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Open and closed subsets of a metric space: An interesting example

Here is Section 2.4 of the Course Notes, up to Proposition 2.4, with a couple of additional comments.

2.4 Open and Closed Sets

(X, d) is a metric space.

Definition 2.6: The open ball of radius r about p is Br(p) = {x : d(x, p) < r }. (Comment:

Although it is not stated explicitly, it is assumed that p ∈ X.)

Definition 2.7: O ⊂ X, O is open if for each p ∈ O, there exists r > 0 so that Br(p) ⊂ O.

Definition 2.8: C ⊂ X, C is closed if {xn} ⊂ C, xn → x, then x ∈ C. (Comment: Although it is not

stated explicitly, it is assumed that the limit x is in X, i.e., x ∈ X. This actually addresses a question

that was raised in class.)

Notation: Ac is the complement of A: Ac = {x ∈ X : x /∈ A } .

Proposition 2.4:

(1) If O is open then Oc is closed. (Comment: Although not explicitly stated, we’re assuming, as

in Definition 2.7, that O ⊂ X.)

(2) If C is closed then Cc is open. (Comment: Although not explicitly stated, we’re assuming, as

in Definition 2.8, that C ⊂ X.)

Now consider the example: X = (0, 2) ⊂ R, with subset A = (1, 2), so that Ac = (0, 1]. (I thank Erik

Maki (Fall 2014) for this interesting example.)

From Definition 2.7, it should be clear that A satisfies the requirements of an open set. But what

about the set Ac? From Proposition 2.4 (2), Ac = (0, 1] is closed. But (0, 1] doesn’t look like a closed

set, at least from what we have seen in the past! I’m sure that you would immediately come up with

the convergent sequence, xn =
1

n
, with limit 0 /∈ (0, 1], implying that (0, 1] is not closed.

Resolution of this problem: The interval (0, 1] is neither closed nor open if we consider it as a

subset of the real line R. But in this example, we are considering it as a particular subset of the

given metric space X = (0, 2). We have to return to Definition 2.8 and keep in mind the additional

comment that the limit point x of the sequence is assumed to be in the metric space X. Therefore,

the sequence xn =
1

n
does not qualify, since its limit 0 is not an element of X = (0, 1).

Therefore, the subset (0, 1] of the metric space (0, 2), from Proposition 2.4, is closed.



Before moving on, let’s return to the subset A = (1, 2) ⊂ (0, 2). Perhaps it is closed : After all, we

are not allowed to consider sequences in A such as xn = 2 −
1

n
that converge to 2, since the point 2

is not an element of X. But if we consider the sequence xn = 1 +
1

n
which is a subset of A, we see

that it converges to the limit 1 which is an element of X but not an element of A. Therefore A is not

closed, as expected.

Finally, note that the sets O and C in Definitions 2.6 and 2.7, respectively, were assumed to be proper

subsets of X. What about X itself? In the above example, is the metric space X = (0, 2) closed,

open, neither or both?

Is X = (0, 2) a complete metric space? No, because the Cauchy sequence xn =
1

n
does not converge

(to an element in X).


