
Lecture 29

The Newton-Raphson method as a dynamical system on R

In this section we review the well-known Newton-Raphson method, or simply “Newton’s method” for

finding the zeros or roots of a function f(x). Our goal is to discuss Newton’s method in the complex

plane, in order to see some consequences of Julia-Fatou theory on the basins of attraction. Since we

have encountered Newton’s method on the real line earlier in this course, this first section can be

skipped if desired.

The Newton iteration function associated with a function f(x) is given by

N(x) = x − f(x)

f ′(x)
. (35)

It is well known that iteration sequences xn+1 = N(xn) converge locally to a root x∗ of f , i.e. f(x∗) = 0.

The geometric interpretation of this iteration process is sketched below. Given an iterate xn that is

“reasonably close” to the zero x∗, the iterate xn+1 is determined by the intersection of the tangent

line to the graph of f(x) at (xn, f(xn)) and the x-axis:

y

y = f(x)

f(xn)

xnxn+1x∗

slope f ′(xn)

x

The points (xn, f(xn)) and (xn+1, 0) lie on the tangent line at (xn, f(xn)) which has slope f ′(xn).

Thus

f ′(xn) =
f(xn) − 0

xn − xn+1
, (36)

which is then rearranged to solve for xn+1:

xn+1 = xn − f(xn)

f ′(xn)
(37)

= N(xn). (38)
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Note that zeros of f are fixed points of N(x) : f(x∗) = 0 =⇒ N(x∗) = x∗. If fact, these are the only

fixed points of N(x), i.e.

x̄ = N(x̄) ⇔ f(x̄) = 0. (39)

It is somewhat comforting to know that the Newton function has no fixed points that are not zeros of

f(x). This saves us from having to check such fixed points to see whether, indeed, they are zeros of

f(x).

However, given our study of discrete dynamical systems to date, we are naturally curious as

to whether the zeros of f(x) are necessarily attractive fixed points of N(x). In other words, is it

guaranteed that a fixed point x̄ of N(x) will attract nearby estimates? There would be a definite cause

for concern if the answer were “No”. As such, we must examine the multiplier N ′(x̄) to see whether

or not x̄ is attractive. First,

N ′(x) = 1 − [f ′(x)]2 − f(x)f ′′(x)

[f ′(x)]
(40)

= −f(x)f ′′(x)

[f ′(x)]2
. (41)

If x̄ = x∗ is a zero of f , then it follows that

N ′(x̄) = 0. (42)

In other words, the fixed point is attractive.

A cautionary note should be added here: We have assumed that f ′(x̄) 6= 0. This, in fact, is

equivalent to the assumption that x̄ = x∗ is a simple zero of f(x), i.e. f(x) can be factored as

f(x) = (x − x∗)g(x) where g(x∗) 6= 0. In the discussion that follows, we shall continue with this

assumption.

Example: f(x) = x2 − 1. The zeros of f are x∗
1 = 1 and x∗

2 = −1. A simple calculation shows that

N(x) =
1

2
x +

1

2x
.

We sketch f(x) and N(x) below:
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y = x2 − 1
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x

y

0

x

y

0 1-1

y = 1

2
x + 1

2x

The reader is invited to graphically compare the Newton iteration method in both figures, using

a starting point x0 near one of the roots x∗
i .

Let us now examine the behaviour of the iteration scheme xn+1 = N(xn) near a fixed point x∗

in a little more detail in order to get an idea of the successive errors in approximation to x∗. Since

N ′(x∗) = 0, we shall apply Taylor’s theorem for n = 1 to N(x) over an interval I containing x∗. We

are also assuming that N ′′(x) is defined for all x ∈ I. For any x ∈ I,

N(x) = N(x∗) + N ′(x∗)(x − x∗) +
1

2!
N ′′(c)(x − x∗)2, (43)

where c lies between x and x∗. However, N(x∗) = x∗ and N ′(x∗) = 0, giving

N(x) = x∗ +
1

2
N ′′(c)(x − x∗)2. (44)

Now suppose that |N ′′(x)| < M for all x ∈ I. Then (44) can be rearranged to give

|N(x) − x∗| ≤ K|x − x∗|2, (45)

where K = 1
2M . If x is to be considered an approximation to x∗, then the absolute error of this

approximation is given by ǫ = |x − x∗|. Eq. (45) tells us that the error in approximating x∗ by N(x)

is

|N(x) − x∗| ≤ Kǫ2. (46)

This is known as the quadratic convergence of Newton’s method. Quadratic convergence is due to the

fact that N ′(x∗) = 0. From (46), the convergence of the iteration sequence xn+1 = N(xn) to a fixed

point x̄ = x∗ of N(x) is given by

|xn+1 − x∗| ≤ K |xn − x∗|2. (47)
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For example, if ǫn = |xn − x∗| ∼= 10−5, then we expect ǫn+1 = |xn+1 − x∗| to be on the order of

10−9 − 10−10, roughly a doubling of the number of digits of accuracy in approximating x∗.

Example: We return to f(x) = x2 − 1 with Newton function

N(x) =
1

2
x +

1

2x
.

If we use the starting value x0 = 10, then the following iterates are produced, to ten digits of accuracy:

n xn

1 5.050

2 2.624009901

3 1.502553013

4 1.084043468

5 1.003257851

6 1.000005290

7 1.000000000

The rapid convergence of the iterates is clearly demonstrated.

Exercise: Construct the Newton function N(x) associated with the quadratic f(x) = x2 − a2,

a > 0. sketch f(x), N(x) and determine the basins of attraction of the roots x∗
1 = a, x∗

2 = −a.

In general, the basins of attraction for roots of a function f(x) will not be so “nice”. Indeed,

Newton’s method was constructed with the idea of local convergence, i.e. starting with a reasonable

approximation x0 of a root x∗ and then constructing a sequence xn+1 = N(xn) of improved estimates

to x∗. This must always be kept in mind in applications.

The geometric picture of Newton’s method can give us an idea of how the basins of attraction for

a root can be more complicated in structure. For example, consider the situation sketched below.
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x
p2 q2p1q1

a1 b1 a2 b2

x∗

2

x∗

1

y

From the graph, it seems reasonable that points x ∈ [a1, b1] belong to the basin of attraction W (x∗
1) and

points x ∈ [a2, b2] belong to W (x∗
2). However, it also appears that points x ∈ [p1, q1] are mapped by

N(x) into the interval [a1, b1], so that [p1, q1] ⊂ W (x∗
1). Likewise [p2, q2] ⊂ W (x∗

2). Indeed, depending

upon the behaviour of the graph of f(x) for x < a1 and x > b2, it is possible that points lying in

either of the intervals (b1, p2) or (q1, a2) are eventually mapped into [a1, b1] or [a2, b2].

As well, it is also possible – in fact necessary – that there exist points x ∈ R that do not belong to

either of the basins of attraction W (x∗
1) or W (x∗

2). These points would include “boundary points”, i.e.

those points that separate the sets W (x∗
1) and W2(x

∗
2). In order to obtain an idea of the complicated

behaviour that may exist in a region with a local minimum such as the region containing [p1, q1] and

[p2, q2] above, let us examine the behaviour of Newton’s method applied to the function f(x) = x2 +1.

Of course, f(x) has no real roots, so N(x) has no real fixed points. Nevertheless, there is some

interesting dynamical behaviour here.

y

1p1-1p2

y = x2 + 1

x

Let’s return to Newton’s function for f(x) = x2 + 1,

N(x) =
1

2
x +

1

2x
. (48)

It turns out that N(x) has a two-cycle (p1, p2), i.e. N(p1) = p2 and N(p2) = p1, as shown above.
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Exercise: Show that (p1, p2) =
(

1√
3
,− 1√

3

)

.

The next natural question is, “Is this two-cycle attractive or repulsive?”

Exercise: Show that |N ′(p1)N
′(p2)| = 4, implying that the two-cycle is repulsive.

It turns out that N(x) possesses a great deal of cycles that are all repulsive. In fact, N(x) defines

a chaotic dynamical system on R. However, this is beyond the scope of this course.

Newton’s Method in the complex plane C

In this section we examine Newton’s method for finding roots of functions in the complex plane, i.e.

given a complex-valued function f of a complex variable z ∈ C, we define N : C → C as

N(z) = z − f(z)

f ′(z)
. (49)

As we show only briefly below, Newton’s method in the complex plane demonstrates some fascinating

dynamics. If anything, the few results shown below should serve as a motivation to explore the subject

of iterated complex mappings even further.

Square roots of unity: f(z) = z2 − 1

We return to our original motivating example, f(z) = z2 − 1, with roots z∗1 = 1 and z∗2 = −1,

where z ∈ C. We are concerned with the question: “What are the basins of attraction of these two

roots, i.e. W (1) and W (−1)?” Recall that in the real-variable case, W (1) = {x ∈ R |x > 0} and

W (−1) = {x ∈ R | x < 0}. One might expect, on the basis of symmetry, that these basins of attraction

are “continued” into the complex plane to produce the complex basins of attraction,

W (1) = {z ∈ C |Re(z) > 0} (right half-complex plane C+) (50)

W (−1) = {z ∈ C |Re(z) < 0} (left half-complex plane C−). (51)
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Im(z)

C−

Re(z)
0 1-1

C+

We shall show that, indeed, this is the case. This result was established by the mathematician A.

Cayley in 1879.

The imaginary axis Im(z) = {z ∈ C | z = ti, t ∈ R} serves as a boundary between the right and left

half-planes, C+ and C−, respectively. We now examine the action of the Newton function associated

with f(z) = z2 − 1, namely,

N(z) =
1

2
z +

1

2z
, (52)

on the imaginary axis Im(z). If we set z = ti, then, for t 6= 0,

N(z) = N(ti) =
t

2
i +

1

2ti
(53)

=
1

2

[

t − 1

t

]

i. (54)

Since t ∈ R, it follows that N(ti) ∈ Im(z). This implies that the imaginary axis Im(z) is invariant

under the action of N , i.e. N : Im(z) → Im(z). This is somewhat encouraging if we want Im(z) to

be a boundary curve. (Note, however, that the real axis, Re(z), is also necessarily invariant under

the action of N(z), since the coefficients of N(z) in (52) are real.) However, we must rule out the

possibility that points may jump from C+ to C−, or vice versa, under the action of N .

Let z = a + bi, a, b ∈ R. Then, from (52),

N(z) = N(a + bi) =
1

2
(a + bi) +

1

2

1

a + bi
(55)

=
1

2
(a + bi) +

1

2

a − bi

a2 + b2
(56)

=
1

2
a

[

1 +
1

a2 + b2

]

+
1

2
b

[

1 − 1

a2 + b2

]

i. (57)

It follows that if a = Re(z) > 0, then Re(N(z)) > 0. As well, if a = Re(z) < 0, then Re(N(z)) < 0.

Therefore, we may conclude that N : C+ → C+ and N : C− → C−, so that points cannot hop from

C+ to C− or vice versa.
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So far, we have established that C+ (right half-plane), C− (left half-plane) and Im(z) (imaginary

axis) are invariant under the action of N(z). There is still some work to do to show that, in fact,

W (1) = C+ and W (−1) = C−. However, since such work is beyond the scope of this course, we merely

accept the result and refer the reader to the literature for further details.

A look at Eq. (54) will show that the action of N on Im(z) is equivalent to the action of Newton’s

map for f(x) = x2 + 1 on the real line. This should not be too surprising when one realizes that the

complex function f(z) = z2 + 1 has purely imaginary roots z∗1 = i and z∗2 = −i. Here, the boundary

between basins of attraction W (i) and W (−i) is the real line R.

Cube roots of unity: f(z) = z3 − 1

Let us now consider Newton’s method applied to the function f(z) = z3 − 1, with roots, z∗1 = 1,

z∗2 = −1
2 + 1

2

√
3i, z∗3 = −1

2 − 1
2

√
3i, i.e. the cube roots of unity. On the basis of the previous

discussion, one might expect that the basins of attraction for these roots would be the appropriate

one-third sectors of the complex plane C whose boundaries are rays emanating from the origin and

perpendicularly bisecting the line segments joining the roots z∗i , as shown in the diagram below:

− 1

2

Im(z)

Re(z)
1

z∗2

z∗3

z∗1

W (1)?
W (2)?

W (3)?

In fact, Cayley posed this question in his 1859 paper, which remained unanswered until the works of

the French mathematicians G. Julia and P. Fatou in the early 1900’s. Julia and Fatou were responsible

for the development of the theory of iteration of rational functions in the complex plane, a subject

which has received a great deal of renewed interest over the past 15-20 years, both with regard to

theory as well as applications.

In fact, the Julia-Fatou theory revealed that the picture of basin boundaries drawn on the previous

page could not be correct, since the basin boundaries would have to exhibit a most remarkable property

that we now briefly describe. Let p ∈ C be a point on a basin boundary curve associated with Newton’s
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method for f(z) = z3 − 1, with the three attractive fixed points z∗i . Now let Bǫ(p) denote a ball of

radius ǫ > 0 centred at p, i.e.

Bǫ(p) =
{

z ∈ C

∣

∣

∣
|z − p| < ǫ

}

.

This is sketched below:

a boundary curve
ǫ

p

Bǫ(p)

We emphasize that ǫ can be any positive number, however small in magnitude.

The remarkable result of Julia-Fatou theory is that the ball Bǫ(p) must contain points that belong

to each of the basins attraction W (z∗1), W (z∗2) and W (z∗3)! In other words, we must be able to find

points in Bǫ(p) that belong to W (z∗1), i.e. points that, under the action of N(z), eventually get closer

and closer to the root z∗1 , as well as points that belong to W (z∗2), and points that belong to W (z∗3).

Let us try to sketch this situation below:

points belonging to W (z∗
1
)

p

Bǫ(p)

boundary

points belonging
to W (z∗3 )

points belonging

to W (z∗
2
)

But wait a minute! The set of points belonging to W (z∗1) must have a boundary curve that

separates this set from the set of points belonging to W (z∗2) which, in turn, must have a boundary

curve that separates it from points in W (z∗3). Therefore, we must be able to pick any points from

these boundary curves and draw little “epsilon-balls” around them that contain points from each of

the three basins of attraction:

points belonging to W (z∗
1
)

p

Bǫ(p)

boundary

points belonging
to W (z∗

3
)

points belonging

to W (z∗2 )
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The reader may begin to appreciate the immense complication of such a boundary curve. Essen-

tially, the three basins of attraction W (z∗1), W (z∗2) and W (z∗3) must share a common boundary curve.

The implications in the case of three basins of attraction are enormous – the boundary curve must

have a complicated, self-similar, “fractal” structure.

In the early 1900’s and the absence of computers, it was difficult for mathematicians to envisage the

structure of these basins of attraction and their complicated boundary curves. Today, with computers,

we can at least obtain an idea of the complexity of these sets and curves. A computer approximation

of the basins of attraction for Newton’s method applied to f(z) = z3 − 1 is presented in the figure on

the next page.

Basins of attraction of the three cube roots of unity for Newton’s method applied to the function

f(z) = z3 − 1 in the complex plane.
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We outline briefly how this picture was obtained. The plot represents the square region −1 ≤
Re(z) ≤ 1, −1 ≤ Im(z) ≤ 1, divided up into a 512× 512 pixel grid. The geometric centre of each pixel

pij, 1 ≤ i, j ≤ 512, determined and then used as a starting point z0 for the Newton iteration method

zn+1 =
1

2
zn +

1

2zn

, n ≥ 0.

For each n, the term zn is checked for proximity to each of the roots z∗1 , z∗2 and z∗3 . If |zn − z∗i | < ǫ,

where ǫ > 0 is a preassigned value (say, 0.5), then the point z0 is classified as belonging to the basin of

attraction W (z∗i ) and the pixel pij is shaded accordingly (white if i = 1, gray if i = 2, black if i = 3).

Note that it is virtually impossible for a point z0/pixel pij to be an element of the boundary

curve of the basins of attraction. As in the case of the Cantor sets associated with the logistic maps

fa(X) = ax(1−x), a > 4, the boundary curves are repeller sets, composed of repulsive n-cycle points.

As such, in order to remain on such curves, we would have to know the points on these curves to

infinite numerical precision, which is impossible. As a result, our pixel points will almost certainly

belong to one of the three basins of attraction. The boundary curve is then implicitly defined by any

change in shading between a pixel and its neighbouring pixel.

Finally, note that Julia-Fatou theory allows the existence of a smooth basin boundary for the

case of two roots, i.e. f(z) = z2 − 1, namely, the imaginary axis Im(z). In this case, for any point

p ∈ Im(z), any ball Bǫ(p) around p trivially contains points from C+ and C−, the basins of attraction

of z∗1 = 1 and z∗2 = −1.

The figure below shows the basin boundaries for the fourth roots of unity, 1,−i,−1 and i, when

Newton’s method is applied to f(z) = z4 − 1.
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Basins of attraction of the four fourth roots of unity for Newton’s method applied to the function

f(z) = z4 − 1 in the complex plane.
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