
AMATH 731 Assignment No. 2 Fall 2018

Metric spaces and contraction mappings

October 2, 2018

Problems to be submitted: 2, 5, 6, 7 and 9. 4 and 10 for bonus marks.

Due: Monday, October 15, 2018 at 3:30 p.m. You can submit your completed assignments in
class, under ERV’s office door (MC 6326) or in his mailbox in the Applied Math mailroom, MC 6033
(near the Dept. of Applied Mathematics offices).

1. AMATH 731 Course Notes, Problem Set 1, Question 6.

2. AMATH 731 Course Notes, Problem Set 2, Question 1(a),(b).

3. AMATH 731 Course Notes, Problem Set 2, Question 3.

4. Bonus: Let B[a, b] denote the set of bounded functions on [a, b], i.e., f ∈ B[a, b] implies that
f(x) is bounded for all x ∈ [a, b]. (Note that the functions in B[a, b] do not share a common
bound.)

Determine whether or not (B[a, b], d∞) is a complete metric space.

5. Let (X, d) be a complete metric space and let f : X → X. Suppose that for some integer p ≥ 1,
the function g = f◦p is a contraction, i.e., f is eventually contractive. Prove that f has a unique
fixed point x̄.

6. Consider the nonlinear Volterra integral equation

y(t) = h(t) +

∫ t

0
k(t, s)f(y(s), s) ds, (1)

where h(t), k(t, s) and f(y, s) are continuous for t ≥ 0, s ≥ 0 and all y. Assume that there are
positive constants A, B and K such that

|f(y, s)| ≤ A+B|y|

|f(y, s)− f(z, s)| ≤ K|y − z|.

(a) Show that there is an α > 0 and a unique continuous function y(t) defined for 0 ≤ t ≤ α

that satisfies the integral equation. You may use a method analogous to that of Section
2.7 of the Course Notes, i.e., contractivity of the associated integral operator T . For full
marks, your solution should incorporate both constants A and B from the first inequality.
(Recall that in earlier methods, e.g., Section 2.7, f(y, s) was simply assumed to be bounded
by a constant, M , over an appropriate region.) The A and B constants will play a role only
in the determination of the closed ball Bb(h) which is mapped into itself by T . (There are
a couple of hints in the previous sentence.) Contractivity follows in a straightforward way
from the second inequality.

(b) Show that the integral operator T is eventually contractive. (You don’t have to go through
a tedious set of computations – just present the main ideas very briefly. These ideas were
discussed in the Supplementary Notes.) What is the consequence of this result? (Only a
short answer is required.)

7. Let (X, d) be a complete metric space and T : X → X a contraction mapping with contraction
factor c ∈ [0, 1) and fixed point x̄ ∈ X. Show that for any x ∈ X,

d(x, x̄) ≤
1

1− c
d(x, Tx), (2)



(There is a short proof and there is a long proof. Same marks for each proof. For the short
proof, “When in doubt, · · · .”)

This result is a rather simple consequence of Banach’s Contraction Mapping Theorem. It is
listed as a remark following Banach’s Theorem in the book Fixed Point Theorems by D. Smart
(Cambridge UP, 1974, p. 3). However, in the 1980’s [1], the result was rediscovered and shown
to be useful in fractal image coding, where one seeks to approximate an image x by the fixed
point x̄ of a contractive fractal transform. In the fractal coding literature, it is known as the
“Collage Theorem.” The idea is to look for an operator T that maps the image x as close as
possible to itself. With suitable controls on the contractivity factor c, one tries to minimize the
collage distance d(x, Tx), thereby making the approximation error d(x, x̄) small.

Indeed, there is no reason to restrict the result in Eq. (2) to fractal transforms. “Ordinary”
contraction mappings, such as the Picard integral operator associated with initial value problems
for ODEs (Section 2.7 of Course Notes), can also be considered [2].

[1] M.F. Barnsley, V. Ervin, D. Hardin and J. Lancaster, Solution of an inverse problem for
fractals and other sets, Proc. Nat. Acad. Sci. USA 83, 1975-1977 (1986).

[2] H. Kunze and E.R. Vrscay, Solving inverse problems for ordinary differential equations using
the Picard contraction mapping, Inverse Problems 15 745-770 (1999).

8. Now prove the “Anti-Collage Theorem”: Let (X, d) be a complete metric space and T : X → X

a contraction mapping with contraction factor c ∈ [0, 1) and fixed point x̄ ∈ X. Show that for
any x ∈ X,

d(x, x̄) ≥
1

1 + c
d(x, Tx). (3)

9. Let (X, d) be a compact metric space, and let Con(X) denote the set of all contraction maps on
X. We shall define the “distance” between two maps f, g ∈ Con(X) as follows,

dCon(X)(f, g) = sup
x∈X

d(f(x), g(x)). (4)

(The compactness of (X, d) ensures that dCon(X)(f, g) is finite.)

(a) Show that dCon(X) in Eq. (4) is a metric on Con(X).

(b) Show that

d(ȳf , ȳg) ≤
1

1−min(cf , cg)
dCon(X)(f, g), (5)

where ȳf and ȳg are the fixed points of f and g, respectively, and cf and cg are their
respective contraction factors.

What property regarding fixed points with respect to their contraction maps can be estab-
lished from this result? (A one-word answer starting with “cont” and ending in “uity” is
sufficient.)

(c) Consider the special case X = [0, 1], d(x, y) = |x − y|. Is the space (Con(X), dCon(X))
complete? (If so, prove. If not, provide an example.)

(d) Once again, let X = [0, 1]. Prove that the maps f(x) = 1
2x and g(x) = 1

3x
2 + 2

3 are
contraction maps on X. (Show that each function maps [0, 1] to itself and that it satisfies
the definition of a contraction map.) Compute all quantities in Eq. (5) and show that the
relation is satisfied.

Provide a sketch of the two maps and their respective fixed points, along with the line
y = x, in the region [0, 1]2 ⊂ R

2.



10. Bonus: In the notes on real analysis, it was proved that a Cauchy sequence of real numbers

is bounded. This idea is naturally extended to normed linear spaces in general. But what about
metric spaces?

(a) Let (X, d) be a (not necessarily complete) metric space and let {xn} ⊂ X be a Cauchy
sequence. Show, by using only the metric d on X, that the sequence {xn} cannot, in some
sense, be “unbounded”. (Note that there is no definition of magnitude in a metric space,
so you can’t use it here. You’ll have to come up with the “some sense” of unboundedness
of a sequence in a metric space.)

(b) Show that in the case of a normed linear space (Y, ‖ · ‖), a special case of your result in
(a) can be used to prove that Cauchy sequences in Y are bounded.


