
AMATH 731: Applied Functional Analysis Fall 2017

Supplementary notes on Compact Linear Operators

(These notes are to supplement Section 4.8 of the AM731 Course Notes)

Much of the discussion of compact linear operators can be done in a Banach space setting – the ap-

plication or use of Hilbert spaces comes later in this section.

As defined in the Course Notes:

Definition 4.6: Let X and Y be normed spaces and L : X → Y a linear operator. L is compact if it

maps every bounded sequence in X into a sequence in Y that has a convergent subsequence.

Equivalently, if S ⊂ X is bounded, then the set L(S) is compact.

Regarding the following result:

Proposition 4.5: If L is compact then L is bounded,

the converse is not true, i.e., L bounded does not imply that L is compact. To illustrate, let us

return to the example, seen earlier in the course, of a bounded sequence in a normed space that is not

compact, namely, the basis vectors {en} in l2 defined as

en = (en1, en2, · · ·), where enn = 1, enk = 0 otherwise. (1)

Clearly, the identity mapping I on l2, which is bounded, is not compact, since it maps the sequence

{en} to itself.

On the other hand, the linear operator L : l2 → l2 defined a little later in this section of the Course

Notes (Example 4.9) as L(x) =

(

x1,
x2
2
,
x3
3
, · · ·

)

is compact.

A few comments on the motivation to study compact operators. They naturally arise in the study

of integral equations which, in turn, arise from practical applications. In fact, a particular example

appears just a few pages later in the Course Notes, but let’s review it here. It concerns the Sturm-

Liouville boundary-eigenvalue problem

y′′ + λy = 0 0 ≤ x ≤ 1, y(0) = y(1) = 0. (2)

(This problem is discussed as Example 4.10 in the AMATH 731 Course Notes, pp. 77-78.) In an

undergraduate course in DEs, you probably saw the solutions to this problem: the eigenfunctions,

yn(x) = sinnπx, n = 1, 2, · · · , (3)

with corresponding eigenvalues,

λn = n2π2 , n = 1, 2, 3, · · · . (4)

The eigenvalue equation (2) can be written in the equivalent integral form

y(x) = λ

∫

1

0

g(x, s) y(s) ds, (5)



where

g(x, s) =

{

s(1− x), 0 ≤ s ≤ x ≤ 1,

x(1− s), 0 ≤ x ≤ s ≤ 1.
(6)

Eq. (5) has the form y = λL(y) which can be written in the form

Ly = µy, µ =
1

λ
. (7)

Note that the kernel g(x, s) is symmetric, implying that the integral operator L is self-adjoint. We

have also shown earlier that it is a bounded linear operator. It will be shown later in this section

that L is compact. The solutions of the eigenvalue problem (7) are the yn(x) of Eq. (3) but with

eigenvalues,

µn =
1

λn

=
1

n2π2
, n = 1, 2, 3, · · · . (8)

The boundedness of the eigenvalues µn follows from the boundedness of the operator L: Let v ∈ X

be an eigenvector of L, a bounded linear operator on X, i.e., Lv = λv. Since

‖ Lx ‖≤‖ L ‖‖ x ‖ for all x ∈ X, (9)

it follows that |λ| ≤‖ L ‖.

Note also that µn → 0 which, as will be seen later, is a consequence of the compactness of L. On

the other hand, the fact that the eigenvalues λn → ∞ is a consequence of the unboundednes of the

differential operator in (2).

As precursors to Theorem 4.12 of the notes, consider the following results:

Theorem 4.12.a: Let A and B be compact linear operators from X to Y . Then A+B is compact.

Theorem 4.12.b: Let A : X → Y be a compact linear operator. Then cA is compact for c ∈ R (orC).

These two results, along with Theorem 4.12 (Sequence of Compact Operators) indicate that the set

of compact operators of a normed space X form a closed linear subspace of the space B(X,Y ).

Finally, we have the following result.

Theorem 4.12.c: Let A : X → X be compact and B : X → X be a bounded linear operator. Then

AB and BA are compact.

Note that it is sufficient for only one of the two operators to be compact for the composition to be

compact.

Let us now move to the proof of Theorem 4.12, regarding sequences of compact operators. It is very

important to understand the meaning of the phrase

“Take successive subsequences {xkn} so that {Lkxkn} converges as n → ∞.”

The procedure is as follows. Recall that each operator Lk is assumed to be compact:

1. Consider L1. Select a subsequence {x1k} from the sequence {xn} so that the sequence {L1x1k}

converges as k → ∞. We can do this because of the compactness of L1.

For convenience, let b1 denote the limit of the convergent sequence {L1x1k}.



2. Now consider L2. Select a subsequence {x2l} from the sequence {x1k} so that the sequence

{L2x2l} converges as k → ∞. We can do this because of the compactness of L2. Let b2 denote

the limit of the convergent sequence {L2x2l}.

3. Continue this procedure: At step k, select the subsequence {xkn} from {xk−1,n} so that the se-

quence {Lkxkn} converges to bk. This is possible by the compactness of Lk (and the boundedness

of the original sequence {xn}).

Finally, consider the following statement in the proof:

“Fix K. There exists N2 so that ‖ LKxnn − LKxmm ‖ ǫ/3 for n,m > N2.”

The justification for this statement is as follows: For n > K, the elements {xnn} were extracted from

the sequence {xKm}. Since the sequence {LKxKn} is convergent, the above statement follows.

Example 4.7: Compactness can also be proved with recourse to the Arzela-Ascoli theorem. One may

consider the bounded set of functions S {f ∈ C[a, b] :‖ f ‖∞≤ 1}. Take a sequence of equicontinuous

functions fn ∈ S. The resulting sequence gn = Lfn is also equicontinuous, implying the existence of

a convergent subsequence gnk. Thus L is compact.

Inverse of a Compact Operator

Theorem 4.14: Let X,Y be infinite-dimensional Banach spaces and L : X → Y a 1-1 linear compact

operator. Then: (a) R(L) 6= Y and (b) L−1 is not bounded.

The proof of this theorem uses the following three results:

1. L1 and L2 bounded =⇒ L1L2 is compact. This is Theorem 4.12.c stated earlier.

2. Let X be a normed linear space. Then closed unit ball B1(0) is compact iff dim(X) < ∞. A

proof of this result may be found in the book by Kreysig, pp. 78-80. The proof, which uses

Riesz’s Lemma, was presented earlier in the course (in the section on compactness).

3. “Banach Inverse Theorem,” also known as the “Bounded Inverse Theorem” and the “Inverse

Maping Theorem:” Let X and Y be Banach spaces and L : X → Y a 1-1 bounded linear oper-

ator. If L is onto then L−1 is bounded.

Some additional notes on this theorem: It is one of three important theorems which are equivalent

to each other,

(a) “Open Mapping Theorem,” proved in Kreysig, pp. 286-289.

(b) “Bounded Inverse Theorem,” proved in Kreysig, pp. 289.

(c) “Closed Graph Theorem,” proved in Kreysig, pp. 292-293.

Proof of Theorem 4.14: This is a slightly more annotated version of the proof presented in the

AMATH 731 Course Notes, p. 77.

Proof of (a), i.e., R(L) 6= Y . Suppose that R(L) = Y . Then from the assumptions and the Banach

Inverse Theorem, L−1 is bounded. Since L is compact, it is bounded. From Result No. 1 (Theorem

4.12.c), LL−1 = I : Y → Y is compact. This implies that the set

B = B1(0) = IB1(0) ⊂ Y



is compact. From Result No. 2, Y is finite-dimensional, which contradicts one of the original assump-

tions. Therefore R(L) 6= Y .

(Note that this does not imply that dim(R(L)) < ∞.)

Proof of (b), i.e., L−1 is not bounded. Suppose that L−1 is bounded. Since L is compact, it follows

that LL−1 = I : R(L) → R(L) is compact. (Recall that R(L) 6= Y from (a).) Now let

B = B1(0) ∩R(L) (unit closed ball in R(L)) .

The set B is clearly bounded. Since LL−1 = I : R(L) → R(L) is compact, I(B) = B is compact. From

Result No. 2, R(L) is finite-dimensional. This implies that R(L−1) = X is also finite-dimensional (see

Note and Proposition below) which contradicts one of the original assumptions. Therefore L−1 is not

bounded.

Note: The conclusion that R(L−1) = X is finite-dimensional is based on the following result.

Proposition: Let X and Y be vector spaces and T : X → Y a linear operator. If dim(D(T )) = n <

∞, then dim(R(T )) ≤ n.

Proof: Let y1 , y2 · · · , yn+1 be any n + 1 elements of R(T ). Then y1 = Tx1, · · ·, yn+1 = Txn+1 for

some x1, · · · , xn+1 in D(T ). Since dim(D(T )) = n, the set {x1, · · · , xn+1} must be linearly dependent.

This implies that

c1x1 + · · · + cn+1xn+1 = 0 ,

for some scalars c1, · · · , cn+1 not all zero. Since T is linear, application of T on both sides of the

equation gives

T (c1x1 + · · ·+ cn+1xn+1) = c1y1 + · · · cn+1yn+1 = 0 .

This implies that {y1, · · · , yn+1} is a linearly dependent set because the scalars ci are not all zero.

Recalling that this set was chosen arbitrarily, it follows that no set of n+ 1 elements of R(T ) can be

linearly independent. Therefore dim(R(T )) ≤ n.


