
Lecture 21

Fourier Transforms (cont’d)

The Uncertainty Principle

Recall, from a couple of lectures ago, that the Fourier transform of a Gaussian function (in t-space)

is a Gaussian function (in ω-space). The particular “Fourier pair” of functions examined were fσ(t)

and Fσ(ω) = F [f ], where

fσ(t) =
1

σ
√
2π

e−
t2

2σ2 , Fσ(ω) =
1√
2π

e−
1
2
σ2ω2

. (1)

The variance of fσ(t) about its mean, zero, is σ2 and the variance of Fσ(ω) about its mean, zero,

is 1/σ2. For σ very small, the graph of fσ(t) is concentrated about zero, and the graph of Fσ(ω)

is spread-out. In the limit σ → 0, fσ(t) → δ(t), the Dirac delta function, and Fσ(ω) → 1/
√
2π a

constant. This pair represents the ultimate in concentration vs. spreading.

Another example of this “concentration vs. spreading” between Fourier transforms is the “boxcar-

sinc” pair of functions (details left as an exercise):

fa(t) =







1
2a , −a ≤ x ≤ a

0, otherwise,
Fa(ω) =

1√
2π

sin(aω)

aω
. (2)

As a decreases to zero, the function fa(t) becomes more peaked around zero. With regard to the

function Fa(ω), the sinc function spreads out as a decreases to 0 since the distance between its nodes

is π/a. In the limit a → 0, fa(t) → δ(t), the Dirac delta function and Fa(ω) → 1/
√
2π, its Fourier

transform. (The latter result is obtained from the fact that
sin y

y
→ 1 as y → 0.)

As we mentioned earlier, these are examples of the complementarity between the time and fre-

quency spaces, which is described mathematically by the so-called “Uncertainty Theorem” or “Uncer-

tainty Principle.” To develop this result, we need to have a measure of the “spread” or dispersion of

a function f(t). The dispersion is a generalization of the idea of the variance of a (positive) function

about its mean value.

In what follows, we assume that f(t) ∈ L2(R). The dispersion of f about a point a ∈ R is given

by

∆af =

∫∞
−∞(t− a)2|f(t)|2 dt

∫∞
−∞ |f(t)|2 dt =

1

‖f‖2
∫ ∞

−∞
(t− a)2|f(t)|2 dt. (3)
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In the above, and throughout this section, ‖ · ‖ denotes the L2 norm. In this definition, the function

f(t) is used to define a nonnegative distribution function g(t) = |f(t)|2. In fact, the function

ρ(t) =
1

‖f‖2 |f(t)|
2, t ∈ R, (4)

may be viewed as a probability distribution function (PDF), since

∫ ∞

−∞
ρ(t) dt = 1. (5)

Aside: This is precisely the situation in quantum mechanics, where f(t) is the complex-valued wave-

function of a one-dimensional quantum mechanical “system,” e.g., particle. According to the Copen-

hagen interpretation of quantum mechanics, the probability of finding the particle in an interval of

width dx and centered at x is ρ(x) dx = |ψ(x)|2 dx. The probability of finding the particle some-

where, i.e., over the entire real line R, is one.

If we view ρ(t) above as a probability distribution function over R, then the average or mean

value of a function c(t) over R is given by

c̄ =

∫ ∞

−∞
c(t)ρ(t) dt. (6)

(If t is considered to be a random real variable with probability distribution ρ(t), then the above mean

value is the expectation value of c(t), typically denoted as E[c(t)].) In particular, the average value,

or mean, of the variable t according to this distribution is

t̄ =

∫ ∞

−∞
tρ(t) dt. (7)

Furthermore, recall that the variance of the function c(t) about its mean value c̄ is defined by

σ2(c) =

∫ ∞

−∞
(c(t) − c̄)2ρ(t) dt. (8)

In particular, the variance of the variable t according to this distribution is

σ2(t) =

∫ ∞

∞
(t− t̄)2ρ(t) dt. (9)

The dispersion ∆af in Eq. (3) is a generalization of the variance of the function |f(t)|2 – it

measures the variance with respect to the point a ∈ R. Graphically, it measures the local width of
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the graph of f(t)2 about a – or perhaps more precisely, the local width of the probability distribution

function ρ(t), defined in (4), about the point a ∈ R.

Example: Consider the Gaussian function examined earlier in this course,

fσ(t) = e−
t2

2σ2 , σ > 0. (10)

A graph of the normalized function is sketched in the figure. We can ignore the normalization constant

in the definition of fσ(t) since it will be removed by the ratio in the formula for the dispersion.

t

f(0) = (σ
√

2π)−1

0

y

σ σ

Normalized Gaussian function fσ(t) =
1

σ
√

2π
e−

t
2

2σ2 , with standard deviation σ.

The dispersion ∆afσ in Eq. (3) is given by

∆afσ =

∫∞
−∞(t− a)2|fσ(t)|2 dt

∫∞
−∞ |fσ(t)|2 dt

=

∫∞
−∞(t− a)2e−t2/σ2

dt
∫∞
−∞ e−t2/σ2 dt

...

=
1

2
σ2 + a2 . (11)

The details involving the computation of the integrals are left as an exercise. A few comments regarding

this result:

1. For a given σ > 0, the dispersion ∆afσ increases as |a| increases. This is because the Gaussian

function f2σ(t) flattens out as |a| increases. At a = 0, the Gaussian function is most “concen-

trated”.

2. For a given a, the dispersion ∆afσ decreases as σ decreases, as expected. But the dispersion

decreases to the value a2. At a = 0, this value is zero, because the function fσ(x) is becoming
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more and more concentrated around the point x = 0, essentially approaching the Dirac delta

function δ(x) in the limit σ → 0+.

But at a 6= 0, the dispersion ∆afσ decreases to the nonzero value a2 in the limit σ → 0+. This

is because the “bulk of the distribution defined by |fσ(x)|2 lies at a distance a from the point

x = a.

3. Based on the earlier comments regarding the interpretation of the dispersion as a variance,

one might have expected the dispersion at a = 0 to be the well known σ2 associated with the

Gaussian function of probability, as opposed to the value 1
2σ

2 given above. Yes, indeed, σ2 is

the variance associated with the normalized distribution defined by fσ(t). But, as mentioned

earlier, dispersion is the variance associated with the distribution defined by |f(t)|2 – in this case

f2σ(t). As such, the exponential in the integral becomes e−t2/σ2
, the variance of which is 1

2σ
2.

We shall also be considering the dispersion of F (ω), the Fourier transform of f(t), about a fre-

quency value α ∈ R:

∆αF =
1

‖F‖2
∫ ∞

−∞
(ω − α)2|F (ω)|2 dω. (12)

Note that even though f(t) is assumed to be real-valued, F (ω) is, in general, complex-valued. Also

recall that by the Plancherel Theorem,

‖f‖2 = ‖F‖2. (13)

Here is an interpretation of the dispersion ∆αF of the Fourier transform F (ω) of a function f(t):

If the dispersion of ∆αF is







small

large







, then the frequency range of f(t) is







concentrated

diffuse







near ω = α.

Example: Recall that the Fourier transform of the Gaussian function fσ(t) examined above is given

by

Fσ(ω) =
1√
2π

e−
1
2
σ2ω2

. (14)

The dispersion of Fσ(ω) at any frequency value α ∈ R is (Exercise)

∆αFσ =
1

2σ2
+ α2 . (15)

Some comments:
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1. Once again, since Fσ(ω) is a Gaussian centered at ω = 0, its dispersion increases as |α| increases.

2. For a fixed α, in particular α = 0, the dispersion of Fσ(ω) increases as σ decreases. This is a

consequence of the increased concentration of Fσ(ω) – and broadening of fσ(t) – as σ is increased.

We now state the Uncertainty Principle for a function f and its Fourier transform F :

(∆af)(∆αF ) ≥
1

4
, (16)

for any a ∈ R and α ∈ R.

Sketch of Proof: (This is a variation of a proof given by the mathematician/mathematical physicist

H. Weyl in 1936.) The LHS of the above inequality is given by

(∆af)(∆αF ) =
1

‖f‖4
[
∫ ∞

−∞
|(t− a)f(t)|2 dt

] [
∫ ∞

−∞
|(ω − α)F (ω)|2 dω

]

. (17)

We shall work on the second integral on the RHS. First note that iωF (ω) is the Fourier transform of

f ′(t) (derivative property of FTs). We’ll write this as follows,

F [f ′(t)] = iωF (ω). (18)

By linearity,

F [iαf(t)] = iαF (ω). (19)

Subtracting the second result from the first yields,

F [f ′(t)− iαf(t)] = i(ω − α)F (ω). (20)

We recall the Plancherel Theorem again, written as follows:

‖g‖2 = ‖F [g]‖2, for any g ∈ L2(R). (21)

From Eq. (20), we therefore have

‖f ′ − iαf‖2 = ‖(ω − α)F‖2. (22)

We now apply this result to the second integral in Eq. (17):

(∆af)(∆αF ) =
1

‖f‖4
[
∫ ∞

−∞
|(t− a)f(t)|2 dt

] [
∫ ∞

−∞
|f ′(t)− iαf(t)|2 dt

]

. (23)
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Now recall the Cauchy-Schwarz inequality for the inner product in a Hilbert space H:

|〈u, v〉| ≤ ‖u‖‖v‖, u, v ∈ H. (24)

For H = L2(R), the Cauchy-Schwarz inequality becomes

∣

∣

∣

∣

∫ ∞

−∞
u(t)v(t) dt

∣

∣

∣

∣

≤
[
∫ ∞

−∞
|u(t)|2 dt

]1/2 [∫ ∞

−∞
|v(t)|2 dt

]1/2

. (25)

We square both sides and, with an eye to Eq. (23), let

u(t) = (t− a)f(t), v(t) = f ′(t)− iαf(t) . (26)

Now substitute into Eq. (23) to give

(∆af)(∆αF ) ≥
1

‖f‖4
∣

∣

∣

∣

∫ ∞

−∞
[(t− a)f(t)] [f ′(t) + iαf(t)] dt

∣

∣

∣

∣

2

. (27)

Now rewrite the integral on the RHS as follows,
∫ ∞

−∞
[(t− a)f(t)] [f ′(t) + iαf(t)] dt =

∫ ∞

−∞
(t− a)f(t)f ′(t) dt+ iα

∫ ∞

−∞
(t− a)f(t)2 dt

= A+ iB, (28)

where A,B ∈ R, since we have assumed that f(t) is real-valued. Integral A may be written as follows,

A =

∫ ∞

−∞
(t− a)

d

dt

[

1

2
f(t)2

]

dt

=

[

1

2
(t− a)f(t)2

]∞

−∞
− 1

2

∫ ∞

−∞
f(t)2 dt

= −1

2
‖f‖2, (29)

where we have used the fact that f ∈ L2(R), which implies that f(t)2 must decay to zero at least as

quickly as t−1−ǫ for ǫ > 0. We now employ the following result,

|A+ iB|2 = A2 +B2 ≥ A2 =
1

4
‖f‖4, (30)

in Eq. (28) to arrive at the desired result,

(∆af)(∆αF ) ≥
1

‖f‖4
1

4
‖f‖4 = 1

4
. (31)

Note that this result is valid for all times a ∈ R and frequencies α ∈ R, independent of each other.

A low dispersion/high concentration at a value of a, i.e., ∆a = ǫ implies that the dispersion in the

frequency domain is ∆α ≥ 1

4ǫ
for all α. This indicates the global nature of the Fourier transform.
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Example: We return to the Gaussian function fσ(t) and its Fourier transform Fσ(ω) examined earlier.

It is not too difficult to establish that the Uncertainty Principle is satisfied here: For any σ > 0 and

a, α ∈ R,

(∆afσ)(∆αFσ) =

[

1

2
σ2 + a2

] [

1

2σ2
+ α2

]

=
1

4
+

1

2

[

σ2α2 +
a2

σ2

]

+ a2α2

≥ 1

4
. (32)

Note that the equality is achieved at a = α = 0, i.e, at the peaks of the Gaussian functions.

A note regarding the application of the Uncertainty Principle in Eq. (16) to quantum

mechanics

In quantum mechanics, as mentioned earlier, the properties of a one-dimensional “system”, e.g., a

particle travelling on the real line R, are contained in the particle’s wavefunction ψ(x). (Actually, ψ

is normally a function of both the position x of the particle as well as time t but for simplicity, we’ll

simply consider the time-independent case.) According to the Copenhagen interpretation of quantum

mechanics, the probability of finding the particle in an interval of width dx and centered at x ∈ R is

|ψ(x)|2 dx. The wavefunction ψ is assumed to be normalized so that ‖ψ‖2 = 1, i.e, the probability of

finding the particle somewhere, i.e., over the entire real line R, is one. Since ψ is normalized, the

dispersion formula in (3) becomes

∆aψ =

∫ ∞

−∞
(x− a)2|ψ(x)|2 dx . (33)

Since our knowledge of the particle’s position is limited to a knowledge of the probability distribution

|ψ(x)|2 of its position, the above dispersion may be interpreted as the “uncertainty in knowing” the

position of the particle at the point x = a. (In fact, the Copenhagen interpretation actually goes

farther than this by replacing “uncertainty in knowing the position” by “uncertainty in position”.

This is a dramatic step – it is replacing knowledge (epistemology) by physical reality (ontology). But

this is another matter.) The larger the dispersion, the more uncertain we are about the particle’s

position with respect to the point x = a.

The Fourier transform of the quantum mechanical wavefunction ψ(x), which we shall denote as

φ = F(ψ), defines the so-called momentum representation of the quantum mechanical system.
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Here, we simply state that the probability of finding the one-dimensional particle’s momentum in

an interval of width δp centered at p ∈ R is |φ(p)|2 dp. (Note that we are using “p” to denote the

momentum as opposed to “ω” which has been used for the frequency.) Since φ is also normalized, the

dispersion formula for the momentum distribution will be given by

∆αφ =

∫ ∞

−∞
(p− α)2|φ(p)|2 dp . (34)

As in the case of position, the above dispersion may be interpreted as the “uncertainty in knowing”

the momentum of the particle at any momentum value p = α.

In any formulation of quantum mechanics, Planck’s constant h, the so-called fundamental

“quantum of action” must be involved. (In SI units, h = 6.62607015 · · · × 10−34 J · s.) It will make its

way into the dependent variables of ψ and φ. As a result the the right side of the above dispersion

relation will involve h or a constant multiple of it. The dispersion relation in (16) becomes

(∆aψ)(∆αφ) ≥
1

2
~ , (35)

where

~ =
h

2π
, (36)

which is pronounced “h-bar”, is a reduced Planck’s constant. Because the above relation is true for

any a, α ∈ R, it is written in the following form,

∆x∆p ≥ 1

2
~ , (37)

where ∆x and ∆p denote the uncertainties in, respectively, the position and momentum of a particle

anywhere in position and momentum space. Eq. (37) is commonly known as Heisenberg’s Uncer-

tainty Principle.

Note: In various references, the right hand side of (37) may vary, but only with regard to the constant

multiplying h, due to different definitions of the dispersion or the relationship between the position x

and the momentum p.
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Lecture 22

Fourier Transforms (cont’d)

The Uncertainty Principle (cont’d)

A function and its Fourier transform cannot both have finite support

It is often stated that the uncertainty principle implies that a function f(t) and its Fourier transform

F (ω) cannot both be supported on finite intervals. (Recall that for a function f(t) to have finite

support means that there exists a finite interval [a, b] on which f(t) assumes nonzero values and

f(t) = 0 for all t /∈ [a, b].) The following theorem states this property more concretely.

Theorem: Suppose that f(t) has finite support, i.e., there exists an interval [a, b], with a and b finite,

such that f(t) is not identically zero on [a, b] but f(t) = 0 for all t /∈ [a, b]. Then F (ω), the Fourier

transform of f(t) cannot be identically zero on a closed interval [c, d], where c 6= d. The other way

also holds, i.e., if F (ω) has finite support, then f(t) cannot be identically zero on a nontrivial closed

interval.

Proof: We prove the second part since the first can be derived from the second by applying the

Fourier transform. Without loss of generality, we assume that F (ω) is nonzero only inside the interval

[−Ω,Ω], in which case we may write

f(t) =
1√
2π

∫ Ω

−Ω
F (ω)eiωt dω (38)

from the definition of the inverse Fourier transform.

Now assume that f(t) is not identically zero on the real line R but that f(t) = 0 for all t ∈ [c, d]

with c 6= d. It follows that at any t0 ∈ (c, d),

f (n)(t0) = 0, n = 0, 1, 2, · · · . (39)

From Eq. (38), differentiating n times with respect to t and then setting t = t0, we obtain

f (n)(t0) =
1√
2π

∫ Ω

−Ω
F (ω)(iω)neiωt0 dω = 0, n = 0, 1, 2, · · · . (40)

(The fact that the interval of integration [−Ω,Ω] is finite ensures the existence of these integrals for

all n ≥ 0, regardless of the nature of F (ω).)
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We return to the inverse FT in Eq. (38) and rewrite it slightly as follows,

f(t) =
1√
2π

∫ Ω

−Ω
F (ω)eiω(t−t0)eiωt0 dω. (41)

Now expand the function eiω(t−t0) in terms of its Taylor series at t = t0, i.e.,

eiω(t−t0) =
∞
∑

n=0

[i(t− t0)]
nωn

n!
, t ∈ R, (42)

and substitute this result into Eq. (41) to obtain

f(t) =
1√
2π

∞
∑

n=0

[i(t− t0)]
n

n!

∫ Ω

−Ω
F (ω)ωneiωt0 dω, t ∈ R. (43)

But from Eq. (40), all of the integrals in the above expression are zero. Therefore we have

f(t) = 0, t ∈ R, (44)

which contradicts the original assumption that f(t) is not identically zero on the real line R. This

completes the proof of the second statement.

Comment: A consequence of this theorem is that if one of f or F has finite support, the other

cannot have finite support. (If the “other” did, then it would necessarily be zero over an interval

which, according to the above theorem, cannot happen.)
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Time-frequency analysis, “windowed” transforms, wavelet transforms

In this section, we mention very briefly the limitations of the discrete and continuous Fourier transform

methods of analyzing signals and some efforts to overcome them. These efforts eventually led to wavelet

analysis which will occupy much of the remainder of this course.

In a nutshell, the problem with the Fourier transforms that we have seen in this course to date is

that each component of the transform, whether it be F [k] in the case of the DFT or F (ω) in the case

of continuous FT, contains information from the entire signal, f [n] or f(t). To see this, let us recall

the expression for the component F [k] of the DFT of an N -point signal {f [n]}N−1
n=0 ,

F [k] =

N−1
∑

n=0

f [n] exp

(

− i2πkn
N

)

. (45)

And now recall the expression for the FT of a signal f(t), t ∈ R,

F (ω) =
1√
2π

∫ ∞

−∞
f(t)e−iωt dt . (46)

In both cases, the entire signal is used to compute each component. As we have seen, these transforms

are suitable for the analysis of signals which (i) do not change in time (i.e., they are “stationary”) and

(ii) are linear combinations of oscillatory signals.

In reality, however, signals are not stationary – they change in time. It is quite easy to come up

with examples: (i) an electrocardiogram signal, showing the electrical activity of a heart during its

beating cycles, (ii) a seismogram which shows earth tremors that are localized in time (and space),

(iii) a recording of a symphony. Such signals exhibit variation in time – if they didn’t, there would be

no information!

For example, consider the sound made by an opera singer as she starts from a “middle C” and

“slides” to a “high C”. Essentially, the frequency of the sound she emits is changing in time. But the

frequency that we hear is not a “pure” frequency of the entire signal – instead, it is a frequency that

is localized in time.

Actually, one doesn’t even have to resort to a “sliding” frequency. Just sit down and play an

octave on a piano, starting at middle C and ending at high C, perhaps one key per second. Once

again, the frequencies that you hear are localized in time.

As an example of a signal which may be considered to vary in frequency with time, consider the

following function,

u(t) = cos
(

10t2
)

, 0 ≤ t ≤ 2π . (47)
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A plot of this function is shown below.
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u(t
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t

The function u(t) = cos(10t2), 0 ≤ t ≤ 2π.

This function, an example of a “chirped” signal, oscillates more and more rapidly as t increases.

If we rewrite it as follows,

u(t) = cos((10t)t) = cos(ω(t)t) , (48)

then we might conjecture the “frequency” (or at least “local frequency”) to be ω(t) = 10t which is

increasing linearly in time.

Starting at t = 0, the signal u(t) will undergo n oscillations at a time tn such that

10t2n = 2nπ =⇒ tn =

√

nπ

5
. (49)

For sufficiently large n, the difference between successive times tn is well approximated by

tn+1 − tn ≈
√

π

20

1√
n
. (50)

Equivalently, given a time t > 0, the number of complete oscillations of u(t) over the interval [0, t] is

n = int

(

5t2

π

)

. (51)

Over the interval [0, π], u(t) exhibits 15 complete oscillations. Over the interval [0, 2π], it exhibits 62

complete oscillations.
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In the figure below is presented the DFT of the sampled signal,

u[n] = u(xn), xn =
2nπ

N
, 0 ≤ n ≤ N − 1 , (52)

with N = 1024.
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Magnitudes |F [k]| of the DFT coefficients of the function u(t) = cos(10t2) with N = 1024 samples over [0, 2π].

Clearly, the DFT shows that there is a significant range of frequencies in the u[n] signal. But it

cannot tell us the location of low frequencies or high frequencies since the DFT components F [k] are

functions of only the frequency k.

One way to perform a more “local” analysis of nonstationary signals such as u(t) (or its discrete

version u[n]) is to simply “chop” the signal and examine it in “pieces”, i.e., over subintervals of

the original domain of definition, in this case [0, 2π]. Mathematically, this may be expressed by

multiplication of u(t) by a suitable boxcar-like function which is nonzero over the subinterval I ⊂ [0, 2π]

of interest.

From our knowledge of FTs, such a chopping may be viewed as too “brutal:” Recall that the

clipping of a signal f(t) resulting from multiplication by a boxcar function b(x) is equivalent to the

convolution of F (ω), the FT of f(t) and a sinc-like function in the frequency domain. We saw the

effects of such clipping with a cosine function of only one frequency near the beginning of our discussion

of FTs. A good number of peaks at nearby frequencies were introduced. These nearby frequencies
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are, of course, artificial – a result of convolution with the sinc-like function.

That being said, the boxcar-like function discussed above is a particular example of a windowing

function. Windowing functions, or simply “windows”, are localized in the time (or space) domain:

They are essentially translations and dilations of a function g(t) which usually satisfies the following

properties:

1. g is even, i.e., g(x) = g(−x),

2. g is nonnegative, i.e., g(x) ≥ 0,

3. g is localized, i.e., |g(x)| is small outside an interval [−a, a].

The following boxcar-like function can be used as a window function.

ga(x) =







1
2a , −a ≤ x ≤ a

0 , otherwise .
(53)

The function ga(x − b) is centered at x = b with width 2a. Multiplication of a function f(x) by

ga(x− b) produces a “clipping” of f(x) which is nonzero only over the interval [b− a, b+ a].

To illustrate, the figure below presents a plot of the chirped signal u(t) = cos(10t2) multiplied by

the boxcar window function ga(x) in Eq. (53) centered at b = 4.0 with half-width a = 0.5. Clearly,

the result is a “clipped” signal.

If we now sample the above clipped signal over [0, 2π] and compute the DFT of the resulting

N -vector of sampled data, where N = 1024, the result is the DFT magnitude spectrum shown in the

figure below. The distributions of the DFT frequencies are much more concentrated than for for the

unwindowed chirped signal, with peaks at k = 80 and k = N−80 = 944. As a result, we have a better

defined local frequency of the chirped signal near t = 4.0.

A less “brutal” windowing function – and one which is commonly used in applications – is the

Gaussian function gσ(t) studied earlier,

gσ(x) =
1

σ
√
2π

exp

(

− x2

2σ2

)

. (54)

The figure below presents a plot of the chirped signal u(t) = cos(10t2) multiplied by the Gaussian

window function gσ(t− b), where b = 4.0 and σ = 0.5. The resulting function is concentrated around

t = 4.0
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The function u(t) = cos(10t2), 0 ≤ t ≤ 2π, windowed with a Gaussian gσ(t− b), where b = 4.0 and σ = 0.5.

If we now sample the above windowed function over [0, 2π] and compute the DFT of the resulting

N -vector of sampled data, where N = 1024, the result is the DFT magnitude spectrum shown in the

figure below. The distributions of the DFT frequencies are once again much more concentrated than

for for the unwindowed chirped signal, with peaks at k = 80 and k = N − 80 = 944, as was found for

the boxcar-windowed signal. However, the peaks for the Gaussian-window signal appear to be even

more concentrated, as expected. Once again, we have a better defined local frequency of the chirped

signal near t = 4.0.

As a comparison, we show below the function u(t) windowed with the Gaussian gσ(t − b) with

b = 1.5 and σ = 0.5. In this region, the function u(t) oscillates more slowly than in the region around

t = 4.0.

Once again, we have computed the DFT of the N = 1024-sampled windowed function. The

resulting DFT magnitude spectrum is shown below. It also demonstrates a greater degree of peaking

than its unwindowed counterpart. In this case, the peaks are situated at k = 30 and k = N−30 = 994.

This corresponds to a lower local frequency of oscillation than the k = 80 oscillation associated with

the region around t = 4.0.

We may now imagine performing the above local analysis of the (sampled) chirped signal at a

number of window center values b over the interval [0, 2π]. For each value of b, there would be a value
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The function u(t) = cos(10t2), 0 ≤ t ≤ 2π, windowed with a Gaussian gσ(t− b), where b = 1.5 and σ = 0.5.

(or range of values) of the local frequency k(b). We need consider only the lower values of k and not

the reflected values N − k.) The resulting plot of local frequency k vs. time b would provide more
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Magnitudes |F [k]| of the DFT coefficients of the Gaussian-windowed function from the previous figure,

N = 1024. Peaks are situated at k = 30 and k = 994.

information about the behaviour of the nonstationary signal u(t) than would a single plot of its DFT

spectrum. In the case of the chirped signal u(t) = cos(10t2), we expect that this plot would be some

kind of curve – perhaps something close to a straight line – that interpolates between the two known

points (b, k) = (1.5, 30) to (b, k) = (4.0, 80), as sketched below.

Perhaps a more realistic depiction of the data would be to include not only the locations of

frequency peaks but neighbouring frequencies with high magnitudes as well. In this case, the curve

would be replaced with a “thicker” set of points in the k-b plane.

The “price” of this extra information is that we now need to specify two quantities, namely, the

local frequency k and the location b.

Some final comments on the above examples

Let us first summarize the results of our computations involving the chirped signal u(t) = cos(10t2).

1. In a neighbourhood of time t = 1.5, the discrete N = 1024-point DFT magnitude spectrum

|F [k]| exhibits a peak at k = 30. We recall that if the oscillatory exponential function exp(ik0t)

is sampled by N -points over [0, 2π], then its DFT F [k] consists of a single peak at k = k0. Here,

k0 = 30 corresponds to the oscillatory exponential function exp(i 30t).
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Hypothetical plot of local frequency k vs time center b for chirped signal cos(10t2) over [0, 2π].

2. In a neighbourhood of time t = 4.0, the DFT magnitude spectrum exhibits a peak at k = 80.

Using the same reasoning as above, this corresponds to the oscillatory exponential function

exp(i 80t).

An observant listener/reader (such as one in our class) may see some potential problems with these

results. After all, we conjectured earlier that one could write the chirped signal as follows,

u(t) = cos(10t2) = cos((10t)t) = cos(ω(t)t) where ω(t) = 10t . (55)

From this, we would conclude the following:

1. At t = 1.5, ω(t) = 10 ∗ 1.5 = 15. This means that the chirped signal u(t) should oscillate as

exp(i 15t) in the vicinity of the point t = 1.5. This is in disagreement with the DFT result

exp(i 30t).

2. At t = 4.0, ω(t) = 10 ∗ 4 = 40. This means that the chirped signal u(t) should oscillate as

exp(i 40t) in the vicinity of the point t = 4.0. This is in disagreement with the DFT result

exp(i 80t).

In fact, in both cases, we seem to be out by a factor of two.

The explanation of this discrepancy is that the interpretation of ω(t) = 10t as a local frequency in

Eq. (55) is incorrect. In order to obtain a value of the local frequency of cos(10t2) or, equivalently,

the exponential function exp(i 10t2), we must employ the linear approximation of the time function

f(t) = 10t2 at each of the two times. In other words, at a given time t0, we consider the linear

approximation

f(t) ≈ f(t0) + f ′(t0)(t− t0) , for t near t0 . (56)
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In this case, f(t) = 10t2, so we have

10t2 ≈ 10t20 + 20t0(t− t0) = −10t20 + 20t0 t , for t near t0 . (57)

For t near t0, the exponential function exp(i 10t2) is then approximated as

exp(i 10t2) ≈ exp(−i10t20) exp(i 20t0 t) . (58)

The first term on the RHS is a complex constant – a constant phase. It multiplies an oscillatory

exponential function with frequency k0 = 20t0. Eq. (58) is the local linear approximation to the

chirped signal u(t) at t = t0. It yields results that agree with our DFT results stated earlier:

1. cos(10t2) oscillates locally as cos(20 ∗ 1.5 t) = cos(30t) near t = 1.5.

2. cos(10t2) oscillates locally as cos(20 ∗ 4 t) = cos(80t) near t = 4.0.

The “moral of the story” is that the local frequency of a signal of the form exp(iφ(t)) cannot be

obtained by writing it as

exp(iφ(t)) = exp

(

i
φ(t)

t
t

)

(59)

and concluding that its local frequency at t = t0 is
φ(t0)

t0
. We must use linear approximation of φ(t)

at t = t0, i.e.,

φ(t) ∼= φ(t0) + φ′(t0)(t− t0) for t near t0 , (60)

so that the signal is approximated as follows,

exp(iφ(t)) ∼= exp(iφ(t0) + iφ′(t0)(t− t0))

= exp(iφ(t0)− iφ′(t0)t0) exp(iφ
′(t0)t)

= A exp(iφ′(t0)t) . (61)

The local frequency at t = t0 is then φ′(t0). This is well known to those working in wave propagation.
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Windowed Fourier transforms, Wavelet transforms

The discussion at the end of the previous section leads to the general idea of a windowed Fourier

transform for a function f(t) with continuous real variable t ∈ R, simply, the Fourier transform of a

function that is windowed about a particular value t0 ∈ R,

F (ω; t0, σ) =
1√
2π

∫ ∞

−∞
gσ(t− t0)f(t)e

−iωt dt . (62)

Note that we need to specify both the window center t0 as well as the width σ of the window. The

windowed Fourier transform produces a local analysis of a function f(t) in terms of local frequency

content about a point t0.

In the special case that the window function is a Gaussian function, the windowed Fourier trans-

form is called a Gabor transform in honour of Denis Gabor, a pioneer in signal processing. The

Gaussian function normally employed in the Gabor transform is the following function,

gσ(t) =
1

(πσ2)1/4
exp

(

−(t− t0)
2

2σ2

)

, (63)

which is slightly different from the Gaussian presented in the previous section. The above function is

normalized with respect to L2 norm, i.e.,

‖gσ‖22 =
1

σ
√
π

∫ ∞

−∞
e−t2/σ2

dt = 1 . (64)

The resulting Gabor transform is then given as

G(ω; t0, σ) =
1√

2π(πσ2)1/4

∫ ∞

−∞
e−(t−t0)2/(2σ2)f(t)e−iωt dt . (65)

At this point, we mention that the Gabor transform for the following chirp function,

u(t) = exp(iat2) , (66)

which is related to the N -point sampled chirp function examined in the previous section, can be

determined in closed form. The result is presented in the book, A Wavelet Tour of Signal Processing,

The Sparse Way, by S. Mallat (Third Edition), Chapter 4, “Time Meets Frequency.” There, it is

presented as Example 4.4 on Page 94. The squared magnitude of the windowed Fourier transform –

which Mallat calls the “spectrogram” – is given by

|G(ω, σ, t0)|2 =
1

2π

(

4πσ2

1 + 4a2σ4

)1/2

exp

(

−σ
2(ω − 2at0)

2

1 + 4a2σ4

)

. (67)

301



(The formula above has an extra 1/(2π) factor because of our definition of the FT.) For a fixed σ > 0,

the maximum values of this “spectrogram” occur at the points (ω, t0) at which the argument of the

exponential is zero, i.e.,

ω = 2at0 . (68)

This is the “local frequency” of the chirp signal at t = t0, which is in agreement with our numerical

observations and linear analysis of the discrete signal of the previous section, for which a = 10.

We present one final and interesting example to show the ability of the windowed DFT to perform

a local analysis of a nonstationary signal. It is Example 4.4, Pages 94 and 95, from Mallat’s book cited

above. The signal is a linear combination of a chirp with linearly increasing frequency, a chirp with

quadratically decreasing frequency and two modulated and localized Gaussians. (No formula is given,

however.) The spectrogram is computed with a Gaussian window dilated by σ = 0.05. As expected

from Eq. (4.16) (which is Eq. (67) above) the linear chirp yields large amplitude coefficients along

the trajectory of its instantaneous frequency, which is a straight line. The quadratic chirp yields large

coefficients along a parabola. The two modulated Gaussians produce low- and high-frequency blobs

at u = 0.5 and u = 0.87. Mallat’s “u” corresponds to our window centre t0.

Page 95 of Mallat’s book, with a plot of the signal, along with the windowed Fourier transform

magnitudes and phases, is presented on the next page of these notes.
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Lecture 23

Fourier Transforms (cont’d)

Another way to view the windowed Fourier transform

Let us return to the expression for the windowed Fourier transform from the previous section,

F (ω; t0, σ) =
1√
2π

∫ ∞

−∞
gσ(t− t0)f(t)e

−iωt dt . (69)

Recall that t0 is the center of the window and σ its width. As such, this transform produces a local

analysis of a function f(t) in terms of local frequency content in the vicinity of t = t0.

The above transform may be viewed in another way, namely, as as the (complex) scalar product

of f(t) with the oscillatory function,

ψt0,ω,σ(t) = gσ(t− t0)e
iωt . (70)

In the case of the Gabor transform, the functions ψt0,ω,σ(t) have frequency ω and are enclosed in

Gaussian envelopes of width σ, as sketched below. They have the general shape of “wave packets”

encountered in quantum mechanics.
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The “wave packet”function gσ(t− t0)e
−iωt.
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If we renormalize the window function gσ(t) so that its L2 norm is unity, then it is easy to show

that the resulting oscillatory functions ψ in Eq. (70) have unit L2 norm, i.e.,

‖ψ‖2 = 1 . (71)

In other words, windowing the non-L2 exponential functions eiωt has produced functions with finite

L2 norm. As such, we may now view the resulting windowed Fourier/Gabor transforms as generalized

Fourier coefficients, i.e.,

F (ω; t0, σ) = 〈f, ψt0,ω,σ〉 . (72)

There is a minor problem, however: The set of functions ψt0,ω,σ does not comprise a complete or-

thonormal basis. It is, in fact, overcomplete – there are just too many functions. Keep in mind

that, so far, the indices t0, ω and σ are not discrete-valued – they are all continuous real variables.

Somehow, it might be desirable to restrict their values over a discrete, yet infinite, set, in order to

obtain a countably infinite set of functions which form a basis – better yet, an orthonormal basis –

on R. The advantage of such a set of basis functions is that they are localized in both time and

frequency. As such, they may be able to provide local information about nonstationary signals. Once

again, however, we pay a price: We’ll need to specify at least two pieces of information, namely, the

location of the basis function as well as its frequency. In many applications, that is not a price that

is too high. It leads to the idea of wavelet bases.

Finally, we mention that almost forty years after the work of D. Gabor in signal processing (intro-

duction of the Gabor transform), the theoretical physicists Morlet and Grossman introduced the idea

of using oscillatory functions such as the ψt0,ω,σ(t) functions of Eq. (70), all of which are obtained by

scaling and translating a single oscillatory function called a wavelet.

Very briefly, a wavelet ψ is a function of zero-average, i.e.,
∫ ∞

−∞
ψ(t) dt = 0 . (73)

For convenience, we also assume that
∫ ∞

∞
|ψ(t)|2 dt = 1 =⇒ ‖ψ‖2 = 1 . (74)

This function is then dilated by a scale parameter s and translated by u,

ψu,s(t) =
1√
s
ψ

(

t− u

s

)

. (75)
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If s < 1 (s > 1), then the graph y = ψt,s is obtained by contracting (expanding) the graph y = ψ(t)

in the t-direction and expanding (contracting) it in the y-direction along with a translation in the

x-direction.

The multiplicative factor
1√
s
ensures that

‖ψu,s‖2 = 1 . (76)

The wavelet transform of a function f at scale s and position u is defined as

Wf(u, s) =

∫ ∞

−∞
f(t)ψ∗

u,s(t) dt =
1√
s

∫ ∞

−∞
f(t)ψ∗

(

t− u

s

)

dt . (77)

It is desired that the function ψ(t) be relatively concentrated near t = 0 (something like a

wavepacket). If the effective “width” of ψ(t) is σ, then the function ψu,s(t) at a scale s < 1 will

be more concentrated, i.e., have an effective width of s · σ. Since ψu,s(t) must oscillate the same num-

ber of times over this smaller width as ψ(t) does over width σ, it must oscillate at a higher frequency.

Finally, we present an illustrative example of the local analysis that is provided by the wavelet

transform, as a kind of preview of our treatment of wavelets to follow. The example is once again

taken from S. Mallat’s book, A Wavelet Tour of Signal Processing, The Sparse Way. Pages 103 and

104 from the book are included on the next two pages of these notes.

Here, the wavelet employed is the so-called “Mexican hat” wavelet, given in Eq. (4.34) of Page

103 of Mallat’s book. In Figure 4.7 on Page 104 of the book are presented a nonstationary signal and

its wavelet transform. The scale s of the transform in the lower figure decreases as we move upward.

As such, the top of the lower figure represents the finest scale at which the signal is analyzed. At this

scale, the magnitudes of the wavelet transform most significant in regions of irregularity (e.g., jumps,

cusps) or high variation of the signal. On the other hand, the magnitude of the wavelet transform is

very small, if not zero, in regions over which the signal is relatively smooth. As we move downward,

and the scale becomes coarser, irregularities and variations in the signal become blurred out.
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Wavelets and multiresolution analysis

Introduction

We begin with a motivation for what is called the multiresolution analysis of functions, with a

particular eye toward applications in signal and image processing.

Consider a function f ∈ L2(R) which will, once again, represent a signal of interest. (Later, we

may wish to restrict the support to a finite interval, say, [0, 1].) Now suppose that we input this

function into a machine that “scans” f(t) with a sensor to produce approximations to it with a given

“refinement” or “resolution.” One possibility – an idealized one – is that the sensor produces disjoint,

piecewise constant approximations to f(t) over contiguous intervals on R. The coarser the sensor, the

longer the “pieces” that comprise the approximation to f(t). Or, the other way around, the finer the

sensor, the shorter the pieces that comprise the approximation to f(t).

This is certainly an idealization – no sensor can do this. There will either be some kind of overlap

between intervals or some loss of information near the endpoints of each interval. For the moment,

we neglect this difficulty and consider piecewise constant approximations.

Of course, there are many ways to approximate a function g(t) over an interval [a, b]. In what

follows, we shall assume that the sensor yields the best constant approximation in the L2 sense, i.e.,

the mean value of g over [a, b]:

g[a,b] =
1

b− a

∫ b

a
g(t) dt. (78)

From a generalized Fourier series perspective, this is equivalent to projecting g onto the following

orthonormal basis element of L2[a, b]:

ê1(t) =
1√
b− a

, (79)

i.e.,

g(t) ≈ g[a,b] = 〈g, ê1〉ê1. (80)

We shall consider a particular family of such refinements, namely, piecewise-constant approxima-

tions fk to functions f ∈ L2(R) over intervals of length 2−k. For example:

1. f0(t): approximation to f(t) by piecewise constant functions over intervals of integer length, i.e.,

[l, l + 1], l ∈ Z

2. f1(t): approximation to f(t) by piecewise constant functions over intervals of half-integer length,

i.e., [m/2, (m + 1)/2], m ∈ Z.
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These two approximations to a function f(t) are presented in the figure below.
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The “detail” fd(t) between f0(t) and f1(t).

Clearly, f1(t) is a more refined approximation to f(t) than f0(t) is. (And, in general, if m < n,

then fn(t) is a more refined approximation to f(t) than fm(t) is.) One may ask the following questions,

which are not unrelated:

1. How are f0 and f1 related?

2. Can we characterize the additional information contained in f1 over that in f0?

One attempt to answer the above questions is to study the difference between the two approxi-

mations, i.e.,

fd(t) = f1(t)− f0(t). (81)

fd(t) is what we have to add to the lower-resolution approximation f0(t) in order to obtain the higher-

resolution approximation f1(t), i.e.,

f1(t) = f0(t) + fd(t). (82)
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As we’ll discuss below, fd(t) is known as the “detail” – the information that is contained in f1(t) which

is not contained in f0(t).

A plot of fd(t), shown above, is indeed interesting. The graph of fd(t) is piecewise constant over

half-intervals, as expected. But what may not have been expected is the fact that the two pieces of

the graph of fd(t) over each interval [k, k + 1], k ∈ Z, are symmetrically places above and below the

x-axis. In fact, each “piece” of the graph of fd(t) over the interval [k, k + 1] can be expressed as an

appropriate multiple of ψ(t− k), where the detail or wavelet function ψ(t) is defined as

ψ(t) =







1, 0 ≤ t < 1/2,

−1, 1/2 ≤ t < 1.
(83)

The graph of this function is presented below.

ψ(t)

t

1

-1

0
1

The “wavelet” function ψ(t).

A little extra work will show that this should, in fact, be the case: The average value of f(t) –

which is f0(t) – over each interval Ik = [k, k+1) should lie between the average values of f(t) over the

two half-intervals of Ik, the two values of f1(t) over Ik. By construction, this implies that the mean

of fd(t) over each interval Ik should be zero.

Such questions are important in the subband coding of signals and their progressive trans-

mission. It is often desired to have a set of coefficients that represent various resolutions of a signal,

in such a way that one needs only to add higher resolution coefficients to the already existing lower

resolution ones. The generalized Fourier series explored earlier in this course is an example of such a

system. However, Fourier series are generally defined over entire intervals of support of a function.

Wavelets generally have more localized support.
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A more mathematical analysis

We now analyze mathematically the relationship between the approximations f0 and f1 – and, in

general, fk and fk+1.

Let us introduce the following space of functions:

V0 = {f ∈ L2(R) : f(t) is constant over the interval [k, k + 1),∀k ∈ Z}. (84)

It can be shown (an exercise in advanced analysis) that V0 is a closed, linear subspace of L2(R).

Furthermore, the following countably-infinite set of functions spans V0:

φ0k(t) = I[k,k+1)(t), (85)

where, for convenience, we have introduced the indicator function of a set S ⊂ R as

IS(t) =







1, t ∈ S,

0, t /∈ S.
(86)

Note: The first subscript of φ0k(t), i.e., “0”, refers to the resolution level, i.e., V0. The second

subscript, “k”, actually enumerates the basis functions. Some of these functions are plotted below.

1

t
1 2 k k + 1

φ00(t) φ01(t) φ0k(t)

−1 0

φ0,−1(t)

Some orthonormal basis functions φ0k(t) of the space V0.

It should not be difficult to see that the functions φ0k(t) form an orthonormal set on V0, i.e.,

〈φk, φl〉 = δkl, (87)

since they do not overlap with each other unless k = l. We may write that

V0 = span{φ0k(t), k ∈ Z} ∩ L2(R). (88)
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(Technically, there should be a bar over the “span” to indicate “closure” of the set, but we’ll omit this

detail.) Note the intersection with the space L2(R): We must ensure that functions in V0 are also in

L2(R), especially if we are going to measure distances between them.

Another note: We have just developed something that was encountered earlier in the course: a set

of basis functions that are not supported on an entire interval of interest, e.g., sin and cos functions,

but rather on subintervals. (Recall the triangular hat functions used in the discussion on the Sampling

Theorem.) There is a price to pay for this, since we have to deal with many more functions in our

space. But the benefit of this construction is that the basis functions are localized: We can now

operate on selected portions of a signal if desired. This was not possible with Fourier basis functions.

Back to our space V0: From the above construction, if u(t) ∈ V0, then

u(t) =
∑

k∈Z

c0kφ0k, (89)

where

c0k = 〈u, φ0k〉, (90)

since the φ0k are orthonormal.

Now, it should be clear that the approximation f0(t) to f(t) defined earlier belongs to V0. But

recall the way in which we constructed f0(t) earlier: The value of f0(t) over the interval [k, k+1) was

chosen to be the average value of f(t) over that interval. But the length of the interval [k, k + 1) is 1

so that this average value is given by
∫ k+1

k
f(t) dt . (91)

But this integral may also be viewed as the inner product of the function f(t) with the function

φ0k = 1 over the interval [k, k + 1), i.e.,

∫ k+1

k
f(t) dt = 〈f, φ0k〉 . (92)

In other words, the approximation f0(t) is given by

f0(t) =
∑

k∈Z

〈f, φ0k〉φ0k. (93)

We have arrived at the following important result:

f0(t) is the best approximation to f(t) in the subspace V0.
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There is another very important point. It is quite obvious that the functions φ0k(t) are translations

of each other. We’ll use φ00(t) as a reference and call it φ(t). Then

φ0k(t) = φ(t− k). (94)

We may then define the space V0 as follows:

V0 = span{φ(t− k), k ∈ Z} ∩ L2(R), (95)

In this case, integer translations of the function φ(t) provide a basis for V0. The reference function

φ(t) is obviously important, and will be referred to as the Haar scaling function for this particular

multiresolution analysis. Because of its importance, the graph of φ(t) is shown below.

1

0
t

y

φ(t)

1/2 1

The Haar scaling function φ(x)

Now introduce the space of higher-resolution functions,

V1 = {f ∈ L2(R) : f(t) is constant over the interval

[

k

2
,
k + 1

2

)

,∀k ∈ Z}. (96)

Proceeding in the same way as above, we could write that the following countably-infinite set of

functions provides an orthonormal basis on V1:

φ1k(t) =
√
2 I[k/2,(k+1)/2)(t), (97)

Some basis functions are sketched below. Note that the multiplicative factor of
√
2 must be introduced

because the functions are supported on intervals of width 1/2.

We notice that the φ1k are translated copies of φ10. But what is more important is that they also

are dilated and translated copies of the scaling function φ(t):

φ1k(t) =
√
2 φ(2t− k). (98)
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φ12(t)

t
1 2−1 0

1

2

1/2 3/2 k/2 (k + 1)/2

√
2

φ1,−1(t) φ1k(t)φ10(t)φ11(t)

Some orthonormal basis functions φ1k(t) of the space V1.

This might be a little clearer if we rewrite the function on the right as follows:

φ1k(t) =
√
2 φ

(

2

(

t− k

2

))

. (99)

The function on the right is the function φ(t), first shrunk by a factor of 1/2 and then translated by

k/2 to the right.

Here is another way to look at it. Recall that the φ(x) function is nonzero only for 0 ≤ x < 1. From

Eq. (98), the function φ1k(t) is nonzero for

0 ≤ 2t− k < 1 =⇒ k ≤ 2t < k + 1 =⇒ k

2
≤ t <

k + 1

2
. (100)

Just as we did for V0, we may write

V1 = span{
√
2 φ(2t − k), k ∈ Z} ∩ L2(R). (101)

In other words, if x(t) ∈ V1, then

x(t) =
∑

k∈Z

c1kφ1k(t), (102)

where

c1k = 〈x, φ1k〉. (103)

But from Eq. (98), we may also write that

x(t) =
∑

k∈Z

c1k
√
2 φ(2t− k). (104)
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The function f1(t), which was the piecewise constant function approximation to f(t) over intervals

of half-integer length, clearly belongs to V1. Moreover, it is the best approximation to f in V1, i.e.,

f1(t) =
∑

k∈Z

〈f, φ1k〉φ1k. (105)

At this point it is useful to stop and summarize some important ideas from the above

discussion:

1. Functions in V0 (piecewise constant over unit intervals [k, k + 1) can be expressed as a linear

combination of orthonormal basis functions

φ0k(t) = φ(t− k) , k ∈ Z , (106)

which are simply translations of the fundamental function φ00(t) = φ(t).

2. Functions in V1 (piecewise constant over half-unit intervals [k/2, (k + 1)/2) can be expressed as

a linear combination of orthonormal basis functions,

φ1k(t) =
√
2φ(2t− k) , k ∈ Z , (107)

which are obtained by scaling and translating the fundamental function φ(t).

As we’ll see in the next lecture, we can continue this procedure to higher, as well as lower, resolu-

tions. The final result is that all orthonormal basis functions will be formed by suitable

scalings and translations of the fundamental function φ(t). This is the essence of wavelet

representation.
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