions {v1, v2, · · · , v20}, are shown

below.
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Step function of Example 2. Left: Best L2 approximation using 20 basis functions. Right: Best L1 and L2

approximations using 20 basis functions.

In both sets of results, a rather interesting observation of the L1 approximations can be made. They

seem to oscillate with a lesser amplitude than their L2 counterparts, staying closer to the horizontal

pieces that comprise the graph of f(x). In terms of the L2 metric, they are not optimal – the L2 best

approximations are optimal. Perhaps the seeimingly better performance of the L1 approximations

about the horizontal components of f(x) is overridden by their poorer approximations to f(x) near

the discontinuous jump at x = 1/2.
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