
AMATH 731 Assignment No. 3 Fall 2018

Metric and normed spaces (cont’d), Linear operators

October 16, 2018.

To be submitted: 1-6. 7 and 8 for bonus marks.

Due: Monday, October 29, 2018 at 3:30 p.m..

Assignments can be submitted in ERV’s mailbox or under his office door, but NOT in

any of the envelopes tacked to the bulletin board beside his office door.

1. A function f : R → R is said to be Lipschitz on an interval I if there exists an L ≥ 0 such that

|f(x)− f(y)| ≤ L|x− y| for all x, y ∈ I . (1)

As discussed in class, if f is Lipschitz on I, then f is uniformly continuous on I.

(a) Prove that the function f(x) = x1/2 is Lipschitz on any interval [a, b] where 0 < a < b < ∞.

(b) Prove that the function f(x) = x1/2 is not Lipschitz on any interval [0, b] where b < ∞.

2. AMATH 731 Course Notes, Problem Set 2, Question 5.

3. AMATH 731 Course Notes, Problem Set 3, Question 1(a),(b).

4. AMATH 731 Course Notes, Problem Set 3, Question 2(a),(b).

5. AMATH 731 Course Notes, Problem Set 4, Question 5.

6. Consider the following linear Fredholm equation,

f(t) = t−
1

2

∫
1

0

(t− s)f(s) ds , (2)

as a linear equation of the form f = Lf + g on X = C[0, 1] with ‖ · ‖∞ norm.

(a) Find ‖ L ‖ and thereby show that there exists a unique solution to the above equation.
(You can first establish an upper bound to ‖ L ‖ and then find ‖ L ‖ by means of a simple
choice for f .)

(b) Find the first few approximations to the solution yielded by the Neumann series method
(cf. AMATH Course Notes, pp. 44-45).

(c) Show that if you didn’t know anything about integral equations, contraction maps, etc.,
and simply assumed a power series solution, i.e, f(t) = a0 + a1t + a2t

2 + · · ·, then the
solution to (2) can be obtained in closed form.

Comment on the particular form of the solution (i.e., explain why it has a particular form).
(Hint: Look carefully at what the integration on the RHS of Eq. (2) produces.)

7. Bonus: Now consider the following modification of the above linear Fredholm equation,

f(t) = t−
1

2

∫
1

−1

(t− s)f(s) ds, (3)

once again as a linear equation of the form f = Lf + g but now on X = C[−1, 1] with ‖ · ‖∞
norm.

(a) Find ‖ L ‖. (Once again, you can first establish an upper bound to ‖ L ‖ and then find
‖ L ‖ by means of a simple choice for f .) Is the operator T : X → X defined by Tf = Lf+g

a contraction?



(b) Show that if T is applied iteratively, the iterates converge (or at least appear to converge)
to a solution of (3). (A computer may be useful here, i.e., MAPLE.) Verify that, indeed, the
limit of the sequence of iterates satisfies (3). Can you find an explanation for convergence
of the iterates? And that the limit represents the unique solution?

(c) Find the exact solution to (3) using the same type of method employed in Question 6(c).

8. Bonus: AMATH 731 Course Notes, Problem Set 3, Question 5(a).

9. Not to be handed in: Now consider the following linear Volterra counterpart to Eq. (3).

f(t) = t−
1

2

∫ t

−1

(t− s)f(s) ds . (4)

Devise, with justification, an iterative method for providing approximations to the solution of
this equation. Provide at least the first two iterates or terms of the solution.

Find the solution of Eq. (4) in terms of “special functions.”

Some possibly helpful hints and comments

1. Use the Mean Value Theorem.

2. AMATH 731 Course Notes, Problem Set 2, Question 5.

• (a) Use straightforward substitution. For uniqueness, assume that v(x) is another solution,
i.e., v′′ = h with v(0) = v(1) = 0, then subtract, etc..

• (c) Should be straightforward, except that you should be careful in providing an upper

bound for the integral

∫
1

0

|g(x, ξ)| dξ .

• (d) Some parts of this problem are more challenging. First of all, you can use the Arzela-
Ascoli Theorem to argue that the set S is compact. In order to show that T maps S into
itself, one would normally try to prove the following inequality,

|(Tv)(x2) = (Tv)(x1)| ≤
M

2
|x2 − x1| . (5)

This however, turns out to be very difficult. (Try it!) It is easier to examine the derivative
(Tv)′(x). If you can show that |(Tv)′(x)| ≤ M

2
, then all is well. It takes a little work to

obtain the 1

2
factor.

3. AMATH 731 Course Notes, Problem Set 3, Question 1(a),(b).

• Use Cauchy sequences.

4. AMATH 731 Course Notes, Problem Set 3, Question 2(a),(b).

• (a) Should be straightforward.



• (b) As mentioned in the Supplementary Notes on norms for linear operators, one may
consider the problem of maximizing ‖Ax‖2

2
subject to the constraint ‖x‖2

2
= 1. This will

involve the use of an appropriate Lagrangian with Lagrange multiplier.

Another method – possibly involving less computational effort – is to employ some ideas
and constructions from linear algebra.

5. AMATH 731 Course Notes, Problem Set 4, Question 5.

• (a) Show that the sequence {fn} ⊂ C1[−1, 1] is Cauchy, but . . . . You don’t have to
perform all of the rather tedious algebra involving 1

m , 1

n , etc., to obtain a final and tidy
expression. A simple “handwaving” result, e.g., “for n sufficiently large, 1

n is negligible, so
that . . . .

On the other hand, for those students who are taking, or have taken, the Asymptotics
course, obtaining a tidy formula after some algebra may be a reward in itself.

• (b) Here is it helpful to use the fact that for an f ∈ C1[a, b ] and any x ∈ [a, b],

f(x) = f(c) +

∫ x

c
f ′(t) dt . (6)

for any c ∈ [a, b]. Of course, you could use c = a but it probably won’t get you what you
want. If you choose c to be an appropriate point in [a, b], you’ll get a result. In any case,
first start by taking absolute values of both sides of (6), then “maxing” the RHS, etc..

• (c) The first statement in this part of the question is important, i.e., one must consider
Cauchy sequences {fn} ∈ C1[a, b].

6. The linear Fredholm equation problem. This should be quite straightforward. The appropriate
Supplementary Notes should be helpful.


