
Lecture 16

Laplace’s equation - final comments

To summarize, we have investigated Laplace’s equation, ∇2 = 0, for a few simple cases, namely,

1. On the line, i.e., on R, i.e., 0 ≤ x ≤ L, in general, a ≤ x ≤ b. Here , Laplace’s equation assumes

the simple form
d2u

dx2
= 0, (1)

with general solution

u(x) = C1x + C2. (2)

Depending on the boundary conditions imposed at the endpoints x = a and x = b, there could

be a unique solution, a family of solutions, or no solution at all.

2. In the plane, i.e., in R2, for two special cases:

(a) Rectangular region, 0 ≤ x ≤ L, 0 ≤ y ≤ H, with prescribed values of the function (e.g.,

temperature) along the boundaries. Cartesian coordinates were used.

(b) Circular regions – both including as well as excluding the singular point (0, 0), for which

planar polar coordinates (r, θ) are more convenient.

Laplace’s equation is of great importance in higher dimensions, e.g.,

3. In R3, where it is most convenient to use the coordinate system that is adapted to the symmetry

of the problem being considered. Of course, this implies that we shall have to express the

Laplacian operator in such a coordinate system. Examples include:

(a) Rectangular symmetry – use Cartesian coordinates (x, y, z).

(b) Spherical symmetry – use spherical polar coordinates (r, θ, φ).

(c) Cylindrical symmetry – use cylindrical coordinates (r, θ, z).

Recall that in all cases, we are solving for time-independent functions u : Rn → R. In the applications

considered to date, these functions could represent steady-state distributions, e.g.,

1. the steady-state or equilibrium temperature distribution ueq for a system, as determined by

boundary conditions,
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2. the electrostatic potential V in a region, as produced by a prescribed distribution of electric

potential.

We also emphasize that in these cases, there are no sources, i.e., no sources of heat or electric charge.

In the case that sources are present, the equilibrium/steady-state function – provided it exists – will

have to obey Poisson’s equation, e.g.,

∇2u = − Q

K0
(3)

in the case of the heat equation.

It may be possible to solve such problems analytically, using an eigenfunction expansion approach

(Question No. 8 of Problem Set No. 3 – also see Sections 8.3 and 8.4 of text). In practice, however,

one normally resorts to numerical methods.

It is not overstating the case to mention once again that the Laplace and Poisson equations

are of great importance in science and engineering. Because of their applicability to problems in

electromagnetism, heat and fluid mechanics, these equations and methods for their solution received a

great deal of attention in the 1800’s and early 1900’s. And from this work arose the field of “Potential

Theory,” the mathematical analysis of solutions of Laplace’s equation (harmonic functions).

We now turn our attention to another major area of mathematics that was developed during the

same time period, also due to its importance in the understanding of solutions to the Laplace and

Poisson equations.

An introductory look at Sturm-Liouville theory

Relevant sections of textbook by Handelsman: Sections 5.1-5.3

In all of the PDEs examined so far – heat equation and wave equation with various homogeneous

boundary conditions – the boundary value problem that determined the “eigenvalues”, i.e., the discrete

values λn of the separation constants, had the simple form

d2φ

dx2
+ λφ = 0, (4)

with homogeneous boundary conditions, such as the following:

φ(0) = 0, φ(L) = 0, Result: Fourier sine series
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φ′(0) = 0, φ′(L) = 0, Result: Fourier cosine series

φ(0) = 0, φ′(L) = 0, Result: shifted Fourier sine series

φ(−π) = φ(π), Result: Fourier series (sine and cosine functions) (5)

In each case, we found that the associated eigenfunctions φn(x) formed an orthogonal set on [0, L]. We

also saw that in each case, the orthogonal set was complete, i.e., a function f(x) could be expanded

in terms of this set.

Of course, the PDEs that led to this boundary value problem were quite simplified, arising from

the assumption of constant coefficients – in other words, homogeneous media. We would like to

now generalize the above results to the case of PDEs with nonconstant coefficients. In these cases,

separation of variables will yield ODEs with nonconstant coefficients. Generally speaking, the resulting

boundary value problems are no longer solvable in terms of elementary functions such as sines and

cosines. We’ll show, however, that even in these cases, the eigenvalues λn are discrete, and the

corresponding eigenfunctions φn(x) are orthogonal to each other.

As a motivating example, let us consider the heat equation for a nonuniform rod, without sources:

c(x)ρ(x)
∂u

∂t
=

∂

∂x

(

K0(x)
∂u

∂x

)

. (6)

We’ll also assume some kind of homogeneous boundary conditions, say,

u(0, t) = 0, u(L, t) = 0, (7)

so that the separation of variables method may be applied. As before, we assume a solution of the

form

u(x, t) = φ(x)G(t). (8)

Substitution into (6) yields

cρφ
dG

dt
=

d

dx

(

K0(x)
dφ

dx

)

G, (9)

which can be separated as follows

G′

G
=

1

cρφ

d

dx

(

K0
dφ

dx

)

= −λ. (10)

The resulting boundary value problem for φ(x) becomes

d

dx

(

K0(x)
dφ

dx

)

+ λc(x)ρ(x)φ(x) = 0 φ(0) = φ(L) = 0. (11)
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This is an example of a Sturm-Liouville eigenvalue problem. Subject to some conditions on the

functions K0(x) (positive, piecewise C1) and c(x), ρ(x) (piecewise continuous), the existence of an

infinite set of discrete (positive) eigenvalues λn and associated orthogonal eigenfunctions φn(x) is

guaranteed. Associated with these eigenvalues/eigenfunctions will be the time-dependent functions

Gn(t) satisfying the ODE,

G′

n(t) + λnGn(t) = 0, n = 1, 2, · · · . (12)

Of course, we may write down the solutions immediately: Up to a constant,

Gn(t) = e−λnt. (13)

Our separation of variables method has produced a set of solutions to the nonuniform heat problem

in Eq. (6) of the form

un(x, t) = φn(x)Gn(t) = φn(x)e−λnt. (14)

And because the BCs were assumed to be homogeneous, any linear combination of these solutions is

also a solution. If the solutions φn(x) to the BVP in Eq. (11) can be shown to form a complete basis

set on [0, L], then all solutions to this heat problem can be expressed in the form

u(x, t) =
∑

n=1

anφn(x)e−λnt. (15)

In this particular case, i.e., the heat equation, the eigenvalues λn will determine the rate of decay of

the modes, i.e., the spatial functions φn, in time. In the case of the wave equation that models a

vibrating string, the eigenvalues λn will correspond to the natural frequencies of the string.

The Main Result – The “Regular” Sturm-Liouville Eigenvalue Problem

In what follows, we adopt the notation of the textbook – see pages 162-163.

A regular Sturm-Liouville eigenvalue problem consists of the Sturm-Liouville differential equation

d

dx

(

p(x)
dφ

dx

)

+ q(x)φ + λσ(x)φ = 0, a < x < b, (16)

subject to the general homogeneous boundary conditions of the form

β1φ(a) + β2
φ

dx
(a) = 0,

β3φ(b) + β4
φ

dx
(b) = 0, (17)
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where the βi are real. Note that boundary conditions listed earlier in this lecture, with the exception

of the periodicity condition, are special cases of this general form.

In order for the Sturm-Liouville problem to be regular, the coefficients p(x), q(x) and σ(x) must

satisfy some conditions over [a, b], including:

1. p(x) is piecewise C1, q(x) and σ(x) are piecewise continuous,

2. p(x) > 0 and σ(x) > 0.

These, in particular the latter, may seem to be quite restrictive, but they apply to most physical

situations.

Here, we state the main results regarding the eigenvalue problem in Eq. (16). We’ll discuss them

in more detail later. (These are listed on p. 163 of the textbook.)

1. All eigenvalues λ are real.

2. There exists an infinite number of eigenvalues,

λ1 < λ2 < · · · < λn < λn+1 < · · · (18)

(a) There is a smallest eigenvalue, usually denoted as λ1.

(b) There is no largest eigenvalue, and λn → ∞ as n → ∞.

3. Corresponding to each eigenvalue λn, there is an eigenfunction, denoted as φn(x), which is unique

to within an arbitrary multiplicative constant. The function φn(x) has exactly n − 1 zeros in

the open interval (a, b).

4. The eigenfunctions φn(x) form a “complete set” or basis for the space of functions L2[a, b]. More

on this later.

5. Eigenfunctions belonging to different eigenvalues are orthogonal relative to the weight function

σ(x), i.e.,
∫ b

a
φn(x)φm(x)σ(x) dx = 0 if m 6= n. (19)
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Why do we call it an “eigenvalue problem”?

Because the φn are eigenfunctions of a linear operator, in this case a second-order linear differential

operator. One normally writes the Sturm-Liouville problem in the general form

Lφ + λφ = 0, (20)

where the linear operator L is given by

L =
d

dx

(

p(x)
d

dx

)

+ q(x), (21)

As a result, the Sturm-Liouville equation can be written as

−Lφ = λφ. (22)

In other words, the action of the operator −L on φ is to produce a scalar multiple of φ: Here, the

scalar is λ, the eigenvalue.

In a postscript to an earlier lecture, I discussed this idea for the particular case L =
d2

dx2
. We

are used to seeing eigenvalue problems expressed in the form of Eq. (22), in which case we would say

that φ is an eigenfunction of the operator −L. In the differential equations literature, however, one

normally states that Eq. (20) implies that φ is an eigenfunction of the operator L.
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Lecture 17

A ”Lightning Tour” of Sturm-Liouville theory

The following discussion is not intended to be complete. We shall briefly cover the main ideas that

are responsible for the results stated in the previous lecture, i.e., the existence of a discrete set of

eigenvalues λn and associated eigenfunctions φn(x). Sturm-Liouville theory is sometimes discussed

in detail in AMATH 351. (Unfortunately, however, it depends upon the instructor). An excellent

reference for SL-theory is,

Differential Equations and Applications with Historical Notes, Second Edition, by G.F.

Simmons, McGraw-Hill (1991), Chapter 4, “Qualitative Properties of Solutions.”

We first claim that it is sufficient to study the following simplified Sturm-Liouville eigenvalue/boundary

value problem,

u′′ + λσ(x)u = 0, u(a) = 0, u(b) = 0, (23)

where we assume that λ > 0 and that the function σ(x) > 0 for all x ≥ a. We’ll also assume that

σ(x) is sufficiently “nice”, i.e., continuous and bounded.

Note: In case you are worried about the neglect of the p(x) and q(x) functions in the

original SL equation of the previous lecture, it is possible to find a function α(x) > 0 so

that the following substitution,

u(x) = α(x)φ(x), (24)

produces a function u(x) that satisfies Eq. (23) (with a different σ(x) function – but it’s

still positive). As such, the qualitative properties of the two functions, most notably their

oscillatory behaviour, are the same – in fact, they have the same zeros.

Solutions are oscillatory

In what follows, we shall also keep in mind the special case σ(x) = 1 in Eq. (23), i.e.,

u′′ + λu = 0, λ > 0. (25)

ignoring the boundary conditions for the moment. Of course, the general solution to this equation is

uλ(x) = C1 cos(
√

λx) + C2 sin(
√

λx). (26)
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As we all know, all of these solutions are oscillatory, thanks to the fact that λ > 0. What we now want

to show is that all solutions to the general equation Eq. (23) are also oscillatory, by virtue of the fact

that the term λσ(x) is positive. The beautiful thing is that this can be done by means of “qualitative

analysis” of Eq. (23), i.e., determining the qualitative properties of solutions to an equation without

having to solve the equation.

Some qualitative analysis of Eq. (23)

First of all, let’s rewrite the DE in (23) as follows,

u′′(x) = −λσ(x)u(x). (27)

Now assume that u(x0) > 0 at some point x0. By continuity u(x) > 0 on some interval I = (a, b)

containing x0. But from Eq. (25), u′′(x) < 0 on I, which means that the graph of u is concave down

on I.

In fact, as x increases away from x0, the graph of u(x) must cross the x-axis. You might ask,

“Why does it have to cross the axis? Why can’t it approach the x-axis asymptotically, as sketched

below?”

u′′(c) = 0

x0 c

u′′(x0) < 0

I0

x

y = u(x)

The reason is that for the graph to approach the x-axis, there would have to be a point of inflection

c > x0, after which the graph is concave up. But from Eq. (27), the only points of inflection occur at

zeros of u(x), i.e., where the graph of u(x) crosses the x-axis.

There’s another question – and it was asked in class: “Why couldn’t the graph of u(x) be increasing

towards a horizontal asymptote as x → ∞, as sketched, for example, in the figure below. The answer

is that as u(x) approaches the asymptote, its second derivative u′′(x) would have to approach zero.

From Eq. (23), this implies that u(x) → zero, etc..
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y = u(x)

v(x) = C

x

u′′(x) < 0

Using the same reasoning as above, we can conclude that any part of the graph of u(x) that lies

beneath the x-axis must be concave upward. Consequently, it would have to intersect the x-axis.

The net result is that u(x) must oscillate about the x-axis. Note that this does not imply that u(x)

is periodic – there is a difference between a function being oscillatory and it being periodic. (That

being said, in the special case σ(x) = 1, without even knowing that the solutions are sine and cosine

functions, one can, with a little extra work, show that the solutions are periodic. This is done in the

book by Simmons mentioned above.)

We now come to the important fact: Since the solutions u(x) are oscillatory, they will have zeros,

i.e., values xi for which u(xi) = 0. We shall now characterize the rate of the oscillations of u(x) in

terms of the distance between its consecutive zeros.

As the parameter λ increases, the distances between consecutive zeros of the oscil-

latory solutions decreases

Let us now return to the special case σ(x) = 1 in Eq. (25), i.e.,

u′′ + λu = 0, λ > 0, (28)

with general solution,

uλ(x) = C1 cos(
√

λx) + C2 sin(
√

λx). (29)

Obviously, uλ(x) is periodic, with period T =
2π√

λ
. This implies that the distances between consecutive

zeros of any particular solution are constant and given by

dλ =
T

2
=

π√
λ

. (30)

As expected, dλ decreases as λ increases. After all, λ is related to the frequency of oscillation, and dλ

is related to the wavelength.
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We now show how a continuous increase of λ will produce a discrete set of eigenvalues λn and

associated eigenfunctions un(x) that satisfy the boundary condition u(a) = u(b) = 0. Consider the

following initial value problem associated with this DE,

u′′ + λu = 0, u(a) = 0, u′(a) = 1. (31)

The first condition is clear. The second condition is a kind of normalization condition that is imposed

in order to isolate a particular solution u(x). We can replace “1” by anything we want. The solution

to this IVP is

uλ(x) =
1√
λ

sin
[√

λ(x − a)
]

. (32)

Let λ be very small, i.e., close to zero, and let x1 > a denote the first zero of uλ(x) after x = a.

It is easy to determine:

x1(λ) = a +
π√
λ

. (33)

Since λ is very small, x1 is very large, in particular, larger than b.

y = uλ(x)

a b
x

x1(λ)

Now let λ increase continuously. As a result, x1(λ) will move continuously leftward, i.e., it de-

creases. There is a particular value of λ, call it λ1, for which x1(λ) = b:

a +
π√
λ1

= b ⇒ λ1 =
π2

(b − a)2
. (34)

This produces our first solution to the BVP u(a) = u(b) = 0, the eigenfunction u1(x).

x2(λ1)a b
x

y = uλ1
(x)

x1(λ1)

Now increase λ further. The first zero x1(λ) will decrease toward a and the second zero,

x2(λ) = a + 2
π√
λ

, (35)
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will approach b from the right. It will coincide with b at the particular value λ2 given by

a + 2
π√
λ2

= b ⇒ λ2 =
4π2

(b − a)2
. (36)

This produces the second solution to the BVP u(a) = u(b) = 0, the eigenfunction u2(x).

x3(λ2)

a b
x

x2(λ2)

x1(λ2)

y = uλ2
(x)

Get the picture? The nth zero xn(λ) will coincide with b at λ = λn given by

xn(λn) = a + n
π√
λn

= b ⇒ λn =
n2π2

(b − a)2
. (37)

This produces the eigenfunction un(x). Clearly, we can continue this procedure – the result is the

discrete set of eigenvalues,

λ1 < λ2 < · · · < λn < · · · , (38)

with associated eigenfunctions un(x) that satisfy the boundary condition u(a) = u(b) = 0. Moreover,

by construction, each function un(x) has n − 1 zeros in the open interval (a, b) (i.e., we’re excluding

the endpoints).

We now return to the more general eigenvalue problem of Eq. (23), i.e.,

u′′ + λσ(x)u = 0, u(a) = 0, u(b) = 0. (39)

Our goal is to show that a procedure analogous to what was done for the special case σ(x) = 1 can be

performed for this equation: As we increase λ, the zeros of the oscillatory solution uλ(x) move toward

x = a. The result is a discrete set of λ-values, λn, at which uλ(b) = 0. But in order to ensure that, in

fact, all of the zeros will move inward, we’ll need another theoretical result.

The “Sturm Comparison Theorem”

We now consider the following differential equation

u′′ + q(x)u = 0, (40)
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where it is assumed that q(x) > 0 for all x ∈ R. Clearly, q(x) = λσ(x) in Eq. (23). We shall use the

results involving distances between consecutive zeros of sine/cosine functions to provide upper and

lower bounds of the distances between consecutive zeros of u(x).

Lemma: Let u(x) be a solution of (40) and I = [c, d] an interval that contains at least two zeros of

u(x). Suppose further that

0 < m < q(x) < M, ∀x ∈ [c, d]. (41)

Then if xk−1 and xk are successive zeros of u(x) in I,

π√
M

< xk − xk−1 <
π√
m

. (42)

The result follows from a comparison of u(x) and the solutions of

u′′

1 + mu1 = 0, distance between consecutive zeros is
π√
m

u′′

2 + Mu2 = 0, distance between consecutive zeros is
π√
M

. (43)

The consequences of this result are significant. If we can control the behaviour of q(x) over the

interval [c, d], we can control the spacing of its zeros. For example, by increasing m, a lower bound to

q(x), we can ensure that a given number of consecutive zeros of u(x) lie in the interval (c, d).

Returning to our SL-eigenvalue problem of Eq. (23), we make the correspondence

q(x) = λσ(x). (44)

The interval [c, d] will be our BVP interval [a, b]. As we increase λ, the Sturm Comparison Theorem

tells us that the distances between all pairs of consecutive zeros, i.e.,

dk,λ = xk(λ) − xk−1(λ), k = 1, 2, · · · , (45)

will get smaller and smaller. As a result, we shall have more and more zeros entering the interval [a, b]

from the right. In other words, the procedure that we employed for the sine and cosine functions above

will apply to the general problem in Eq. (23). Just to recall how we would proceed, first consider the

following initial value problem,

u′′ + λσ(x)u = 0, u(a) = 0, u′(a) = 1. (46)
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y = uλ(x)

a b
x

x1(λ)

For λ sufficiently small, the first zero x1(λ) of uλ(x) will be greater than b. (This is guaranteed by the

Sturm Comparison Theorem - Exercise.) This is sketched above, with the same figure as used earlier.

As λ is increased continuously, x1(λ) will decrease continuously. At some value λ1 > 0, x1(λ1) = b.

The solution uλ1
(x) is the eigenfunction that corresponds to eigenvalue λ1. It has no zeros in (a, b).

x2(λ1)a b
x

y = uλ1
(x)

x1(λ1)

As λ is increased from λ1, the first zero x1(λ) moves toward a and a second zero x2(λ) moves

leftward toward b. At some value λ2 > λ1, u2(λ2) = b. We now have the second eigenfunction uλ2
(x),

with one zero in (a, b).

x3(λ2)

a b
x

x2(λ2)

x1(λ2)

y = uλ2
(x)

Clearly, we can continue the process to produce solutions to (23) that correspond to the discrete

values

λ1 < λ2 < · · · < λn < · · · (47)

The solution uλn
, which we shall simply call un(x), will have n−1 zeros in (a, b). The un(x) correspond

to the eigenfunctions φn(x) of the Sturm-Liouville eigenvalue problem.
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A note on numerical “shooting methods” to approximate eigenvalues/eigenfunctions

The method outlined above may appear somewhat artificial or contrived, and perhaps of limited use. (I

think I used the word “hokey” in class.) However, it actually provides the basis of numerical “shooting

methods” that provide approximations to boundary value/eigenvalue problems. One essentially starts

with an estimate of the eigenvalue λ1, and then numerically solves the initial value problem in Eq.

(46), integrating outward from x = a and checking the values of u(x) until they change sign, i.e., the

approximation to u(x) crosses the x-axis. If this occurs at an x-value greater/less than b, then the

estimate of λ1 is increased/decreased. This is done in some kind of systematic way that allows the

routine to zero in on an estimate of λ1 to a desired accuracy.

Such a method can also be used to provide estimates of higher eigenvalues λn, with the condition

that x = b is the nth zero to the right of x = a. One would also have to keep track of how many zeros

there are in the interval (a, b).

Orthogonality of eigenfunctions

We now prove an orthogonality result for eigenfunction solutions of the BVP problem

u′′ + λσ(x)u = 0, u(a) = u(b) = 0. (48)

Eigenfunctions un(x) corresponding to different eigenvalues are orthogonal with respect to the weight

function σ(x): If λm 6= λn, then
∫ b

a
um(x)un(x)σ(x) dx = 0. (49)

To prove this result, consider two distinct eigenvalues of the above problem, λm 6= λn, with

associated eigenfunctions um and un, i.e.,

u′′

m + λmσ(x)um = 0 (a)

u′′

n + λnσ(x)un = 0 (b). (50)

Now multiply (a) by un and (b) by um and subtract the latter from the former to obtain

unu′′

m − u′′

num + (λm − λn)σ(x)umun = 0. (51)

With an eye to the desired final result, it look like we should integrate both sides of the equation over

[a, b], i.e., integrate over [a, b], then we arrive at the result (Exercise):
∫ b

a
[unu′′

m − u′′

num] dx + (λm − λn)

∫ b

a
σ(x)umun = 0. (52)
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But the integrand happens to be the derivative of the Wronskian W associated with un and um, i.e.,

W (un, um;x) =

∣

∣

∣

∣

∣

∣

un um

u′

n u′

m

∣

∣

∣

∣

∣

∣

= unu′

m − u′

num. (53)

To see this, we take derivatives,

dW

dx
= u′

nu′

m + unu′′

m − u′′

num − u′

nu′

m = unu′′

m − u′′

num. (54)

Therefore, the first integral in Eq. (52) becomes

∫ b

a

dW

dx
dx = W (b) − W (a) (55)

= [un(b)u′′

m(b) − u′′

n(b)um(b)] − [un(a)u′′

m(b) − u′′

n(a)um(a)]

= 0,

since u(a) = u(b) = 0. Eq. (52) then becomes the desired result,

∫ b

a
um(x)un(x)σ(x) dx = 0. (56)

Of course, we knew this in the special case σ(x) = 1, i.e., sine and/or cosine functions that satisfy

homogeneous boundary conditions. But we now have an orthogonality result for the general case of

σ(x).
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Lecture 18

A ”Lightning Tour” of Sturm-Liouville theory (conclusion)

In the previous lecture, we focussed on the eigenvalue-BVP problem

u′′ + λσ(x)u = 0, u(a) = u(b) = 0, (57)

where λ > 0 and σ(x) > 0. We showed the existence of a discrete, infinite set of eigenvalues, λn,

n = 1, 2, · · ·, such that

λ1 < λ2 < · · · . (58)

Associated with each eigenvalue λn is an eigenfunction u(x) that satisfies the above BVP for λ = λn.

Furthermore, u(x) has n − 1 zeros in the open interval (a, b). (This means, of course, that un(x) has

n + 1 zeros on [a, b] for the above BVP.)

There is one more result that can be obtained from a qualitative analysis of this problem, namely,

that the eigenvalues λn are real and positive. Technically, we should have derived this result first,

before proceeding on to the “shooting method” of constructing the discrete set of eigenvalues λn and

associated eigenfunctions un(x). When the shooting method was introduced, we took the liberty of

assuming that λ was real and positive.

Eigenvalues λn are real and positive

For a given n ≥ 1, we start with the eigenvalue equation,

u′′

n + λnσ(x)un = 0, un(a) = un(b) = 0. (59)

Now multiply both sides by un and integrate from x = a to x = b:

∫ b

a
un(x)u′′

n(x) dx + λn

∫ b

a
un(x)2σ(x) dx = 0. (60)

We integrate the first integral by parts to obtain

∫ b

a
un(x)u′′

n(x) dx = un(b)u′

n(b) − un(a)u′

n(a) −
∫ b

a
[u′

n(x)]2 dx. (61)

Substitution into the previous equation yields,

λn

∫ b

a
[un(x)]2σ(x) dx =

∫ b

a
[un(x)]2 dx. (62)
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Note that (i) un(x) is not identicaly zero on [a, b] and (ii) un(x) is not constant (or even piecewise

constant) on [a, b]. Therefore the two integrals in the above equation are positive. This implies that

the λn are positive.

Example: We consider the following eigenvalue problem

u′′ + λ(1 + x)u = 0, u(0) = u(π) = 0. (63)

Here σ(x) = 1 + x. In the figure below, the eigenfunctions u1(x), u4(x) and u10(x) are plotted. (The

eigenfunctions and associated eigenvalues were computed using a software routine that is based on the

shooting method.) Also plotted for comparison are the corresponding eigenfunctions vn(x) = sin nx

of the equation

v′′ + λv = 0, v(0) = v(π) = 0. (64)

In this case the eigenvalues are easily found to be νn = n2.

Since the function σ(x) = 1 + x increases over the interval [0, π], one would expect that solutions

to (63) would oscillate more quickly as x increases from 0 to π. This is somewhat evident in the plot of

u4(x) but quite evident for u10(x) – the spacing between consecutive zeros of u10 decreases as we move

to the right. For the sin eigenfunction v10(x) = sin 10x, the spacing of consecutive zeros is constant.

That being said, one might wonder why the spacings between the first few pairs of zeros of u10(x)

are less than their counterparts for v10(x) = sin 10x. After all, isn’t the function σ(x) = 1 + x greater

than the function 1 in Eq. (64) for v? The reason lies in the fact that the eigenvalues λn corresponding

to un are less than the eigenvalues νn corresponding to vn:

n λn νn

1 0.38291 1

4 6.40606 16

10 40.20580 100

Because σ(x) = 1 + x > 1, a smaller value of λn is required to bring the nth zero to the endpoint

b = 1.

As a result, we expect the spacings of the un to be less than those of the vn. But as x increases,

σ(x) does as well, and the spacings of un decrease. In fact, they have to eventually be less than the

spacings of the vn, because the graph has to make the same number of crossings of the x-axis before

it reaches the point (π, 0).
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Eigenfunctions un(x) of the BVP u′′ + λ(1 + x)u = 0, y(0) = y(π) = 0, for n = 1 (top), n = 4 (middle)

and n = 10 (bottom). Also plotted for comparison (as dotted curves) are the corresponding eigenfunctions

vn(x) = sin nx (up to a constant factor) of v′′ + λv = 0.

A return to the general Sturm-Liouville eigenvalue equation

We now state, without proof, that the results obtained for the Sturm-Liouville eigenvalue problem,

u′′ + λσ(x)u = 0, u(a) = u(b) = 0, (65)
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carry over to the general Sturm-Liouville eigenvalue equation,

d

dx

(

p(x)
du

dx

)

+ q(x)u + λσ(x)u = 0, a < x < b, (66)

with homogeneous boundary conditions of the form

β1φ(a) + β2
φ

dx
(a) = 0,

β3φ(b) + β4
φ

dx
(b) = 0. (67)

The main results for this general problem were presented in Lecture 16, but we repeat them below:

1. There exists a discrete, infinite set of eigenvalues λ1 < λ2 < · · ·, with λn → ∞. (In the general

case, because of the appearance of the term q(x)u, it is not guaranteed that all of the eigenvalues

are positive. Nevertheless, the eigenvalues are bounded from below, implying that only a finite

number of them will be negative.)

2. Associated with each eigenvalue λn is an eigenfunction φn(x) which satifies the boundary con-

ditions and which has exactly n − 1 zeros in the open interval (a, b).

3. The eigenfunctions φn satisfy the following orthogonality relation,

∫ b

a
φmφnσ(x) dx = 0, m 6= n. (68)

This result is proved in Section xxx of the textbook by Haberman.

Completeness of the set of eigenfunctions

We now state the final important result regarding the set of solutions φn(x) to the eigenvalue problem

in Eq. (66) with boundary conditions of the form in (67):

The set of functions {φn}∞n=1 forms a complete orthogonal basis in the space L2[a, b] of

(real- or complex-valued) square-integrable functions on the interval [a, b], i.e.,

L2[a, b] = {f : [a, b] → R (or C) |
∫ b

a
|f(x)|2 dx < ∞}. (69)

This means that any function f ∈ L2[a, b] may be expressed as a unique linear combination of the

form,

f(x) =

∞
∑

n=1

anφn(x). (70)
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The uniqueness is as follows: For a given function L2[a, b], there will be a unique set of an coefficients.

As we’ll qualify below, Eq. (70) does not necessary imply that the series converges to f(x) for each

x ∈ [a, b]. This is a different kind of convergence – a convergence with respect to integration of L2

functions on [a, b]. We shall describe this concept very briefly below – you will see more detailed

discussions in an analysis course such as AMATH 331 (or the graduate course AMATH 731).

To understand convergence in function spaces, we must consider the partial sums of the above

series, defined as follows,

SN (x) =

N
∑

n=1

anφn(x). (71)

In the same way as was done for infinite series of real numbers, we must have that the partial sums

SN converge to the function f as N → ∞, i.e.,

“ lim
N→∞

SN = f ” or “ SN → f ” as N → ∞, (72)

We have put quotes around the mathematical statements because it is not clear at time what these

limits mean.

To make sense of these limits, we return to the definition of the space L2[a, b] in Eq. (69). The

integral in the definition may be used to define the “size” or magnitude of the function f(x). In other

words, it defines the norm of f(x), i.e.,

‖f‖ =

[
∫ b

a
|f(x)|2 dx

]1/2

. (73)

Suffice it to say that the above formula satisfies all of the properties required of a norm, including the

“triangle inequality.”

As you may recall from linear algebra, the norm may be used to define a “distance function” or

metric on a vector space. Here, the distance between two functions f, g ∈ L2[a, b], to be denoted as

d(f, g), will be defined as follows,

d(f, g) = ‖f − g‖ =

[
∫ b

a
|f(x) − g(x)|2 dx

]1/2

. (74)

The above definition may be considered as a functional analogue of the Euclidean metric/distance

between two vectors in Rn. The convergence in Eq. (72) may now be expressed in the following way,

lim
N→∞

d(f, SN ) = 0 or ‖f − SN‖ → 0 as N → ∞. (75)
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The distance d(f, SN ) may be viewed as the error of approximation of the function f(x) by

the partial sum function SN (x): As N increases, the error of approximation decreases, approaching

zero as N → ∞. In this sense, we may write

f(x) = lim
N→∞

SN (x) =

∞
∑

n=1

anφn(x). (76)

Note: The fact that the approximation error goes to zero for any function f(x) is due to the com-

pleteness of the set of functions {φn(x)}. This is a very important property for function spaces,

which are examples of infinite-dimensional spaces. In finite-dimensional spaces, e.g., Rn, any set of

linearly independent vectors {v}n
k=1 will provide a basis for the space. (We can always construct a set

of orthogonal/orthonormal vectors from this set.) But in an infinite-dimensional space such as L2[a, b],

not any infinite set of functions {un}∞n=1 will do: The set must be able to “reach” any element f in the

space. An important result from functional analysis states that the infinite set of solutions φn(x) of a

Sturm-Liouville eigenvalue equation in (66) forms a complete set in the space L2[a, b]. (This result is

proved in AMATH 731.)

We must now comment on the expansion coefficients an in Eq. (70) associated with a function

f(x). The question is, “How do we determine the an from f(x)?” The answer is, “In the same way

as we do for Fourier series.” For a given k ≥ 1, we multiply both sides of Eq. (70) by φk(x)σ(x)

– the function σ(x) must be included because it appears as the weight function in the orthogonality

relation, Eq. (68):

f(x)φk(x)σ(x) =

∞
∑

n=1

anφn(x)φk(x)σ(x). (77)

Now integrate both sides over the interval x ∈ [a, b]. Omitting all technical details (see note below)

we arrive at the following result,
∫ b

a
f(x)φk(x)σ(x) dx =

∞
∑

n=1

an

∫ b

a
φn(x)φk(x)σ(x) dx. (78)

Because of the orthogonality of the φn(x) functions in Eq. (68), the only nonzero term on the right-

hand-side is for n = k, i.e.,
∫ b

a
f(x)φk(x)σ(x) dx = ak

∫ b

a
φk(x)φk(x)σ(x) dx. (79)

We then easily solve for ak,

ak =

∫ b
a f(x)φk(x)σ(x) dx

∫ b
a φk(x)φk(x)σ(x) dx

. (80)
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In the special case that p(x) = 1, q(x) = 0 and σ(x) – the cases that we have considered earlier

in the course – the φn functions will be sine or cosine functions (or combinations of them). In other

words, we have Fourier series expansions. Over the interval [a, b] = [0, L], recall that the integrals in

the denominator have the value L/2.

In closing, you may have noticed a remarkable parallel between the expansion of a function f in

terms of the complete basis set {φn} and the expansion of a vector v ∈ RN in terms of an orthogonal

basis {un} that spans RN . In the latter case, if

v =
N

∑

n=1

anun, (81)

then taking scalar products of both sides with an element uk for some 1 ≤ k ≤ n yields

〈v, uk〉 = ak〈uk, uk〉, (82)

from which follows the result,

ak =
〈v, uk〉
〈uk, uk〉

. (83)

Eq. (83) may be viewed as a finite-dimensional version of Eq. (80).

This, of course, leads to the idea that the basis elements φn(x) behave as basis “vectors” in the

function space L2[a, b]. The scalar product 〈u, v〉 of two vectors u, v ∈ Rn appears to have the following

analogue in our space L2[a, b]:

〈f, g〉 =

∫ b

a
f(x)g(x)σ(x) dx. (84)

This indicates that the space of functions L2[a, b] is equipped with a “scalar product”, which is usually

called an inner product. Note that the inner product involves the weighting function σ(x) which, in

turn, is connected to the orthogonal basis functions φn(x) via the Sturm-Liouville eigenvalue equation.

In summary, we simply state that the space of square-integrable functions L2[a, b] is an inner

product space. Moreover, it is a complete inner product space – to put it loosely, it contains its “limit

points”. An inner product space that is complete is known as a Hilbert space. You may have heard

this term in other courses, e.g., a course in quantum mechanics.

A final note on the “derivation” involving Eq. (78):

As mentioned above, we have omitted all technical details in the “derivation” of Eq. (78). Both

(1) integration and (2) summation of an infinite series involve limiting operations. Interchanging
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these limiting operations requires some care: The proper approach would be to work with partial sum

approximations of f(x). In each case, the order of integration and summation may be reversed. By

taking limits, we arrive at Eq. (78).

Heat equation for a nonuniform 1D rod as a S-L equation

Relevant sections of text: 5.2.1, 5.4

In Lecture 16, we motivated the study of the general Sturm-Liouville eigenvalue problem by

examining the heat equation for a nonuniform 1D rod. We may now use the formal results of the

general Sturm-Liouville problem to complete this problem. Recall that the heat equation assumes the

following form,

c(x)ρ(x)
∂u

∂t
=

∂

∂x

(

K0(x)
∂u

∂x

)

, 0 < x < L. (85)

We assume a separation-of-variables solution of the form

u(x, t) = φ(x)G(t), (86)

which, after separation, yields the following equations for φ and G:

d

dx

(

K0(x)
dφ(x)

dx

)

+ λc(x)ρ(x)φ(x) = 0, φ(0) = φ(L) = 0, (87)

and

G′ + λG = 0. (88)

The DE for φ(x) is a Sturm-Liouville eigenvalue equation with p(x) = K0(x) > 0, q(x) = 0 and

σ(x) = c(x)ρ(x) > 0. As such, there exists an infinite sequence of eigenvalues

λ1 < λ2 < λ3 < · · · (89)

with associated eigenfunctions φn(x) such that

1. φn(0) = φn(L) = 0 and φn(x) has n − 1 zeros in (a, b),

2.

∫ L

0
φn(x)φm(x)σ(x) dx = 0 if m 6= n, where σ = cρ.

Associated with each eigenvalue λn is the solution Gn of the corresponding DE

G′ + λnG = 0 ⇒ Gn(t) = e−λnt. (90)
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Therefore, the separation of variables method yields the following product solutions,

un(x, t) = φn(x)e−λnt, n = 1, 2, 3 · · · . (91)

Superposition of these solutions yields the general solution

u(x, t) =

∞
∑

n=1

anφn(x)e−λnt. (92)

If the following initial condition is imposed,

u(x, 0) = f(x), 0 ≤ x ≤ L, (93)

then the expansion coefficients An may be obtained by using the orthogonality of the φn as follows.

From the initial condition, we have

f(x) =
∞
∑

n=1

anφn(x). (94)

Multiplying both sides by φk(x)σ(x), for an integer k ≥ 1, and integrating x from 0 to L, we obtain

∫ L

0
f(x)φk(x)σ(x) dx = ak

∫ L

0
φk(x)2σ(x) dx, (95)

which is rearranged to give

ak =

∫ L
0 f(x)φk(x)σ(x) dx
∫ L
0 φk(x)2σ(x) dx

. (96)

In general, with even a knowledge of the functional form of the functions K0(x), c(x) and ρ(x)

(which will not usually be the case in practical cases), the values of the eigenvalues λn or the form of

the eigenfunctions φn(x) will not be known. If necessary, one could resort to numerical methods for

their determination. That being said, it is probably computationally “cheaper” (i.e., less computation

is involved) to compute estimates of the solutions u(x, t) using finite difference methods. We’ll touch

on these methods a little later in the course.

In some cases, however, it may be useful to obtain estimates of the eigenvalues λn. This is

particularly true in the case of the wave equation for vibrating systems, which we examine below.

Wave equation for a nonuniform vibrating string

We now return to the wave equation for a vibrating string that is clamped at both ends, assuming

that it is not necessarily homogeneous:

ρ(x)
∂2u

∂t2
=

∂

∂x

(

T (x)
∂u

∂x

)

, (97)
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where ρ(x) is the lineal mass density function and T (x) is the tension. Once again we assume a

separation-of-variables solution of the form,

u(x, t) = φ(x)G(t). (98)

Substitution into (97) yields

ρ(x)φ(x)G′′(t) =
d

dx

(

T (x)
dφ

dx

)

G(t). (99)

We then separate variables to obtain

G′′(t)

G(t)
=

1

φρ

d

dx

(

T
dφ

dx

)

= µ = −λ, λ < 0. (100)

We have taken the liberty of making the separation constant negative, in light of our previous expe-

riences with the DE/BVPs associated with the φ(x) function.

This procedure yields the following φ-equation,

d

dx

(

T
dφ

dx

)

+ λρφ = 0, φ(0) = φ(L) = 0, (101)

and the associated G-equation,

G′′ + λG = 0. (102)

Note that the φ-equation has the form of a general Sturm-Liouville eigenvalue equation with

p(x) = T (x) and σ(x) = ρ(x). From Sturm-Liouville theory, there exists an infinite, discrete set of

(positive) eigenvalues, λ1 < λ2 < · · ·, with associated eigenfunctions φn(x). From Eq. (102), the

associated Gn(t) functions will satisfy the equations

G′′

n + λnGn = 0, n = 1, 2, · · · . (103)

The general solution of this DE is

Gn(t) = an cos(
√

λnt) + bn sin(
√

λnt). (104)

Recalling the form of our separation of variables solution in Eq. (98), we have obtained a set of linearly

independent solutions un(x, t) of the form,

un(x, t) = φn(x) [an cos(ωnt) + bn sin(ωnt)] , ωn =
√

λn, n = 1, 2, · · · . (105)
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In order to accomodate the initial conditions (initial displacement function f(x) and initial velocity

function g(x), we must consider a series solution of the form,

u(x, t) =
∞
∑

n=1

un(x, t)

=

∞
∑

n=1

φn(x) [an cos(ωnt) + bn sin(ωnt)] . (106)

As in the case of the homogeneous string, where T (x) = T0 and ρ(x) = ρ0, the functions un(x, t)

represent the fundamental modes of vibration of the nonuniform string. The spatial profile of each

mode is determined by the eigenfunction φn(x). Each mode will oscillate vertically between the graphs

of φn(x) and −φn(x) with frequency ωn.

In this problem, we see the importance of the eigenvalues λn of the Sturm-Liouville eigenvalue

equation for φ(x): They determine the frequencies of oscillation, ωn =
√

λn, of the fundamental modes.

In applications, it is often helpful to have a knowledge of the first few fundamental frequencies. Just

to remind the reader: Only in some very special cases, e.g., homogeneous strings, rods, can we obtain

the exact values of eigenvalues λn and corresponding eigenfunctions φn(x) in closed form. In reality,

this is not the case, and one must resort to finding estimates of these eigenvalues/frequencies. That

being said, good estimates are often sufficient in applications.

In other applications, the eigenvalues of SL problems correspond to various other physical prop-

erties, for example, the energy levels of a quantum mechanical system. There are only a few quantum

mechanical systems that can be solved in closed form. As a result, much work has been done on ob-

taining good estimates of these energy eigenvalues – most often the lowest energy state (the so-called

“ground state”) and perhaps a few “excited states”. The methods employed in quantum mechanics

can be traced back to the work done by people in the late 1800’s and early 1900’s – most notably

Lord Rayleigh – to estimate eigenvalues of Sturm-Liouville problems. This is the subject of the next

section.
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