
AMATH 731: Applied Functional Analysis Fall 2018

Course website: http://links.uwaterloo.ca/amath731

Some introductory comments

• “Functional analysis” is the study of functions and operators - a kind of

higher-level version of basic real analysis. So why would you study it?

(Apart from the possibility that some professors are telling you to do so!)

• Probably because basic real analysis is not enough (although most of the

methods and proofs involved in functional analysis may be traced back to

basic real analysis).

Historically, in fact, functional analysis developed because of the need to

understand “not-so-nice” functions which were produced by trigonometric

series. By “not-so-nice,” we mean discontinuous functions. Originally,

mathematicians viewed only continuous functions as being useful or even

interesting. Of course, this view changed with time.

• In most, if not all, research areas of applied mathematics, you will be

faced with having to perform “operations” that require solid mathematical

justification. (Even if they always appear to work, e.g., numerically, there

should be a mathematical basis for why they work or, indeed, when they

are expected to work and not to work.)

• In many cases, the “operations” mentioned above are iterative procedures

of the form

xn+1 = Txn, n = 0, 1, · · · . (1)

where the xn belong to some suitable space or set – call it “X” – and T is

a mapping from X to itself, i.e.,

T : X → X. (2)

• Without getting too specific, examples of X include the following, or suit-

able subsets thereof:
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– real numbers,

– complex numbers,

– N -vectors of real numbers, i.e., RN ,

– N -vectors of complex numbers, i.e., CN ,

– functions

– vectors of functions,

– measures,

– operators themselves!

• In all of these iteration procedures, we would definitely like the iteration

sequence {xn} to “converge” to a limit x̄ ∈ X. It would even be better if

the limit x̄ were unique, but that may be too much to ask.

• A well known example is the Newton-Raphson iteration method for finding

approximations to the zeros of a real-valued function f : R → R:

xn+1 = N(xn) = xn −
f(xn)

f ′(xn)
, n = 0, 1, · · · . (3)

Here we are concerned with the so-called “Newton operator,” N : R → R.

Probably all of you have seen (but perhaps not analyzed in great detail)

that if x∗ is a simple zero of f , then for x0 sufficiently close to x∗, the

iteration sequence

xn+1 = N(xn), n = 0, 1, · · · , (4)

converges to x∗. (In fact, the convergence is quadratic.)

• Another example – which we shall study very soon in this course – involves

the existence and uniqueness of solutions to the initial value problem (IVP),

x′ = f(x), x(0) = x0. (5)

Here, for simplicity we simply consider the scalar case, i.e., f : R → R.

The basic proof for existence-uniqueness of the solution to the IVP involves

the existence of a contractive operator T that maps a suitable Banach space
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(complete normed linear space) of functions F to itself. And when you start

with any function f0 ∈ F and perform the iteration (the so-called “Picard

iteration procedure”),

fn+1 = Tfn, n = 0, 1, · · · , (6)

then the sequence of functions {fn} converges to the solution of the IVP

in (5). (Of course, we’ll have to explain what is meant by “convergence”

in this example.)

• Back to the question of the convergence of the iteration sequence {xn} as

defined by

xn+1 = Txn, n = 0, 1, · · · . (7)

We all know how to deal with convergent sequences of real numbers (and

we’ll review these basic concepts in a few minutes). In other words, we

know what the statement,

lim
n→∞

xn = x̄, xn ∈ R, (8)

means. In precise mathematical terms: Given an ǫ > 0, there exists an

Nǫ > 0, such that

|xn − x̄| < ǫ for all n ≥ Nǫ. (9)

The above limit is often written more informally as

xn → x̄, as n → ∞ , (10)

or

|xn − x̄| → 0 as n → ∞. (11)

The last expression is simply stating that the distance between the points

xn and the limit x̄ is going to zero as n → ∞.

• But what about the case of iteration sequences of functions, i.e.,

xn = fn ∈ F ? (12)

What does it mean to say that

lim
n→∞

fn = f̄ ? (13)
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• As many of you probably already know, we need to work with a distance

function or metric “d” between elements of our function space – a so-called

metric. In this way, the above statement translates to

d(fn, f̄) → 0 as n → ∞. (14)

• But it’s a little more complicated than that! When working with the real

numbers R, we enjoy the benefits of the completeness of the real line – any

“Cauchy sequence” of real numbers {xn} converges to a real number.

Can we say the same for the particular space X of whatever – functions,

measures, etc., – we are working with? In other words, is the metric space

X complete? We’ll have to consider this matter. (In fact, you have un-

doubtedly encountered other situations in which such questions exist - for

example, Fourier series. The partial sums SN(x) of a Fourier series are

functions. Therefore, one must necessarily deal with the question of con-

vergence of these partial sums to a function.)

• In this course, we shall study some standard methods of addressing such

problems. In your own research down the road, however, you may well be

confronted with the following questions:

– Given a particular problem, what “space” X should I use? And what

operator(s) T should I consider? (Perhaps the operator should depend

on X.)

– Can I find a “solution” by means of some kind of iteration method?

– Or perhaps by some kind of “inversion” method?

• Inverse problems. This is a very important concept in applied mathe-

matics, science and engineering. We won’t be covering this subject in any

detail in this course, but it is not a bad idea to discuss it very briefly here.

Many problems may be posed in the following way:

Given an “observation” y in some space Y , find x ∈ X (note that
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X does not necessarily have to be the same as Y ) such that

Ax = y. (15)

Here, A is assumed to be a linear operator A : X → Y .

In the special, finite-dimensional, case that X = Y = Rn, under suitable

conditions on A, we may simply write,

x = A−1y. (16)

But what happens if X, hence A, is “infinite-dimensional”? (We’ll have to

discuss what “infinite-dimensional” means, of course.)

In fact, problems exist even when X and Y are finite dimensional. For

example, A may represent a “degradation” operator, e.g., the blurring of

a digital signal or image (which may be represented by an element in Rn.

The signal y is what we observe. In other words, we would like to extract

the original unblurred signal x. Such problems are “ill-posed” since there

is rarely a unique solution x.

The mathematician Hadamard defined an “ill-posed problem” to be one

that violates at least one of the following criteria: With reference to the

problem in (15), Given a y,

1. A solution x exists,

2. The solution x is unique,

3. The solution x varies continuously with continuous variations in y.

In general, one cannot hope to find a unique solution x for ill-posed inverse

problems. With reference to Eq. (15), this means that we shall not be able

to find a unique x ∈ X such that

Ax− y = O . (17)

(Note that the LHS of the above equation is an element in Y . As such, the

RHS must also be an element in Y . Here, O denotes the zero element in
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Y .) Acknowledging this difficulty, we accept the fact that an exact equality

is not achievable and therefore tolerate some deviation, i.e.,

Ax− y = e , (18)

where e ∈ Y and ‖e‖Y is hopefully small. Here, ‖·‖Y denotes an appropriate

norm in Y .

Of course, we’d like to make the deviation as small we can, if this is even

possible. One possible strategy is to look for an x ∈ X which minimizes

this deviation, i.e., a solution to the following minimization problem,

x̄ = min
x∈X

‖Ax− y‖2
Y
. (19)

(It’s always better to square the norm, to produce a quadratic optimization

problem.) This sounds good but, in practice, it may be very difficult, if not

impossible, to find such a global minimum. For example, the presence of

many local minima can complicate numerical procedures. As well, many of

these local minima may correspond to quite poor solutions, i.e., solutions

which are too far removed from the original data y.

One way of overcoming this difficulty is to impose additional restrictions

on the solution. For example, to keep solutions close to the original data y

we may add a term to the objective function in Eq. (19), as follows

x̄ = min
x∈X

(

‖Ax− y‖2
X

+ λ‖x− y‖X
)

, (20)

where λ > 0 is a constant. (Note that we have now assumed that X = Y .)

The final term in the above expression is an example of a regularization

term. In this case, the distance between x and the original data y is viewed

as a kind of penalty term. Other regularization terms are possible and can

be added to the objective function if deemed necessary. For example, in the

case of image processing, one may desire that the solution x̄ be relatively

smooth, or at least piecewise smooth, in which case the regularization term

would involve gradients.

• “The Unreasonable Effectiveness of Mathematics in the Natural

Sciences”
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This is the title of a paper written by Nobel Laureate physicist, Eugene

Wigner, which appeared in the Communications on Pure and Applied

Mathematics, Vol. 13, No. 1, pp 1-14 (1960).

This instructor cannot hope to do proper justice to this remarkable pa-

per, so you are simply invited to read it. A copy has been posted below

these notes on the course website. Here, we’ll simply cite the penultimate

paragraph of the paper as an enticement.

The miracle of the appropriateness of the language of mathematics

for the formulation of the laws of physics is a wonderful gift which

we neither understand nor deserve. We should be grateful for it

and hope that it will remain valid in future research and that it

will extend, for better or for worse, to our pleasure even though

perhaps also to our bafflement, to wide branches of learning.

The writer wishes to record here his indebtedness to Dr. M. Polanyi

who, many years ago, deeply influenced his thinking on problems

of epistemology ...
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