
Lecture 4

Derivation of Heat Equation in higher dimensions

Section 1.5 of text by Haberman

We now derive the heat equation in higher dimensions, i.e., R2 (to model a thin solid plate) and

R3 (a solid region). In what follows, the derivation will be in R3, but the same principles apply to

R2.

Let us consider a solid that occupies a region V ⊂ R3. As before, we define:

e(x, t): the thermal energy density: (heat per unit volume) at a point x ∈ V in the solid.

Now consider an arbitrary region D ⊂ V that is enclosed by a smooth surface S. (This region D will

play the role of the arbitrary segment [a, b] that we used in one dimension.)

And as before, we shall also need to define:

Φ(x, t): the heat flux vector at a point x ∈ V . Its magnitude ‖Φ(x, t)‖ is the amount of

heat energy flowing per unit time per unit surface area. (The surface area would, of course,

be perpendicular to the direction of the vector.)

The total heat energy in D at time t will be given by

∫ ∫ ∫

D

e(x, t) dV. (1)

We now apply the basic idea of conservation of total heat energy in region D:

rate of change net heat flow heat energy

of total heat = across boundary + generated inside

energy in time per unit time per unit time

It now remains to translate this word equation into a mathematical equation. The left hand side of

this equation is
d

dt

∫ ∫ ∫

D

e(x, t) dV =

∫ ∫ ∫

D

∂e

∂t
dV. (2)

The final term in the word equation can be handled by a source function Q(x, t), the rate of heat

energy per unit volume generated at x at time t, so that the total heat energy generated per unit time

is
∫ ∫ ∫

D

Q dV. (3)
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As for the net heat flow across the boundary surface S, recall the idea of a surface integral of a

vector function Φ. At a point x ∈ S, let n̂(x) denote the unit outward normal to S. (Of course, we

have to assume that the normal vector exists, which implies that S is orientable.) And let dS denote

the infinitesimal element of surface at x. Then the rate of outward heat flow across dS is given by

Φ(x, t) · n̂(x) dS. (4)

Integration over the entire surface S yields the total outward rate of heat flow through S:

∫ ∫

S

Φ · n̂ dS. (5)

The conservation of energy for an arbitrary region D then becomes

∫ ∫ ∫

D

∂e

∂t
dV = −

∫ ∫

S

Φ · n̂ dS +

∫ ∫ ∫

D

Q dV. (6)

Note the negative sign in front of the surface integral since it measures outward heat flow: A positive

outward heat flow from D represents a decrease in total heat energy in D.

The surface integral over S may now be converted into a volume integral over the enclosed region

D by means of the Divergence Theorem – assuming, of course, that the necessary derivatives exist.

The result is
∫ ∫

S

Φ · n̂ dS =

∫ ∫ ∫

D

~∇ · Φ dV. (7)

Eq. (6) then becomes

∫ ∫ ∫

D

∂e

∂t
dV = −

∫ ∫ ∫

D

~∇ · Φ dV +

∫ ∫ ∫

D

Q dV. (8)

We now combine all terms under one integral:

∫ ∫ ∫

D

[

∂e

∂t
+ ~∇ · Φ − Q

]

dV = 0. (9)

From the following assumptions:

1. artibrariness of region D,

2. continuity of the integrand,

we may conclude that the integrand is zero at all points of V , to give the conservation equation

∂e

∂t
= −~∇ · Φ + Q. (10)
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This is a multidimensional generalization of the one-dimensional equation derived in the previous

lecture:
∂e

∂t
= −

∂φ

∂x
+ Q. (11)

We now introduce the temperature function u(x, t) and relate it to e and Φ in Eq. (10).

1. As before, the relationship between temperature and heat energy density is given by

e(x, t) = c(x)ρ(x)[u(x, t) − u0], (12)

where c is the specific heat, ρ is the mass density and u0 is a reference temperature.

2. The relationship between temperature and flux will be given by the three-dimensional version

of the Fourier “law” for heat conduction:

Φ = −K0
~∇u. (13)

Here, K0 = K0(x) is once again the thermal conductivity. As before, heat travels from hotter to

colder regions. At a point x, its instantaneous direction of motion is in the direction of steepest

descent of the temperature function u, that is, −~∇u.

Note: Eq. (13) is actually a simplified model – it represents isotropic heat flow, i.e., the flow

at a point x is the same in all directions. In other words, the coefficient K0(x), although it

may depend on position, does not depend on direction. In many cases, e.g., air, water, this is a

good, perhaps, excellent, approximation. However, there are situations, e.g., striated materials,

in which it is not – heat will flow at different rates in different directions. In a striated material,

it may flow faster in the two directions along the layers, say x andy, that across layers, say z.

In the general case, the thermal conductivity K0(x) is not a scalar, but a tensor, that can be

represented as a 3× 3 matrix. (Its action on ~∇u will produce a 3-vector. The divergence of this

vector – see the next equation – will produce a scalar.)

Substitution of these results into Eq. (10) yields

cρ
∂u

∂t
= ~∇ · (K0

~∇u) + Q, (14)

which is the multidimensional version of the “generalized heat equation” of the previous lecture.

In the special case that c, ρ and K0 are constants, and Q = 0, the above equation becomes

∂u

∂t
= k∇2u, (15)
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the “heat equation” in three dimensions, where

k =
K0

cρ
(16)

is once again the thermal diffusivity.

Diffusion equation in higher dimensions

The above method of derivation also applies to the diffusion of a chemical – call it “X” – in a solution.

First, let u(x, t) represent the concentration of the chemical. The toal amount of chemical in an

arbitrary region D ⊂ R3 enclosed by a smooth surface S is
∫ ∫ ∫

D

u(x, t) dV. (17)

In what follows, we assume that there are no sources, where the chemical is being produced or possibly

added from the outside or sinks, where the chemical is being either annihilated or removed from the

system. Once again, we let φ(x, t) denote the flux vector at a point x and time t: Its magnitude

‖φ(x, t)‖ is the amount of chemical flowing per unit time per unit surface area (normal to the direction

of the vector) in the direction of the vector φ(x, t). By conservation of mass, the rate of change of the

amount of chemical in region D is given by the negative of the net outward flow of chemical across

the boundary S, i.e.,

d

dt

∫ ∫ ∫

D

u dV =

∫ ∫ ∫

∂u

∂t
dV = −

∫ ∫

D

φ · n̂ dS. (18)

We now apply the Divergence Theorem to the right hand side and rearrange to obtain
∫ ∫ ∫

D

[

∂u

∂t
+ ~∇ · φ

]

dV = 0. (19)

Once again assuming that the integrand is continuous, and using the fact that the region D is arbitrary,

we obtain the equation
∂u

∂t
+ ~∇ · φ = 0. (20)

We now need to express the flux φ in terms of u. This is done in terms of Fick’s “law” of transport,

φ = −k~∇ · u, (21)

where k is the coefficient of diffusivity. (Note the similarity of this equation in form to Fourier’s “law”

for heat conduction - after all, they are both transport equations.) Substitution of this result into Eq.

(20) yields the three-dimensional diffusion equation.

∂u

∂t
= k∇2u, (22)
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It has the same form as the three-dimensional heat equation.

“Reaction-diffusion” equations

Recall that the above treatment of diffusion did not include any sources where the chemical is being

produced or possibly added from the outside or sinks, where the chemical is being either annihilated or

removed from the system. These effects may be incorporated into Eq. (20) by means of a source/sink

term as was done for the heat equation, i.e.,

∂u

∂t
= k∇2u + Q(u, x, t). (23)

Note that we have also allowed Q, the rate of production/depletion, to be dependent on the con-

centration u. This is generally the case when the chemical is being either produced or annhilated

by chemical reactions. For example, suppose that two atoms/molecules of X combine to produce a

chemical Y , i.e.,

X + X → Y. (24)

As you may recall from Chemistry, the “reaction-rate law” for the rate of depletion of X is

du

dt
= −Ku2, (25)

where K is the rate constant. Insertion of this term into Eq. (23) yields

∂u

∂t
= k∇2u − Ku2, (26)

a nonlinear PDE for u(x, t). This is an example of a reaction-diffusion equation. Suppose that we start

with a “system”, for example, a solution, or perhaps a gaseous mixture, in which chemical X is initially

distributed in a nonhomogeneous manner: For example, there are regions of high concentration of X

as well as regions of low concentration of X. As we’ll see shortly, the diffusion term will act to spread

out the concentration of X, reducing the concentration at higher regions and increasing it at lower

regions. But the reaction term will reduce the concentration of X in all regions – the rate of reduction

will, however, be greater at regions of higher concentration.

Electrostatics

In this section, we derive a fundamental PDE of electrostatics, commonly called Maxwell’s first equa-

tion, relating the electrostatic potential V that is produced by a charge density ρ. In what follows, we
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shall let r denote the position vector associated with a point x ∈ R3, i.e.,

r = xi + yj + zk, r = ‖r‖ =
√

x2 + y2 + z2. (27)

First, let us recall the basic facts associated with electric charge. Suppose that a point charge Q

is situated at the origin of a coordinate system in R3. The electrostatic field vector E(r) associated

with this point charge is given by (in SI units)

E(r) =
Q

4πǫ0r3
r (28)

Here, ǫ0 is the permittivity of the vacuum.

The electrostatic force exerted on a test charge q at position r is given by

F(r) = qE(r) =
qQ

4πǫ0r3
r. (29)

Note that:

1. if qQ < 0, i.e., q and Q are of opposite sign, then F(r) points toward the origin, i.e., the force is

attractive.

2. if qQ > 0, i.e., q and Q are of the same sign, then F(r) points away from the origin, i.e., the

force is repulsive.

It is a straightforward calculation that the divergence of this vector field is zero at all points except

the origin:

div E(r) = ~∇ · E(r) = 0, r 6= 0. (30)

It is undefined at the origin, a consequence of the infinite charge density associated with a point

charge.

Also recall that E(r) = −~∇V (r), where

V (r) =
Q

4πǫ0r
. (31)

V is known as the electrostatic potential.

Let S be a closed, smooth surface that does not contain or enclose the point charge Q. It follows

from the Divergence Theorem that

∫ ∫

S

E · n̂ dS =

∫ ∫ ∫

V

~∇ · E(r) dV = 0. (32)
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Here, n̂ denotes the unit outward normal to S.

Now let SR be a sphere of radius R > 0 centered at the origin, the location of the point charge

Q. A straightforward calculation shows that the total outward flux of the electrostatic field vector E

through SR is given by
∫ ∫

SR

E · n̂ dS =
Q

ǫ0
, (33)

independent of R. Note that this integral must be evaluated explicitly – we cannot use the Divergence

Theorem since ~∇ ·E does not exist at the origin.

We can, however, use this result to prove the following: Let S be a smooth surface that encloses

the origin/point charge Q. Then
∫ ∫

S

E · n̂ dS =
Q

ǫ0
, (34)

which is known as Gauss’ Law. This result is proved by constructing a surface SR centered at Q with

R sufficiently small so that SR lies entirely inside S. The Divergence Theorem may be applied to the

region D′ that has SR as interior boundary and S as outer boundary. The details can be found in

any vector calculus text. You will also find a discussion of the main points of this method (from the

instructor’s MATH 227 Lecture Notes) posted after this set of notes on UW-ACE.
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Lecture 5

Electrostatics (cont’d)

We continue our discussion of electrostatic vector fields produced by electric charges.

Extension to several point charges: Now suppose that there are n point charges Qk situated at

positions rk, k = 1, 2, · · · , n. The resulting electrostatic field vector E(r) produced by these charges is

given by

E(r) =
n

∑

k=1

Qk

4πǫ0‖r − rk‖3
[r− rk]. (35)

It is important to step back for a moment to emphasize one point: The above result, which articulates

the linear, vectorial nature of electric fields, is a physical fact that is verified from experiment (at

least in the classical domain). It is not a mathematical result that can be derived from mathematical

axioms.

From the basic results for a single charge, the following may be shown: Let S be an arbitrary

surface in R3 that is assumed not to contain any of the points rk. Then

∫ ∫

S

E · n̂ dS =
Q′

ǫ0
, (36)

where Q′ is the total charge enclosed by surface S. (In other words, charges that lie outside S do not

contribute to the total outward flux of E through S.)

Extension to a continuous charge density: Now assume that electric charge is distributed in

space according to a charge density function ρ(r). Recall the meaning of the charge density function:

At a point r ∈ R3, the infinitesimal amount of charge contained in an infinitesimal volume element

dV centered at r is given by

dq = ρ(r) dV. (37)

We assume that ρ is continuous (or at least piecewise continuous). The implication of this is that

there are no point charges with infinite density. This follows from the fact that the amount of charge

∆q contained in a tiny region of volume ∆V centered at x is given by

∆q ≈ ρ(r)∆V. (38)

As ∆V → 0, ∆q → 0.
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Now suppose that a region D ⊂ R3 enclosed by a smooth surface S represents a charged body,

and that charge is distributed throughout the body according to the density function ρ(r). This means

that the total charge Q in the body is given by

Q =

∫ ∫ ∫

D

ρ(r) dV. (39)

This “smeared out” charge distribution is a kind of continuous version of the previous case dealing

with a finite number of point charges. Each infinitesimal element of charge dq situated at a point r′

in the body will contribute toward a net electrostatic field E(r), as we sketch below.

Suppose that position r ∈ R3 is our “observation point”, P , at which we wish to determine the

net electrostatic field E(r). Note that this point may be either outside or inside the body – in the

sketch below, we have placed it outside the body.

P

r

O

D

E(r′, r)
r
′

r − r
′

dq′ = ρ(r′)dV ′

Now consider an element of charge dq′ situated at a point r′ ∈ D: We use primed coordinates for

the charge elements in the body – eventually, we’ll have to integrate over them. We may now apply

Coulomb’s law to determine the contribution of this charge element to the total field E(r). The result

is

E(r, r′) =
dq′

4πǫ0‖r− r′‖3
[r − r′]

=
ρ(r′)dV

4πǫ0‖r− r′‖3
[r − r′]. (40)

(This is equivalent to considering dq′ = ρ(r′)dV ′ as a point charge situated at r′.) Note that this

contribution from dq′ points in the direction of the vector r − r′, as it must, since the source of this

element of field is at r′ and the observation point is at r.

The net electrostatic field E(r) at our observation point r is now obtained by integrating over all
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charge elements dq′ on D, i.e., integrating over all r′ ∈ D:

E(r) =

∫ ∫ ∫

D

E(r, r′) dr′

=
1

4πǫ0

∫ ∫ ∫

D

ρ(r′)

‖r − r′‖3
[r − r′] dr′. (41)

(Here, dr′ = dV ′ is the volume element in D.)

OK, that’s fine, but the above result is difficult to work with. It would be nicer to have a pointwise

relation between E(r) and ρ(r). Such a relation, in terms of a partial differential equation, can be

found by means of volume and surface integrals, in a manner quite analogous to the derivation of

the heat and diffusion equations. In place of the conservation of energy or mass, however, the basic

principle that makes this relation possible is Gauss’ Law.

In order to proceed, we let S′ denote an arbitrary smooth surface that encloses a region D′ that

is contained in region D, i.e., D′ ⊂ D ⊂ R3. (Does this sound familiar?) The total charge enclosed in

by S′ is

QD′ =

∫ ∫ ∫

D′

dq =

∫ ∫ ∫

D′

ρ(r) dV. (42)

(We now drop the primes from the integration variables.)

Now consider the total electrostatic field vector E discussed above. From Gauss’ Law, the total

outward flux of E through surface S′ is given by
∫ ∫

S′

E · n̂ dS =
QD′

ǫ0
=

1

ǫ0

∫ ∫ ∫

D′

ρ(r) dV. (43)

This is completely in analogy to the case involving a finite number of point charges. Any charge

element dq situated outside surface S′ will have a zero contribution to the total outward flux of E

through S′.

We now have a surface integral equal to a volume integral. Sound familiar? The question: Can

we convert the surface integral into a volume integral? The answer is: Yes, provided that we can

take the divergence of the vector field E. Recall that we could not do this for point charges, i.e.,

situations where the charge density was infinite. But recall that in the case of continuous charge

density functions, there are no point charges. The consequence of this – and we do not prove this

result here – is that the electrostatic field vector E(r) in Eq. (41) is both continuous as well as

continuously differentiable. In other words, its divergence is a continuous function. We may therefore

employ the Divergence Theorem on the surface integral in Eq. (43) to obtain
∫ ∫ ∫

D′

~∇ · E(r) dV =
1

ǫ0

∫ ∫ ∫

D′

ρ(r) dV, (44)
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or
∫ ∫ ∫

D′

[

~∇ ·E −
1

ǫ0
ρ

]

dV = 0. (45)

Once again we assume that the integrand is continuous for all r ∈ D. Because of the arbitrariness

of surface S′/region D′, we may conclude, from a three-dimensional version of the Reymond-du Bois

lemma, that

~∇ · E(r) =
1

ǫ0
ρ(r). (46)

This result is often called Maxwell’s first equation of electrostatics. Note that the divergence of E(r)

is zero at any point where there is no charge. In other words, in the absence of charge, there is zero

divergence – only where there is charge is there a divergence of the electrostatic field vector. And

recall that the divergence of a vector field at a point measures the net outward flow of the field at that

point.

Note that Eq. (46) is a kind of “integral version” of Eq. (41). If we differentiate the latter

appropriately to compute the divergence of E(r), then we obtain Eq. (46).

In practical applications, one usually works with the electrostatic potential V associated with E,

i.e., E(r) = −~∇V (r). Substitution into Eq. (46) yields Poisson’s equation:

∇2V (r) = −
1

ǫ0
ρ(r). (47)

In the absence of charge, Poisson’s equation becomes Laplace’s equation:

∇2V (r) = 0. (48)

In some applications, one is required to solve for the potential V associated with a prescribed

charge distribution ρ, in other words, solving the PDE in Eq. (47). In other applications, one is

required to solve Laplace’s equation (48) associated with prescribed boundary conditions. We shall

examine such problems later in the course.
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A return to the 1D heat equation

We now return to a discussion of the simplest form of the one-dimensional heat equation, namely,

constant thermal properties and no sources:

∂u

∂t
= k

∂2u

∂x2
. (49)

Initial conditions

Section 1.3 of text by Haberman

The solution of the heat equation will be a function u(x, t) which describes the evolution of a

temperature function on x ∈ [0, L]. Without loss of generality, we assume that the evolution begins

at t = 0. It seems quite obvious that we would have to provide some “initial data” in order that a

unique solution to Eq. (49) would result.

This is part of the more general question of what exactly is needed in order to define a particular

solution u(x, t) for t > 0.

1. Initial data: Given that the derivative in time is only a first-order derivative, i.e., ∂u
∂t

, it is

sufficient to prescribe the temperature distribution at time t = 0 i.e.,

u(x, 0) = g(x), 0 ≤ x ≤ L. (50)

2. Boundary conditions: Because of the second order derivative in x, we shall need to provide

two conditions on u(x) or its derivatives. In most applications, a condition is applied at each of

the endpoints, i.e., x = 0 and x = L. These boundary conditions will depend upon the physical

situation being studied. We examine several possible boundary conditions below.

(a) Prescribed temperatures: From a purely mathematical point of view, it might seem

most natural to prescribe the values of u(x, t) at the endpoints, for example, constant

temperatures,

u(0, t) = T1, u(L, t) = T2. (51)

More generally, we may consider time-varying temperatures at the endpoints, i.e.,

u(0, t) = fB(t), u(L, t) = gB(t), (52)

where the subscript “B” denotes “bath”: These boundary conditions could correspond to

the situation where the ends of the rod are in thermal contact with heat baths or huge heat
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reservoirs that can be maintained at controlled temperatures – in each case, the flow of

heat from or to the rod will not affect the temperature of these reservoirs.

A side comment: The prescription of function values at the endpoints is known as the

Dirichlet condition.

(b) Prescribed heat flux at ends: This would correspond to

−K0(0)
∂u

∂x
(0+, t) = φ(0, t), − K0(L)

∂u

∂x
(L−, t) = φ(L, t), (53)

where the endpoint fluxes φ(0, t) and φ(L, t) are prescribed. Clearly, these prescriptions

involve conditions on the spatial derivative of u at the endpoints.

In the special case that these prescribed fluxes are zero, we have the conditions

∂u

∂x
(0+, t) = 0,

∂u

∂x
(L−, t) = 0. (54)

A particular example of such a situation is that of perfect insulation at the endpoints, so

that no heat flow is allowed out of the rod or into the rod through the endpoints.

Another side comment: The prescription of derivatives at the endpoints is known as

the Neumann condition.

(c) Newton’s Law of Cooling: This regards a more complicated case, for example, where

an end of the rod is in contact with a moving fluid, e.g., air or water. The heat leaves the

rod and is carried away from the moving fluid by convection. Experimentally, it is found

that the heat flux is proportional to the temperature difference between the rod and the

fluid. For example, at x = 0,

φ(0, t) = −K0(0)
∂u

∂x
(0, t) = −H[u(0, t) − uB(t)], (55)

where uB(t) is the temperature of the moving fluid and H > 0 is the heat transfer coefficient.

Note that if u(0, t) > uB(t) then heat should flow from the rod to the fluid, i.e., leftward.

The rightmost term is indeed negative in this case, implying that φ(0, t) is negative, i.e.,

leftward flow. (Note also that ∂u/∂x > 0.)

At the other endpoint, i.e., x = L, the condition is given by

φ(L, t) = −K0(L)
∂u

∂x
(L, t) = H[u(L, t) − uB(t)]. (56)

(Exercise: Verify this yourself.)

For more discussion on this condition, see Page 13 of the course text.
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3. Mixed boundary conditions: Depending on the physical situation, it may be necessary to

impose different conditions at the two endpoints, for example, (i) prescribed temperature at

x = 0, (ii) prescribed flux at x = L.
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Lecture 6

Equilibrium or “steady-state” temperature distributions: “Qualitative analysis”

Section 1.4 of text by Haberman

Before we become involved with methods of solving the heat equation, we step back and ask if

there exists a temperature distribution that is constant in time, i.e., u(x, t) = ueq(x). Such a solution

is known as an equilibrium or steady-state temperature distribution. It is an important solution

because, in many applications, it will represent the temperature distribution which all other ones will

approach. In other words, if we “prepare” a rod with a certain temperature distribution u(x, 0) = f(x)

by, say, pulling it out of a furnace, and then place it in a particular situation, say, insulated ends, the

temperature of the rod u(x, t) will evolve in time to the equilibrium distribution ueq(x) determined

by the boundary conditions.

This is the spirit of what is called “qualitative analysis”: extracting particular solutions or deter-

mining the behaviour of solutions without actually solving the differential equation.

You may have already seen this idea in your earlier courses on ODEs. For example, consider the

following first order ODE in the function x(t):

dx

dt
= 1 − x. (57)

Of course, we can solve this DE, either as a linear DE or as a separable DE. But without actually

solving it, we can deduce a few things. For example, when x = 1, the RHS is zero. But this means

that the function x(t) = 1 is a solution to the DE since x′(t) = 0 in this case. In other words, x(t) = 1

satisfies the DE. This is the equilibrium solution to the DE.

Furthermore, note that when x > 1, dx
dt

< 0, implying that x(t) is decreasing. And when x < 1,

dx
dt

> 0, implying that x(t) increasing. These two observations imply that all solutions x(t) approach

the equilibrium solution x(t) = 1 as t → ∞. In this case, the equilibrium solution x(t) = 1 is said to

be attractive or stable.

Question: Analyze the DEs,

(i)
dx

dt
= x − 1, (ii)

dx

dt
= x2 − 1, (58)

in the same way as above.
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Before extracting equilibrium solutions, let us apply some other simple qualitative analysis to the

one-dimensional heat equation,
∂u

∂t
= k

∂2u

∂x2
, (59)

where k > 0 is constant. From this equation, note that if
∂2u

∂x2
> 0 over a region, then

∂u

∂t
> 0, i.e.,

the temperature over that region increasing. The positivity of the second derivative implies that the

graph of u(x, t) over this region is concave upward. Now suppose that u(x, t) has a local minimum

over this region at x = a as sketched below to the left.

local minimum at x = a

∂2u

∂x2
> 0

u(a, t) is increasing

“smoothed” temperature distribution

For the temperature at the minimum to increase, it means that heat will have to flow from

other regions of higher temperature. The net effect is that the temperature distribution will become

“smoothened”, as sketched above at the right.

The same can be said for a local maximum – the temperature there will decrease because the

graph is concave downward.

The above discussion was not intended to be rigorous, but rather to show that a good deal of

qualitative information can often be found in an equation that gives insights into the behaviour of its

solutions.

We now return to the question: Does a solution that is constant in time, i.e., u(x, t) = ueq(x),

exist for the 1D heat equation
∂u

∂t
= k

∂2u

∂x2
. (60)

If u = ueq(x) is going to be constant in time, then the left hand side of the equation is zero for all

time. This implies that ueq(x) satisfies the ordinary differential equation

d2u

dx2
= 0. (61)

It is an ODE because u is time-independent.
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Just to step back for a moment: How do we know that such a solution exists? Answer:

We don’t! We’re going to assume a particular form for the solution, i.e., a time-independent

solution, and see if such a solution exists.

Now the solution of the ODE in (61) is simple – we just antidifferentiate twice to obtain

u(x) = C1x + C2. (62)

This is the general solution of the ODE. Are we finished? Not quite: We have to prescribe the

boundary conditions of the problem.

Case 1: Prescribed endpoint temperatures

Recall that this is the case where each end of the rod is in contact with a heat bath that is assumed

to be maintained as some rescribed temperature. For time-independent steady-state solutions, these

prescribed temperatures would have to be constants – if they were to vary in time, then the temperature

distributions for 0 < x < L would have to change in time, contrary to our assumption.

So let the boundary conditions be given by

u(0) = T1, u(L) = T2. (63)

We impose these conditions on the general solution u(x) = C1x + C2. From the first condition,

u(0) = C1 · 0 + C2 = T1 ⇒ C2 = T1. (64)

From the second condition,

u(L) = C1L + T1 = T2 ⇒ C1 =
T2 − T1

L
. (65)

Thus, the equilibrium solution corresponding to the case of prescribed temperatures is given by

ueq(x) = T1 +
T2 − T1

L
x. (66)

This function is a linear interpolation of the prescribed endpoint temperature values T1 and T2.

Approach to equilibrium: Now suppose that we start with a temperature distribution u(x, 0) =

f(x) that is not the equilibrium distribution ueq(x). For example, suppose that T1 = 200, T2 = 250

and we just pulled the rod out of a furnace, so that its temperature is, to a good approximation

u(x, 0) = f(x) = 1000.
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First of all, we expect the rod to cool down as heat will travel through the endpoints into the

heat baths, which are assumed to have “infinite capacity”, i.e., they’ll absorb all of the heat without

changing temperature. Will the temperature of the rod remain constant for all time? No, because

a constant solution does not satisfy the boundary conditions. We claim, without proof at this time,

that the temperature distribution of the rod will approach the equilibrium temperature distribution

ueq(x) as t → ∞, i.e.,

u(x, t) → ueq(x) = C2 +
T2 − T1

L
x as t → ∞. (67)

Of course, there are a number of mathematical questions here: What do we mean by this limiting

procedure? It’s equivalent to some kind of “distance” between the functions u(x, t) and ueq(x) going

to zero, but what is this “distance” between functions? This is the subject of “functional analysis,”

some of which is covered in the AMATH 331 course on Real Analysis. We’ll return to address some

of these matters later in the course.

Case 2: Insulated boundaries

In this case, there is zero heat flux at the endpoints, i.e.,

φ(0, t) = φ(L, t) = 0. (68)

This translates to the following problem

∂u

∂t
= k

∂2u

∂x2
, (69)

IC: u(x, 0) = f(x), 0 ≤ x ≤ L,

BC1:
∂u

∂x
(0, t) = 0,

BC2:
∂u

∂x
(L, t) = 0.

As before, if there exists a time-independent equilibrium or steady-state solution u(x, t) = ueq(x),

it would have to satisfy the following ODE with boundary conditions:

d2u

dx2
= 0, u′(0) = u′(L) = 0. (70)

Once again, the general solution is

u(x) = C1x + C2. (71)

The condition u′(0) = 0 implies that C1 = 0. This implies that

u(x) = C2, (72)
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which automatically satisfies the boundary condition at x = L.

Therefore, the steady-state solution is not unique: There is an infinity of constant solutions

ueq(x) = C2 that satisfy these boundary conditions.

From a physical point of view, this is expected: If a rod initially has an uneven temperature

distribution function u(x, 0) = f(x), and no heat is allowed to flow either into the rod or out of the

rod, the heat, in flowing from warmer regions to colder regions, will distribute itself throughout the

rod, eventually approaching a constant solution ueq(x).

Even though the boundary conditions permit an infinity of steady-state solutions ueq(x), we

suspect that a given initial temperature distribution u(x, 0) = f(x) will determine what the final

constant value C2 will be. For example, if we start with a rod that has temperatures roughly in the

900-1000 range, then we expect that the equilibrium constant temperature will be somewhere in the

range of 900-1000. If we start with a rod in the 2000-3000 range, then we expect the equilibrium

constant temperature to be somewhere in that range.

It turns out that a given temperature distribution u(x, 0) = f(x) determines a unique equilibrium

temperature ueq(x) = C2, as we now show.

We apply conservation of total thermal energy to the entire rod. Since no heat is allowed to escape

or enter the rod, the total thermal energy must be constant. That makes sense physically, but let’s

show it mathematically.

Recall that the thermal energy density function e(x, t) is given by

e(x, t) = cρ[u(x, t) − u0], (73)

where u0 is a suitable reference temperature. In the lecture, we set u0 = 0, to conform with the

textbook. In these notes, however, we’ll keep u0 arbitrary, to see that it won’t make any difference.

The total thermal energy in the rod is given by

E =

∫ L

0
cρ[u(x, t) − u0]A dx. (74)

From conservation of energy,

dE

dt
=

d

dt

∫ L

0
cρ[u(x, t) − u0]A dx = φ(0, t) − φ(L, t)

= 0 − 0 = 0, (75)
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since the flux at each end is zero, by assumption. This implies that the total energy E is constant,

i.e.,

E(t) = cρ

∫ L

0
[u(x, t) − u0]A dx = E constant (76)

This implies that E(t) = E must be equal to the total thermal energy at time t = 0, i.e.,

E = E(0) = cρ

∫ L

0
[u(x, 0) − u0]A dx

= cρ

∫ L

0
[f(x) − u0]A dx

= cρ

∫ L

0
f(x)A dx − cρu0AL. (77)

But if E is constant, and the solution u(x, t) evolves toward an equilibrium temperature distribution

ueq(x) = C2, it follows that that the total thermal energy associated with ueq(x) is also equal to E,

i.e.,

E = cρ

∫ L

0
[ueq(x) − u0]A dx

= cρ

∫ L

0
[C2 − u0]A dx

= cρC2AL − cρu0AL. (78)

This implies that

cρC2AL − cρu0AL = cρ

∫ L

0
f(x)A dx − cρu0AL, (79)

or

C2 =
1

L

∫ L

0
f(x) dx. (80)

In other words, the equilibrium temperature at each point is the average value of the initial temperature

distribution. This makes sense physically. Recall that in our model, temperature is proportional to

heat content. If the total amount of heat energy in the rod is conserved, due to insulation of the

ends, then we expect that it is simply redistributed equally throughout the rod. The value of this

redistributed amount would be the average value. (Note again that the result did not depend on the

choice of the reference temperature u0, which makes physical sense.)
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