
AMATH 731: Applied Functional Analysis Fall 2017

Some preliminary notes on the Newton-Kantorovich method

(a prelude to the proof of Theorem 3.23, p. 49-51, of Course Notes)

Newton’s Method on R

Recall Newton’s method – also referred to as the Newton-Raphson method – as applied to functions

f : R → R, a problem that you studied in Problem Set. No. 1. The goal of this method is to provide

approximations to the zeros of f . In what follows, we let x̄ denote a zero of f , i.e., f(x̄) = 0. The

Newton-Raphson function associated with f(x) is given by

N(x) = x−
f(x)

f ′(x)
, (1)

where assume that f is differentiable at least over a neighbourhood of x̄. There are possible compli-

cations at critical points of f , where f ′(x) = 0 and also if the zeros of f are not simple, but we avoid

these details here.

From the definition of N(x), it is clear that N(x̄) = x̄, i.e., x̄ is a fixed point. Our goal is to

analyze the iteration procedure

xn+1 = N(xn). (2)

It is well known that if the seed x0 of this sequence is sufficiently close to x̄, then xn → x̄. In fact, as

you showed in Problem Set No. 1, if f is twice-differentiable, then

|N(x)− x̄| ≤ K|x− x̄|2. (3)

This is referred to as quadratic convergence – the error in approximating x̄ with N(x) is proportional

to the square of the error in approximating x̄ with x. Repeated application of this result yields

|xn − x̄| ≤ Kn|x0 − x̄|2
n

. (4)

This rate of convergence is much faster than the rate Kn|x0 − x̄|n that would result from linear

convergence, where the exponent “2” is replaced with “1” in Eq. (3).

Let us backtrack a bit and recall how the quadratic convergence of the Newton method was

established. Taking derivatives of both sides of Eq. (1) yields

N ′(x) =
f(x)f ′′(x)

[f ′(x)]2
, (5)

now assuming, of course, that f ′′(x) exists. From this comes the important result,

N ′(x̄) = 0. (6)

We now apply Taylor’s theorem about the point x̄: For x sufficiently close to x̄,

N(x) = N(x̄) +N ′(x̄) +
1

2
N ′′(c)(x− x̄)2, (7)

where c lies between x̄ and x. Since N(x̄) = x̄ and N ′(x̄) = 0, we have

N(x)− x̄ =
1

2
N ′′(c)(x− x̄)2. (8)
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Restricting x to a δ-neighbourhood of x̄, taking absolute values, and assuming that N ′′(x) is continu-

ous/bounded over this set, we arrive at Eq. (3).

Example: Newton’s method applied to the function f(x) = x2 − 1. The zeros of f are x̄1 = 1 and

x̄2 = −1. A simple calculation yields

N(x) =
1

2
x+

1

2x
. (9)

The graphs of f(x) and N(x) are sketched below. The sketch of the graph of N(x) shows that N ′(x)

at its fixed points x̄i, which are the zeros of f(x).
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The next step is to provide a estimate of the radius δ of a ball Bδ(x̄) within which such quadratic

convergence to x̄ is guaranteed. Indeed, for any 0 < δ < 1

K
, say δ = 1

2K
, where K is given in Eq. (3),

the Newton function N(x) is a contraction over Bδ(x̄). So we now have the existence of a unique fixed

point x̄, hence zero of f(x).

Newton-Kantorovich Method on Banach spaces

The goal of Section 3.12 of the Course Notes is to analyze the Newton method as applied to Banach

spaces, i.e., solving the equation F (x) = 0, where F : X → X and X is a Banach space. The simple

geometric picture employing tangents to the curve y = f(x) for functions f : R → R may not apply in

this case, but we can come up with a Newton-like function, the so-called Newton-Kantorovich function,

associated with F (x), as follows. First of all, we approximate F (x) in a neighbourhood of a point

x0 ∈ X in terms of its Fréchet derivative,

F (x) ≈ F (x0) +DF (x0)(x− x0). (10)

This follows from the formal definition of the Fréchet derivative, where we have ignored the remainder

term, R(x0, x) = o(h), where h = x− x0. Ideally, we would like F (x) to be zero, i.e.,

F (x0) +DF (x0)(x− x0) = 0. (11)

We now solve for x in terms of x0:

DF (x0)(x− x0) = −F (x0), (12)

implying that

x− x0 = −DF (x0)
−1F (x0), (13)

assuming that the Fréchet derivative DF (x0) ∈ B(X), a linear operator, is invertible. A rearrangement

yields

x = x0 −DF (x0)
−1F (x0). (14)
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In other words, given an estimate x0 of a zero of F (x), we produce a new estimate

x1 = N(x0), (15)

where N : X → X denotes the Newton-Kantorovich (NK) function associated with F (x),

N(x) = x− F ′(x)−1F (x), x ∈ X, (16)

where, for simplicity, F ′(x) denotes DF (x) ∈ B(X), the Fréchet derivative of F evaluated at x. Once

again, F (x̄) = 0 implies that N(x̄) = x̄, i.e., x̄ is a fixed point of N . We now state an important result

for the NK mapping in Eq. (16). It is the Banach space analogy to Eq. (6).

Theorem:

N ′(x̄) = DN(x̄) = 0. (17)

Proof:

N(x̄+ h)−N(x̄) =
[

x̄+ h− F ′(x̄+ h)−1F (x̄+ h)
]

−
[

x̄− F ′(x̄)−1F (x̄)
]

= h− F ′(x̄+ h)−1F (x̄+ h) (since F (x̄) = 0 )

= F ′(x̄+ h)−1
[

F ′(x̄+ h)h− F (x̄+ h)
]

= F ′(x̄+ h)−1
[

(F ′(x̄+ h)− F ′(x̄))h+ (F ′(x̄)h− F (x̄+ h) + F (x̄))
]

, (18)

where we have added F (x̄) = 0 to the final term. Now take norms of both sides and divide by ‖h‖ 6= 0,

‖N(x̄+ h)−N(x̄)− 0h‖

‖h‖
≤ ‖F ′(x̄+ h)−1‖

[

‖F ′(x̄+ h)− F ′(x̄)‖+
‖F (x̄+ h)− F (x̄)− F ′(x̄)h‖

‖h‖

]

.

(19)

As ‖h‖ → 0,

‖F ′(x̄+ h)− F ′(x̄)‖ → 0 , (20)

where we are assuming that F ′(x) ∈ B(X) for x in some ball Bδ(x̄) centered at x̄, and

‖F (x̄+ h)− F (x̄)− F ′(x̄)h‖

‖h‖
→ 0 , (21)

from the definition of the Fréchet derivative F ′(x̄). This implies that the LHS of Eq. (19) goes to

zero. Note that we have added the term 0h to the numerator, establishing the desired result, i.e.,

N ′(x̄) = 0. The proof is complete.

It follows, trivially, that ‖DN(x̄)‖ ≤ 1, so that an argument involving the Generalized Mean Value

Theorem may be invoked to deduce the existence of a ball Bδ(x̄) within which convergence of the

iteration sequence xn+1 = N(xn) to x̄ is guaranteed (Exercise). That being said, the estimation of δ

is quite complicated and is the basis of Theorem 3.23 in Section 3.12 of the Course Notes.

Recalling Eq. (6), the fact that ‖DN(x̄)‖ = 0 suggests that iteration of the Newton-Kantorovich

function might exhibit quadratic convergence near x̄, keeping in mind the scalar case. The proof of

quadratic convergence – also accomplished in Theorem 3.23 – is quite complicated because it does not

make any assumptions on the existence of the higher order Fréchet derivative, F ′′(x). The following

discussion is intended to provide a gentle introduction to this proof, by applying some of its strategy

to the Newton-Raphson function N(x) for functions f : R → R.
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First of all, we make no assumptions on the existence of f ′′(x), which means that we cannot use

Eq. (5). For the moment, we simply assume that f ′(x) is continuous over a neighbourhood containing

x̄, with f ′(x̄) 6= 0. This implies the existence of a neighbourhood Bδ(x̄) over which f ′(x) 6= 0, so that

the Newton function N(x) does not “blow up”. Consider the following manipulations:

N(x)− x̄ = x−
f(x)

f ′(x)
− x̄

=
1

f ′(x)
[f ′(x)(x− x̄)− f(x)]

=
1

f ′(x)
[f ′(x)(x− x̄)− f(x) + f(x̄)] (since f(x̄) = 0)

=
1

f ′(x)
[f(x̄)− f(x)− f ′(x)(x̄− x)]. (22)

Eventually, we shall want to take absolute values, i.e.,

|N(x)− x̄| =
1

|f ′(x)|
|f(x̄)− f(x)− f ′(x)(x̄ − x)|. (23)

Notice that the term on the RHS looks like a second-order remainder term coming from Taylor’s

theorem, applied to f at the point x. If we could assume that f were C2, then this term would be

given by 1

2
f ′′(c)(x̄ − x)2, thus arriving at our quadratic convergence result. But we’re not assuming

that f is C2 here!

Nevertheless, from our assumption that f is C1 around x̄, we can employ the Mean Value Theorem,

i.e.,

f(x)− f(x̄) = f ′(c)(x− x̄) where c lies between x̄ and x. (24)

We may then rewrite Eq. (23) as follows,

f(x̄)− f(x)− f ′(x)(x̄− x) = f ′(c)(x̄− x)− f ′(x)(x̄− x)

= (f ′(c)− f ′(x))(x̄− x). (25)

Insertion of this result into Eq. (23) yields

|N(x)− x̄| =
1

|f ′(x)|
|f ′(c)− f ′(x)||x̄− x|. (26)

We would now like to provide an upper bound to the RHS. First of all, continuity of f ′(x) over the

neighbourhood Bδ(x̄) along with the fact that f ′(x) 6= 0 implies that

1

|f ′(x)|
≤ K (27)

for some K > 0. Furthermore, continuity of f ′(x) implies that

|f ′(c)− f ′(x)| ≤ M (28)

for some M ≥ 0. This yields the result

|N(x)− x̄| ≤ KM |x̄− x|, x ∈ Bδ(x̄). (29)

The next step is to make δ > 0, hence M , small enough so that KM < 1, thus making N a contraction

mapping. In any case, this result is not very exciting, since the convergence is only linear.

Let us now make an additional assumption on f ′(x), namely, that it is Lipschitz, i.e.,

|f ′(x)− f ′(y)| ≤ L|x− y|, (30)
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for some L ≥ 0. (Recall that the Lipschitz property is stronger than continuity but not as strong as

differentiability.) Substitution into Eq. (26) yields

|N(x)− x̄| ≤ KL|x̄− x|2, x ∈ Bδ(x̄), (31)

implying quadratic convergence. In summary, we have arrived at quadratic convergence without the

assumption that f be C2. And we can also come up with a δ > 0, e.g., δ = 1

2KL
, so that N is a

contraction mapping on Bδ(x̄).

In the more general Banach space case, it is necessary to ensure the existence of the Fréchet

derivative over a neighbourhood of the zero x̄. In what follows, we give an idea of this aspect of the

proof by examining further the much simpler scalar case considered above.

In the scalar case, the goal is to have some control on the term 1/|f ′(x)|, i.e., that it does not

“blow up”. Once again, we start with the assumption that f ′(x) is continuous in a neighbourhood of

x̄. This implies that f ′(x) is “close” to f ′(x̄) for x near x̄. But how does this closeness translate to

the reciprocals 1/f ′(x) and 1/f ′(x̄)?

For simplicity of notation, we let A = f ′(x̄) and B = f ′(x). What can we say about |B−1 −A−1|

in terms of |B −A|? Well,

1

B
−

1

A
=

1

AB
(A−B) =

1

A

A−B

B

=
A−1(A−B)

A+B −A

=
A−2(A−B)

1−A−1(A−B)
. (32)

Taking absolute values,

∣

∣

∣

∣

1

B
−

1

A

∣

∣

∣

∣

=
|A−1|2|A−B|

|1−A−1(A−B)|

≤
|A−1|2|A−B|

1− |A−1||A−B|
, for |A−B||A−1| < 1. (33)

As expected, we have B−1 → A−1 as B → A. The next step in the proof is to bound the term B−1

in terms of A. With a little more work, we can ensure that

1

|B|
≤

2

|A|
(34)

over a suitable neighbourhood Bδ1(x̄).
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