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3.5 Preconditioned Krylov subspace methods (1 lectures)
Reference: [Trefethen, Bau III] Lecture 40

3.5.1 Preconditioned Krylov subspace methods

The focus of modern numerical linear algebra is to find effective preconditioners
for Krylov subspace methods. The most widely-used scheme is the combinations of
the followings:

• Krylov subspace methods: conjugate gradient, GMRES, BiCGSTAB, etc.

• Preconditioners: incomplete Cholesky (for symmetric matrices), incomplete LU,
etc.

Consider Krylov subspace methods for solving

Ax = b. (3.5.1)

We have seen that convergence rate for conjugate gradient:

�
κ(A)− 1�
κ(A) + 1

. In general, con-

vergence rates for Krylov subspace methods depend on the condition number κ(A). Small
condition number κ(A)→ fast convergence. Can we reduce the condition number to speed
up convergence?

Idea: Choose M ≈ A, and use Krylov subspace methods to solve the preconditioned
system:

M−1Ax = M−1b. (3.5.2)

M−1A ≈ I , κ(M−1A) ≈ 1 (optimal condition number). To make the computation practi-
cal, we want to choose M such that the inversion of M is easy.

To reduce the condition number and speed up convergence for Krylov subspace
methods, solve preconditioned system:

M−1Ax = M−1b. (3.5.3)

• M ≈ A.

• M is cheap/easy to invert, or solving (3.2.11) is easy.
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3.5.2 Preconditioned conjugate gradient

If A is SPD, conjugate gradient is applicable to the linear system Ax = b. To ensure
that conjugate gradient is still applicable for preconditioned linear system, we also require
M−1 to be SPD.

Remark 38 (Correct way to apply M−1 to Ax = b). Even if M−1 is SPD, M−1A is not
necessarily SPD. The correct way to apply M−1 to Ax = b is not naively M−1Ax = M−1b.
Instead, we first Cholesky factorize M−1 as M−1 = L−1(L−1)T , where L−1 is a lower
triangular matrix. Then we apply L−1 symmetrically to the left and the right of the matrix
A as follows:

Ax = b ⇒ L−1A(L−1)T� �� �
Ã

LTx����
x̃

= L−1b����
b̃

⇒ Ãx̃ = b̃. (3.5.4)

Now Ã = L−1A(L−1)T is SPD. The reason is that Ã = L−1A(L−1)T is symmetric. Also,
since L−1 is full-rank, by Theorem ??, Ã = L−1A(L−1)T is PD.

It turns out that if we apply preconditioning for conjugate gradient, we actually don’t
have to construct the modified system Ãx̃ = b̃. The actual implementation of precondi-
tioned conjugate gradient is given as follows:

Algorithm 15 Preconditioned conjugate gradient

1: r(0) = b− Ax(0)

2: for k = 0, 1, 2, · · · , n− 1 do � iteration until convergence
3: z(k) = M−1r(k)

4: β(k−1) =
(r(k), z(k))

(r(k−1), z(k−1))
� β(−1) = 0

5: p(k) = z(k) + β(k−1)p(k−1) � step 1: compute descent direction

6: α(k) =
(r(k), z(k))

(p(k), Ap(k))
� step 2: compute step size

7: x(k+1) = x(k) + α(k)p(k) � step 3: update solution
8: r(k+1) = r(k) − α(k)Ap(k) � step 4: update residual
9: end for

Remark 39. Basically, only add one line z(k) = M−1r(k).

Remark 40. Recover conjugate gradient if M = I .
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3.5.3 Incomplete LU (or Cholesky) factorization as preconditioner
We have seen that matrix M for stationary iterative methods satisfies that (1) M ≈ A

and (2) M is easy to invert. Hence, they can be used as preconditioner.

• Jacobi: M = D

• Gauss-Seidel: M = D − L

• Symmetric Gauss-Seidel: M = (D − L)D−1(D − L)T

However, in general, these preconditioners are not the best choices.

Remark 41. Both Jacobi and Symmetric Gauss-Seidel are SPD, and can be used as pre-
conditioners for conjugate gradient, GMRES and BiCGSTAB. Gauss-Seidel is not SPD,
and cannot be used as preconditioner for conjugate gradient. However, it can still be used
as preconditioner for GMRES and BiCGSTAB.

Remark 42 (Jacobi preconditioner). The preconditioned conjugate gradient method is not
affected if the preconditioning matrix is scaled. In other words, for any nonzero constant
γ, the sequence of steps x(0), x(1), · · · taken using the preconditioner γM is identical to
the steps taken using the preconditioner M . In fact, the condition number κ(M−1A) is
invariant under scaling γ. Hence, for 2D Poisson matrix, Jacobi preconditioner does not
speed up computation.

Better choices: incomplete LU (or Cholesky) factorization. The motivations are the
following:

• Full LU (A = LU ) or full Cholesky (A = GGT ) can be used to solve Ax = b exactly.

• However, for preconditioned linear system, we are using Krylov subspace methods,
and we do not need full LU or full Cholesky. All we need is to come up with an M ,
such that M ≈ A and M is easy to invert.

Incomplete LU (or Cholesky) factorization:

• Factorize A into A ≈ L̂Û (or A ≈ ĜĜT ) approximately.

• Now define M = L̂Û (or M = ĜĜT ). Then we have M ≈ A. Also, M = L̂Û
(or M = ĜĜT ) is easy to invert. Hence, M can used as a good preconditioner
for Krylov subspace methods.

• The key is to make computation of A ≈ L̂Û (or A ≈ ĜĜT ) cheap, so that we do
not introduce much extra computational work just to build the preconditioner M .
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• To save computational work of constructing M , skip all (or most) steps of LU
(or Cholesky) that would introduce fill-in. The sparsity pattern of the resulting
factorized matrix stays the same (or close to) A.

The simplest iLU factorization: iLU factorization with no fill-in, known as iLU(0).

Algorithm 16 iLU(0)
1: for k = 1, · · · , n− 1 do
2: for i = k + 1, · · · , n do
3: if aik �= 0 then � skip all the zeros
4: aik = aik/akk

5: end if
6: for j = k + 1, · · · , n do
7: if aij �= 0 then � skip all the zeros
8: aij = aij − aik ∗ akj
9: end if

10: end for
11: end for
12: end for

The rest of the lecture is a brief overview on the variance of iLU(0).

Remark 43 (iLU(p)). Consider performing iLU factorization with a few fill-ins. There is
an intuitive feeling that fill-in resulting from other fill-in elements is less important than
fill-in coming from non-zero elements of A. So we introduce the level of fill-in:

Levfill(aij) = min(Levfill(aij),max(Levfill(aik), Levfill(akj)) + 1).

Performs iLU factorization with p-th level fill-in, known as iLU(p).

Example 26 (Level of fill-in).



× × × ×
× ×

× × • × •
× × • × • ×

× • × ×
× • × × ×




→




0 0 0 0
0 0

0 0 1 0 1
0 0 1 0 2 0

0 2 0 0
0 1 0 0 0




89



Yangang Chen, U Waterloo CS 475/675 Notes, Spring 2017

You can use graph to determine the level of fill-in.

Remark 44 (iLUT). iLU with threasholding: Throw away small elements in the factoriza-
tion.

Remark 45 (iLUTP). iLUT with pivoting. Pivoting can help significantly in improving the
quality of the preconditioner. As for direct methods, it is advantageous to pivot elements
with large modulus to the main diagonal.

Remark 46. Multigrid preconditioner is the optimal preconditioner for the matrices arising
from discretization of elliptic PDEs (e.g. Poission equation). The number of iterations is
usually O(1), independent of the mesh size m (or matrix size n).

90


