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Dynamics of iteration xn+1 = F (xn) toward locally attractive fixed points

Recall the result for C1 functions f : R → R: If p is a fixed point of f , i.e., f(p) = p and |f ′(p)| < 1,

then p is locally attractive, i.e., there exists an interval I containing p such that f◦n(x) → p for all x ∈ I.

A simple proof is provided by the Mean Value Theorem (Assignment No. 1). In other words, if x0 is

close enough to the attractive fixed point p, then we may find better and better approximations to p by

means of the iteration sequence xn+1 = f(xn), probably reaching it, to finite computational accuracy,

given the geometric convergence of the iterates.

This procedure may be extended to multidimensional (nonlinear) mappings via the Generalized Mean

Value Theorem. Consider mappings F : Rn → Rn. Suppose that p ∈ Rn is a fixed point of F . Further

suppose that the Fréchet derivative DF (x) exists and is continuous on a neighbourhood N of p and that

‖ DF (p) ‖< 1. Then p is locally attractive, i.e., there exists a ball B(p) such that F ◦nx → p for all

x ∈ B(p). Once again, if x0 is close enough to p, we may approach p by means of the iteration sequence

xn+1 = F (xn). (The proof is left as an exercise.)

Note: These existence results are local – they do not say anything about the structure of the basin of

attraction of a fixed point p, i.e., the set of points x ∈ Rn for which the sequence F ◦n(x) → p.

Example 1: Consider the function F : R2 → R2 defined as follows

F (x, y) =

(

1

2
x+ xy + 1

2
y2

x2y

)

.

The fixed points of F are:

(x̄1, ȳ1) = (0, 0), (x̄2, ȳ2) = (−1, 1), (x̄3, ȳ3) = (1,−1 +
√
2), (x̄4, ȳ4) = (1,−1 −

√
2).

The Fréchet derivative (Jacobian) of F is easily computed to be:

DF (x, y) =

[

1

2
+ y x+ y

2xy x2

]

A numerical examination of DF (x, y) at each of the fixed points (eigenvalues) shows that (x̄1, ȳ1) = (0, 0)

is the only fixed point at which ‖DF (x, y)‖ < 1. As such, (0, 0) is the only fixed point of F that can be

locally attractive. Here, we have used the L2 operator norm: From Problem Set 3 of the AMATH 731

Course Notes, p. 92, Question 2(b), i.e.,

‖DF (x, y)‖2 = [ρ(DF T (x, y)DF (x, y))]1/2,

where ρ(M) denotes the spectral radius of matrix M , i.e., ρ(M) = max{|λi|, where λi is an eigenvalue

of M}.

The Fréchet derivative of F at (0, 0) is

DF (0, 0) =

[

1

2
0

0 0

]

. Eigenvalues: λ1 =
1

2
, λ2 = 0.

Very shortly, in another Supplementary Note, we shall discuss how the dynamics of the iteration procedure

xn+1 = F (xn) near a fixed point p is well described by the the dynamics of the linearized iteration

procedure,

xn+1 = DF (p)(xn) .



From the expression for DF (0, 0) above, we see that for (xn, yn) near (0,0),

xn+1 =
1

2
xn yn+1 = 0 · yn = 0 ,

implying that any iteration sequence sufficiently close to (0, 0) will approach (0, 0) in the limit n → ∞.

We do not expect this to be the case around the other fixed points. This is confirmed by numerical

calculations.

In Fig. 1 is a plot (in black) of the region of points (x, y) near (0, 0) for which the Fréchet derivative

‖DF (x, y)‖ < 1. Over this region, we expect the nonlinear mapping F to be contractive. As such, we

expect that all of these points will, under iteration by F , approach the fixed point (0, 0).

Fig. 1: Region (in black) around fixed point (0, 0) for which ‖DF (x, y)‖ < 1. The entire region pictured

above is −5 ≤ x, y ≤ 5.

In Fig. 2 below is plotted an approximation to the actual basin of attraction of the locally attractive

fixed point (0, 0): The set of points x0 = (x0, y0) ∈ R2 for which the sequence xn+1 = f(xn) converges

to (0, 0). Note the that portions of the boundary appear to be quite complicated, perhaps even “fractal”

in nature.

A slight magnification of the lower-right boundary of the basin of attraction is shown in Fig. 3 below.

Note: Each of the other fixed points of F will also have, by definition, basins of attraction. The basin

of attraction of a repulsive fixed point p will include p itself, but no points in its neighbourhood. (There

may also be other points that are mapped to p.) The “adherence” of a repulsive fixed point will probably

not be detected numerically because of roundoff errors.

We can actually state one global result: The x-axis is part of the basin of attraction of (0, 0). To see this,

note that

F (x, 0) =

(

1

2
x

0

)

.

The x-axis is an invariant set with respect to f . In other words, if we start on the x-axis, i.e., y = 0, we

remain on the x-axis. And the iterates xn are contracted toward x = 0 geometrically.



Fig. 2: Basin of attraction of the fixed point (0, 0). The entire region pictured above is −5 ≤ x, y ≤ 5.

Fig. 3: Boundary of the basin of attraction of the fixed point (0, 0) in the region 0 ≤ x ≤ 1,

−3 ≤ y ≤ −2.



Example 2:

F (x, y) =

(

x2 − y2 − 1

2

2xy

)

.

Fixed points: (x̄1, ȳ1) = (
1

2
[1−

√
3], 0), (x̄2, ȳ2) = (

1

2
[1 +

√
3], 0).

Fréchet derivative (Jacobian): DF (x, y) =

[

2x −2y

2y 2x

]

(x̄1, ȳ1) ≈ (−0.366, 0) is the only attractive fixed point:

DF (x̄1, ȳ1) =

[

1−
√
3 0

0 1−
√
3

]

. Eigenvalues: λ1 = λ2 = 1−
√
3 ≈ −0.732.

Fig. 3: Basin of attraction of the fixed point x̄1 ≈ (−0.366, 0). The region pictured above is

−2 ≤ x, y ≤ 2.

There is a great deal of interesting mathematics behind this example. It represents the iteration of the

complex-valued function g(z) = z2 − 1

2
in the complex plane. (F1(x, y) and F2(x, y) are, respectively, the

real and imaginary components of the complex mapping g.) The boundary of the basin of attraction in

Fig. 3 is the so-called Julia set of g(z).

Example 3: If we remove the term −1

2
from F1(x, y), the resulting mapping,

F (x, y) =

(

x2 − y2

2xy

)

,

represents the iteration of the complex-valued function g(z) = z2 in the complex plane. The fixed points

of this mapping are

(x̄1, ȳ1) = (0, 0), (x̄2, ȳ2) = (1, 0) .

The Fréchet derivative (Jacobian) of F is the same as in Example 2. As such, (x̄1, x̄2) = (0, 0) is the

only attractive fixed point. Iteration of F (x, y) represents the iteration of the complex-valued function

g(z) = z2 in the complex plane. Using the polar representation of complex numbers, i.e., z = reiθ, it is

easily shown that:

1. The unit circle |z| = 1 is invariant under the map g(z) = z2, i.e., if |z| = 1, then |g(z)| = 1. The

unit circle is the Julia set of g(z) = z2.



2. If we start with any point z0 which lies inside the unit circle, i.e., z0 = r0e
iθ, with 0 ≤ r0 < 1, then

the sequence of iterates zn+1 = g(zn) = z2n approach 0 in the limit n → ∞.

Example 4: The mapping,

F (x, y) =

(

x2 − y2 − 1

2xy

)

.

represents the action of the function g(z) = z2 − 1 in the complex plane.

Fixed points: (x̄1, ȳ1) = (
1

2
[1−

√
5], 0), (x̄2, ȳ2) = (

1

2
[1 +

√
5], 0).

Fréchet derivative (Jacobian): DF (x, y) =

[

2x −2y

2y 2x

]

Once again (x̄2, x̄2) is repulsive. As for (x̄1, ȳ1):

DF (x̄1, ȳ1) =

[

1−
√
5 0

0 1−
√
5

]

. Eigenvalues: λ1 = λ2 = 1−
√
5 ≈ −1.24,

which implies that it is also repulsive.

If both fixed points are repulsive, what happens to iterates under F? A little extra work shows that there

is a “two-cycle,” (p1,p2), i.e.,

p2 = F (p1) , p1 = F (p2) ,

to which iterates are attracted. The basin of attraction of this two-cycle is shown in Fig. 4. This basin

of attraction is the Julia set of the complex map g(z) = z2 − 1.

Fig. 3: Basin of attraction of the attractive two-cycle of the complex map g(z) = z2 − 1. The region

pictured above is −2 ≤ x, y ≤ 2.


