
AMATH 731 Assignment No. 1 Fall 2018
Real analysis and metric spaces “warm-up”

September 18, 2018

Problems to be submitted: 6,7,8,9,11,13(a-c),16.

Bonus questions are for extra marks.

Due: Monday, October 1, 2018 at 3:30 p.m. You can submit your completed assignments in
class, under ERV’s office door (MC 6326) or in his mailbox in the Applied Math mailroom, MC 6033
(near the Dept. of Applied Mathematics offices).

1. Problem 1 from Supplementary Notes entitled, “Some important results from real analysis.”
Show that a convergent sequence {xn} (i.e., one that has a limit) has a unique limit, i.e., it
cannot converge to two different limits.

2. Prove that a convergent sequence {xn} ⊂ R is a Cauchy sequence.

3. Prove that a Cauchy sequence {xn} ⊂ R must be bounded.

4. Let {xn} ⊂ R and {yn} ⊂ R be Cauchy sequences. Show that the sequence {zn} ⊂ R, where
zn = xn + yn for all n ≥ 1, is a Cauchy sequence.

5. Problem 5 from Supplementary Notes entitled, “Some important results from real analysis.”

6. Problem 6 from Supplementary Notes entitled, “Some important results from real analysis” on
Page 9. You are asked to prove the Bolzano-Weierstrass Theorem 4.

7. Let {xn} ⊂ R and {yn} ⊂ R be two Cauchy sequences which are not equivalent. Prove (yes,
using the infamous ǫ – no escape possible) that these two sequences (hence the equivalence
classes, x̄ and ȳ, respectively, to which they belong) are separated in the following sense (see
Page 8 of Supplementary Notes): There is an N > 0 such that for all m,n > N , either xn < ym
or xn > ym.

8. Let f : [a, b] → R be a continuous function. Prove that (i) f is bounded on [a, b] and (ii) there
are points in [a, b] at which f achieves its maximum and minimum value on [a, b]. (Hint for (i):
Prove by contradiction.)

9. Let {fn} ⊂ C[a, b] be a sequence that converges uniformly to a function f on [a, b]. Prove that
f ∈ C[a, b]. (Yes, this result was proved in class. This is simply an opportunity for you to
reinforce the basic concepts.)

10. Consider the sequence of functions {fn} in Example 2.1, p. 9 of the Course Notes. Find
d∞(fm, fn) where, without loss of generality, m < n. Show that the sequence {fn} is not
Cauchy in the d∞ metric on [0,2].

11. This question, concerned with fixed points of real-valued functions, requires only some ideas
from basic first-year Calculus.

Let f : R → R be C1 (continuous first derivative) with fixed point p, i.e., f(p) = p. (Recall
that p is an intersection point of the graph of f(x) and the line y = x.) Further assume that
|f ′(p)| < 1.

(a) Use the Mean Value Theorem to prove the following:

i. there exists an interval I containing p such that f : I → I and



ii. there exists a K ∈ [0, 1) such that |f(x)− p| ≤ K|x− p| for all x ∈ I.

A fixed point p for which the above two conditions are satisfied is said to be locally attractive.

Some of the ingredients of the proof of the above are provided on Page 2 of the AMATH 731
Course Notes. What remains, however, is to fill in some details (for example, the nature of
f ′(c) for c near p, thereby establishing that |K| < 1) and the existence of the interval I.

Note, however, that you may not use the Contraction Mapping Theorem in this question.

(b) By iterating the result in (ii) above, show that for any x0 ∈ I, the sequence {xn} defined
by the iteration procedure xn+1 = f(xn) converges to p. (Hint: Let x = x0, then x = x1,
etc..)

12. Once again assume that f : R → R is continuously differentiable with fixed point p. But now
assume that |f ′(p)| > 1. Show that p is a (locally) repulsive fixed point, i.e., there is an interval
I containing p such that |f(x)− f(p)| ≥ K|x− p| for all x ∈ I, where K > 1.

13. Recall that the Newton-Raphson function N : R → R associated with a function f : R → R is
defined as

N(x) = x− f(x)

f ′(x)
. (1)

(a) Show that a fixed point p of N(x) is a zero of f(x).

(b) Show that N ′(p) = 0.

(c) Using a Taylor series expansion of N(x) about the point x = p, show that such a fixed
point is superattractive, i.e.,

|N(x)− p | ≤ K|x− p |2, (2)

for some K > 0 and all x in some neighbourhood I of p. (You may have to make some
additional assumptions on f .)

This explains the quadratic convergence of Newton’s method near a zero of f : If |x−p| = ǫ,
then the error in approximating p by N(x) is O(ǫ2).

(d) Bonus: Newton’s method is a particular case from a family of rational functions, Sm(x),
m = 1, 2, · · · , that can be constructed to provide rapidly converging estimates of the (sim-
ple) zeros of a function f(x). These functions have the form

Sm(x) = x+

m−1∑

k=1

ck(x)[f(x)]
k. (3)

We see that N(x) = S2(x), with c1(x) = − 1

f ′(x)
.

Let p be a simple zero of f(x), i.e., f(p) = 0 and f ′(p) 6= 0. The for a given m ≥ 2, the
functions ck(x) are constructed so that Sm(p) = p and

S′

m(p) = S′′

m(p) = · · · = S(m−1)
m (p) = 0. (4)

It can then be proved – but you don’t have to do this here – that if we form the iteration
sequence xn+1 = Sm(xn), then |xn+1 − p| ≤ K|xn − p|m in some neighbourhood I of p.

i. Find S3(x) in terms of f(x) and any necessary derivatives. (You have only to find
c2(x).)

ii. The upside: Starting with the initial value x0 = 2, compare the first five iterates x1 to
x5 yielded by Newton’s method to those yielded by iteration of the S3 function in the
estimation of

√
2, using the function f(x) = x2 − 2.



iii. The downside: Compare again the first five iterates for both methods when the starting
point is x0 = 0.5.

14. Let (X, d) be a metric space. Show that

|d(x, z) − d(y, z)| ≤ d(x, y) (5)

15. AMATH 731 Course Notes, Problem Set 1, Question 1.

16. AMATH 731 Course Notes, Problem Set 1, Question 3. (Hint: Question 3(b) may be viewed as
a kind of continuous version of 3(a).)


