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Using the Newton-Kantorovich method to locate fixed points of a function

In the previous handout, we examined the function F : R2 → R
2 defined as

F (x, y) =

(

1

2
x+ xy + 1
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y2

x2y

)

.

Specifically, we examined its fixed points:

(x̄1, ȳ1) = (0, 0), (x̄2, ȳ2) = (−1, 1), (x̄3, ȳ3) = (1,−1 +
√
2), (x̄4, ȳ4) = (1,−1−

√
2).

and found, using the Fréchet derivative, that only (0, 0) was locally attractive. Thus only this fixed

point could be detected numerically by the iteration procedure xn+1 = F (xn).

We now devise a scheme to detect all fixed points of this function using the Newton-Kantorovich

method. First define the function

G(x, y) = F (x, y)− (x, y) =

(
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)

.

Clearly, zeros of G are fixed points of F . We now apply the N-K scheme to G.

The Fréchet derivative (Jacobian) of G is easily computed to be:

DG(x, y) =

[
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2
+ y x+ y

2xy x2 − 1

]

( = DF (x, y)− I ).

The Newton-Kantorovich function associated with G will now be

NK(x, y) = (x, y)− [DG(x, y)]−1G(x, y),

which we shall not write out explicitly.

The NK method is guaranteed to converge locally to zeros of G, hence fixed points of F . This is

observed numerically. In the figure below, we plot the basins of attraction of the four fixed points

(x̄i, ȳi) of F . Each basin is shaded with a different shade of grey. Each root is also depicted with a

small white circle.

Clearly, the situation is quite complicated! The most obvious observation is that the basins are

not connected sets. The boundary separating these sets is extremely complicated. The portions of

the respective basins that surround the fixed points (1,−1 +
√
2) and (1,−1 −

√
2) are large, and

presumably extend outward indefinitely. However, the portion of the basin of (0,0) that encloses

(0,0) is quite small, in comparison with the basin of attraction under iteration of F (previous

handout).

The dynamics associated with the fixed point (−1, 1) also looks interesting. Even though it appears

that the basin boundary of this fixed point is large, with many large components, it also appears

that points from other basins are found not too far from this fixed point. As a result, one cannot



Basins of attraction of the four fixed points (x̄i, ȳi) for the Newton-Kantorovich scheme outlined

above. The region pictured above is [−5, 5]2 ∈ R
2, i.e., −5 ≤ x, y ≤ 5. The location of each fixed

point is designated with a small white dot.

Basins of attraction of the four fixed points (x̄i, ȳi) in the vicinity of the fixed point (−1, 1). −2 ≤
x ≤ 0, 0 ≤ y ≤ 2. The location of the fixed point (−1, 1) is designated with a small white dot.



construct a very large circular region around this fixed point that contains points only in its basin

boundary. A magnified plot of the region around this fixed point is shown in the figure below.

The complication around this fixed point may be due, either in whole or in part, to the fact that

the determinant of the Fréchet derivative is zero at the fixed point.

Finally, the structure of the basins of attraction over the region [−20, 20] is shown below. It is

interesting that the x- and y-axes seem to become, asymptotically, part of the basin boundaries.

Basins of attraction of the four fixed points (x̄i, ȳi) over the revion −20 ≤ x, y ≤ 20.


