
Lecture 34

Method of characteristics (cont’d)

Relevant section of textbook: 12.6

Let us now review the main idea behind the “method of characteristics.” Suppose that the function

u(x, t) satisfies the following quasilinear PDE:

∂u

∂t
+ c(u, x, t)

∂u

∂x
= Q(u, x, t). (1)

We now examine the function u(x, t) along a trajectory x(t). It may now be considered as a function

of t, i.e., w(x(t), t). The rate of change of u along this trajectory will be given by

du

dt
(x(t), t) =

∂u

∂t
(x(t), t) +

dx(t)

dt

∂u

∂x
(x(t), t). (2)

Now comparing Eq. (2) with (1), we see that if we let

dx

dt
= c(u, x, t), (3)

then the LHS of (1) coincides with the RHS of (2) so that we have

du

dt
= Q(u, x, t). (4)

Eqs. (3) and (4) are the ordinary differential equations that result from the observation of u(x, t)

along the trajectory x(t). The characteristic curve x(t) is the solution of Eq. (3).

Note that it may not always be possible to solve these two equations explicitly. However, they

may provide useful qualitative behaviour of the solutions.

Application: Traffic flow

Our primary application in this section will be the study of one-dimensional (and one-directional)

traffic flow. We consider a long stretch of a single-lane road/highway, with x denoting a unique point

on the highway. A continuum approach will be used:

1. Let ρ(x, t) denote the traffic density: the number of cars per unit length (e.g. kilometre) at

position x and time t (in hours).
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2. Let q(x, t) denote the traffic flow at position x and time t: the number of cars passing a fixed

point x per unit time (hour). Of course, this is the flux of the traffic at (x, t).

As was done for heat flow, we establish a conservation equation that relates ρ to q. Consider an

arbitrary section of highway, a ≤ x ≤ b. Then the total number of cars in this interval is

N(t) =

∫ b

a
ρ(x, t) dx. (5)

The rate of change of N(t) with respect to time is

dN

dt
=

∫ b

a

∂ρ

∂t
(x, t) dx. (6)

But this rate of change is also equal to

dN

dt
= rate of entry at a − rate of exit at b

= q(a, t) − q(b, t). (7)

As in our study of heat flow, we now use the Fundamental Theorem of Calculus to write

∫ b

a

∂ρ

∂t
(x, t) dx = −

∫ b

a

∂q

∂x
(x, t) dx, (8)

or
∫ b

a

[

∂ρ

∂t
(x, t) +

∂q

∂x
(x, t)

]

dx = 0. (9)

From the arbitrariness of the interval [a, b], along with necessary properties of “niceness” of the

derivatives (e.g., piecewise continuity), we may conclude, using the du Bois-Reymond Lemma, that

the integrand is zero for all x and t, i.e.,

∂ρ

∂t
+

∂q

∂x
= 0. (10)

This is the conservation equation for traffic flow.

You may recall earlier that

q(x, t) = ρ(x, t)u(x, t), (11)

where u(x, t) is the velocity of the flow, in which case we arrive at the continuity equation,

∂ρ

∂t
+

∂

∂x
(ρu) = 0. (12)

You saw this equation earlier in the course, in particular, in Problem Set No. 1.
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The trouble with this equation is that we have two seemingly independent unknowns, i.e., ρ and

u. We now consider a standard simplifying assumption, namely, that the velocity u is a function of

the density ρ, i.e.,

u = u(ρ). (13)

It is quite consistent with experience that u is a decreasing function of ρ – denser traffic generally

moves at a lower velocity. Mathematically, we’ll demand that

du

dρ
< 0. (14)

As a result, the flux q is given by

q = ρu(ρ) → q = q(ρ). (15)

We now substitute this relation into the conservation equation (10) to give

∂ρ

∂t
+

dq

dρ

∂ρ

∂x
= 0. (16)

Note that this equation has the general form

∂ρ

∂t
+ c(ρ)

∂ρ

∂x
= 0, c(ρ) = q′(ρ). (17)

This is a quasilinear PDE in ρ(x, t). We may now apply the method of characteristics: Assume a

trajectory x(t) such that
dx

dt
= c(ρ). (18)

This is the equation for the characteristic curves. On these curves,

dρ

dt
= 0. (19)

Note that Eq. (18) for the characteristic relates x to ρ, which may look formidable. A saving

grace is provided by Eq. (19), which implies that the value of ρ(x(t), t) on the trajectory/characteristic

curves is constant, i.e.,

ρ(x(t), t) = ρ(x(0), 0) = ρ(x0, 0) = C (constant). (20)

But if ρ is constant over the characteristic, it means that the function c(ρ) is constant over the

trajectory – from Eq. (18),
dx

dt
= c(ρ) = c(C) = D, (constant). (21)
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In other words, the characteristics are straight lines:

dx

dt
= c(ρ(x0, 0)) → x(t) = c(ρ(x0, 0))t + x0. (22)

The situation is pictured schematically below. Now suppose that ρ(x, 0) = f(x), x ∈ R, is the initial

ρ(x(t), t) = ρ(x0, 0)

O
x

t

x0

x(t) = c(ρ(x0, 0)t + x0

characteristic

distribution of the density function. Then different values of x0 may yield different values of f(x0)

which yield characteristic lines with different slopes. Let x0 and x1 denote two starting points. Suppose

that f(x0) > f(x1), i.e., the initial density at x0 is greater than the initial density at x1, as sketched

below. We shall show later that c(f(x0)) < c(f(x1)). Graphically, this implies that the slope of the

y = f(x)

x

y

x1x0

characteristic at x0 is less than the slope of the characteristic at x1, as we sketch below. (Careful here:

O
x

t

x0

x(t) = c(ρ(x0, 0)t + x0

x1

x(t) = c(ρ(x1, 0)t + x1

ρ(x(t), t) = ρ(x1)ρ(x(t), t) = ρ(x0)
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the slope represents the change in x over the change in t, so the plot below should really be reflected

about the 45o line.)

In fact, at each point x ∈ R, in particular points x ∈ (x0, x1), there will be a characteristic that

emanates from the x-axis. And if the value of f(x) is decreasing continuously as we move from x0 to

x1, the slopes of the characteristics will be increasing continuously, producing a kind of “fan” pattern,

as we sketch below. Recall that the density at x1 is less than the density at x0. As such, we expect that

O
x

t

x0

x(t) = c(ρ(x0, 0)t + x0

x1

x(t) = c(ρ(x1, 0)t + x1

the traffic at x1 will be moving faster than at x0. This means that there will be a gradual separation

between the traffic that started at x0 and the traffic that started at x1. This is reflected in the fanning

out of the characteristic curves as we move from x0 to x1. More on this later.

Now, you may well ask, “What happens in the reverse case, i.e., if the density at x0 is smaller

than the density at x1, implying that the respective characteristic curves do not fan outward but

rather point toward each other?” A possible situation is sketched below. It is clear that, at some

O
x

t

x0

x(t) = c(ρ(x0, 0)t + x0

x1

x(t) = c(ρ(x1, 0)t + x1

point, the characteristics from x0 and x1 will intersect. (And they may indeed intersect with other

characteristics beforehand, but we won’t worry about this.) This will imply that the density function

ρ(x, t) will be multivalued at the intersection point, since one characteristic is composed of points at

which ρ(x(t), t) = ρ(x0) and the other is composed of points at which ρ(x(t), t) = ρ(x1). We’ll see
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later how this situation will have to be rectified. For the moment, let’s just think of this situation

from practical experience: The traffic that was at x1 at time t = 0 is travelling at a slower speed than

the traffic that started at x0. As such, the former is catching up with the latter. Since we are not

allowing the cars to pass in this model, the cars below must simply travel at the speed of the cars at

the front. But there will be repurcussions, as we’ll see later: We’ll have to introduce a “shock wave,”

i.e., a characteristic that represents a discontinuity in the density function ρ(x, t).
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Lecture 35

Traffic flow model (cont’d)

Relevant section of textbook: 12.6

Recall that our traffic flow model led to the quasilinear PDE

∂ρ

∂t
+ c(ρ)

∂ρ

∂x
= 0, ρ(x, 0) = f(x). (23)

Here:

1. ρ(x, t): traffic density at position x, time t.

2. c(ρ) = q′(ρ) =
dq

dρ
, where q(x, t) is the traffic flow or flux, i.e.,

q = ρu. (24)

Here, u(x, t) is the traffic velocity.

Also recall that the above simplified model was made possible by assuming that the velocity u was a

function of density ρ, i.e., u = u(ρ). Then q = ρu = ρu(ρ) = q(ρ).

Before proceeding with a further analysis of this model, we recall that the method of characterstics

yields the solution to this problem, or at least a powerful graphical way of analyzing solutions:

1. First, assuming that ρ = ρ(x(t), t), we have the equation for the characteristic curve x(t):

dx

dt
= c(ρ). (25)

2. Furthermore,
dρ

dt
= 0 (26)

along any characteristic curve. This implies that the density ρ(x(t), t) = C, a constant along

the curve.

3. We can go further. Since the density is constant along a curve, the equation for the characteristic

curve becomes
dx

dt
= c(ρ(x(t), t)) = c(ρ(x(0), 0)) = f(x(0)) = f(x0), (27)

a constant. Therefore, the characteristic curves are straight lines in “spacetime”. This implies

that

x(t) = c(f(x0))t + x0. (28)
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The relation between velocity and density, u(ρ): Recall that u(ρ) should be a decreasing function

of density ρ – denser traffic moves more slowly. We now consider a very simple model, comprised of

a few assumptions:

1. First. we assume that when ρ = 0, the traffic can move at a maximum velocity umax > 0

(theoretically, the speed limit, but practically?).

2. Second, we assume that at some maximum traffic density ρmax, the traffic velocity is zero, i.e.,

the flow stops: u(ρmax) = 0. We now have two points on the graph of u(ρ):

???

O
ρ

u

umax

ρmax

3. What remains is to interpolate between these two values. The simplest interpolation is a linear

one: a straight line between the two points. The equation of this line is

u(ρ) = umax

(

1 −
ρ

ρmax

)

, 0 ≤ ρ ≤ ρmax. (29)

u(ρ) = umax(1 − ρ/ρmax)

O
ρ

u

ρmax

umax

Let us now employ this form of u(ρ) in the quasilinear PDE for ρ(x, t). In order to do this, we must

compute c(ρ). But first, we must compute q(ρ), the traffic flow:

q(ρ) = ρu(ρ) = umaxρ

(

1 −
ρ

ρmax

)

. (30)

252



Before we go on, let’s examine this function. Note that q = 0 when ρ = 0 or ρ = ρmax. Does this

make sense?

1. When ρ = 0, there is no traffic (density = 0) so, yes, the flow/flux will be zero.

2. When ρ = ρmax, the velocity u(ρ) = 0 from our model. Once again, the flux will be zero.

The qualitative behaviour of the graph of u(ρ) – a downward pointing parabola – is sketched below.

O
ρ

u

ρmax

umax/4

q(ρ) = umaxρ(1 − ρ/ρmax)

ρmax/2

We now compute the function c(ρ):

c(ρ) = q′(ρ) = umax

(

1 −
2ρ

ρmax

)

. (31)

A plot of c(ρ) is given below.

c(ρ) = umax(1 − 2ρ/ρmax)

ρ

u

ρmax

umax

O

−umax

Recall that the slopes of the characteristic lines for this model will be given by appropriate values

of c(ρ). It looks like some lines can have negative slope! This comes from the fact that c(ρ) = u′(ρ).

From the previous plot of u(ρ), we see that the u′(ρ) > 0 for ρ < ρmax/2 and u′(ρ) < 0 for ρ > ρmax/2,

with u′(ρmax/2) = 0.
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Let’s examine a generic situation. Suppose that at time t = 0, the density distribution of traffic

f(x) = ρ(x, 0) over the highway is given by the following profile:

C

O
x

x0 x1 x2

ρmax
y = ρ(x, 0)

y

A B

Some special points are identified on this graph:

1. A: At x = x0, the traffic density is ρmax.

2. B: At x = x1, the traffic density is ρmax/2.

3. C: At x = x2, the traffic density is zero.

They are special points because they correspond to special values of ρ for which of c(ρ) is known. And

recall that c(ρ) is the slope of the characteristic starting at that point:

1. The slope of the characteristic line starting at x = x0 is c(ρmax) = −umax. On this line, ρ = ρmax.

2. The slope of the characteristic line starting at x = x1 is c(ρmax/2) = 0.

3. On this line, ρ = ρmax/2. The slope of the characteristic line starting at x = x0 is c(ρmax) = umax.

On this line, ρ = 0.

A sketch of these characteristics is given below.

y

O
x

x0 x1 x2

ρmax
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From these characteristics, we can already get an idea of how the density function distribution

ρ(x, t) will evolve in time, since each of them carries a specific value of ρ in space-time (x, t). (Note:

In the discussion that follows, we shall ignore the effects of points on the graph to the left of A and

right of C. As one student pointed out, there will be some “interference” from these regions. We ignore

these effects in order to present the main ideas of this graphical solution method.) For example:

1. Since the characteristic line starting at x = x0 moves leftward (negative slope), the particular

point A, (x0, ρmax) on the graph of ρ(x, 0) will be translated leftward, i.e, this part of the graph

is translated leftward. At a given time t1 > 0, the translation is given by −umaxt1.

2. Since the characteristic line starting at x = x1 does not move (zero slope), the particular point

B, (x1, ρmax/2) on the graph of ρ(x, 0) will remain stationary.

3. Since the characteristic line starting at x = x1 moves rightward (positive slope), the particular

point C, (x0, 0) on the graph of ρ(x, 0) will be translated rightward, i.e, this part of the graph is

translated rightward. At a given time t1 > 0, the translation is given by umaxt1.

A sketch incorporating these results is shown below. Of course, the more characteristics we use, the

more accurate the sketch of the graph of ρ(x, t). (This exercise is actually a more detailed example of

the “graphical solution” method discussed in the course textbook on p. 565.)

B

O
x

x0 x1 x2

ρmax

y

y = ρ(x, t)

A

C

Let’s see if this evolution of the density function ρ(x, t) makes sense. Cars in the low density

region around C travel faster than those in the medium density region around B which, in turn, travel

faster than those in the high density region around A. Barring any piling up of cars in the region

x > x2, the low density region will pull away from B. Point B remains medium density because cars

are coming to it from the higher density region at A. The movement of these cars away from A will

reduce the density there, but there are still cars behind that “hump” that are catching up to the region

of increased density. As a result, the “hump” moves backward, at least for a little while.
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Example: This example illustrates more concretely the concepts discussed above. In the figure below

are presented the initial density distribution function

ρ(x, 0) = 2.1 + cos(x), (32)

along with the density function ρ(x, t) for some time t > 0.

 0

 0.25

 0.5

 0.75

 1

 1.25

 1.5

 1.75

 2

 2.25

 2.5

-5 -4 -3 -2 -1  0  1  2  3  4  5

rho
(x)

x

rho(x,0)rho(x,t)

Evolution of density function ρ(x, t): ρmax = 2.5.

In this calculation ρmax = 2.5. Note how the regions of higest density move in the negative x-direction,

while those of lowest density move in the positive x-direction. Also note that points of the graph for

which ρ = ρmax/2 = 1.25 remain stationary, in agreement with theory, since c(ρmax) = 0.

At this point, it should be stated clearly that the characteristics reveal the direction of motion of

points on the density distribution graph ρ(x, t) and not the cars themselves! This is especially true

for the characteristic at A which is pointing “backwards.” In all cases, the velocities of the cars are

nonnegative, i.e., the traffic is one-way.

Example: Let us now consider a special initial condition for this model:

f(x) = ρ(x, 0) =







ρmax, x < 0

0, x > 0.
(33)

This would be the situation of cars lined up due to a red light at x = 0: maximum density ρmax of

cars behind the light and no cars (zero density) ahead of the light:

Now suppose that the light turns green at t = 0+. What is the evolution of the density function ρ?

First, it is easy to draw the characteristics:
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x
O

y

ρmax

y = ρ(x, 0)

1. For x > 0, the characteristics are straight lines with slopes c(0) = umax. On each of these lines,

the value of the density remains zero.

2. For x < 0, the characteristics are straight lines with slopes c(ρmax) = −umax: They move

backward! On each of these lines, the value of the density remains ρmax.

Some sample characterstics are sketched in the figure below.

ρ = 0

x
O

t

slope umaxslope −umax

ρ = ρmax

From these two sets of characteristics, we may conclude that the density function ρ(x, t) behaves as

follows,

ρ(x, t) =







ρmax, x < −umaxt

0, x > umaxt.
(34)

In other words, the region of maximum density ρmax moves backward with velocity −umax. And the

region of zero density moves forward with velocity umax.

Note, however, that the discontinuity in the initial density function at x = 0 has produced a

fan-like region between the two regions of positive and zero density. As of yet, we have no information

about the behaviour of the density function ρ(x, t) in this region, i.e., −umaxt < x < umaxt?

But before we attempt to find values of the density ρ(x, t) in this fan-like region, let’s just step back

and ask whether the above behaviour makes sense, in particular, the reverse-travelling characteristics.
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x
O

y

ρmax

umaxt−umaxt

y = ρ(x, t)

???????

When the light turns green at t = 0, the first car will start to travel. There are no cars in front of

it, i.e., the density in front is zero. This means that the first car can travel at maximum speed umax:

We ignore the need for the car to accelerate from zero velocity to umax over some time interval. Its

position, therefore, at time t is x = umaxt. Since there are no cars in front of the first car, it serves as

the boundary of the zero-density region, i.e., ρ(x, t) = 0 for x > umaxt.

From experience, we know that the second car, i.e., the car behind the first car, will not travel

immediately behind the first car – there will be a slight delay, based on several factors. It’s not really

important to discuss these factors, since they are not built into the model anyway. Suffice it to say

that such delays will propagate backward as we move from car to car away from the front. Let’s see

how the backward-moving characteristic curves for x < 0 introduce such a phenomenon.

Suppose that you are in a car that is situated at a distance a from the front of the line of cars

stopped at the light, i.e., your position is fixed at x = −a. Essentially, you will be sitting there until

there is an opportunity for a decrease in traffic density, i.e., until the time a/umax, when the boundary

x = −umaxt of the backward moving region with ρ = ρmax reaches you. At this point, you will start

to move forward, ideally with velocity umax.

This agrees with the experience that we all have had while waiting in line for a traffic light

to change. When the light changes to green, we know that not all of the cars will start to move

immediately (as much as we would like this to be the case!). The front one moves first, then the next

one, then the next one, etc.. The delay is due, at least in part, to the perception and ensuing response

of each driver to the motion of the car directly in front.

The question now remains, how do we solve for the density function ρ(x, t) in the fan-like region,

i.e., −umaxt < x < umaxt? Recall that this problem is due to the fact that there is a discontinuity in
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the initial density function ρ(x, 0) at x = 0. There is a sudden change in value from ρmax to 0 as we

move across the point x = 0.

A way to solve this problem is to introduce a set of “fanlike characteristics” that emanate from

x0 = 0, the point of discontinuity. As before, these characteristics will be lines of the form

x(t) = x0 + c(ρ)t = c(ρ)t. (35)

The slope c(ρ) of each characteristic will correspond to a density value of density ρ that lies between

the values ρmax and 0 as we move in a clockwise fashion from the characteristic at the left boundary

of the fan to the characteristic at the right boundary of the fan. These fan-like characteristics will

perform an interpolation of the function ρ(x, t) in the fan-like region.

x
O

t

slope umax
slope umax

The exact nature of the interpolation may be determined as follows. We use the formula for c(ρ)

in the equation for the fanlike characteristics in Eq. (35):

x = c(ρ)t

= umax

(

1 −
2ρ

ρmax

)

t, 0 < ρ < ρmax. (36)

We now start rearranging this equation with the goal of expressing ρ as a function of x and t:

x

umaxt
= 1 −

2ρ

ρmax
. (37)

A little more rearranging yields the desired result,

ρ(x, t) =
1

2
ρmax −

ρmaxx

2umaxt
. (38)

We now consider a fixed value of time t > 0 and readjust the above formula as follows,

ρ(x, t) =
1

2
ρmax −

ρmax

2umaxt
x, − umaxt < x < umaxt. (39)
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x
O

y

ρmax

umaxt−umaxt

y = ρ(x, t)

This formula produces a linear interpolation of the density function between the two values ρ = ρmax

at x = −umaxt and ρ = 0 at umaxt. A plot of ρ(x, t) vs. x at some time t > 0 is shown below.

As t increases, the distance between the maximum density region at x = −umaxt and the zero den-

sity region at x = umaxt increases, and the linear interpolation gets “flatter.” The fact that the

interpolation is linear is due to the fact that the function c(ρ) is linear in ρ.
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Lecture 36

Quasilinear PDEs: Shock waves

Relevant section of textbook: 12.6.4

Let us now examine the traffic flow model with the following initial condition for the density

distribution:

f(x) = ρ(x, 0) =







ρ1, x < 0

ρ2, x > 0,
where ρ1 < ρ2 <

1

2
ρmax. (40)

The reason for bounding the densities above by ρmax/2 will become clear below. A possible distribution

is sketched below.

x
O

y

ρmax/2

y = f(x) = ρ(x, 0)
ρmax

ρ = ρ1

ρ = ρ2

This is the opposite of the “traffic at a red light” situation examined in the previous lecture. Here

we have a low-density, i.e., high velocity, region lying behind a high-density, i.e., low velocity, region.

The question is: What happens to the density distribution? Intuitively, we expect the speedier cars

coming from the negative x-axis region to reach the region of slower travelling cars, therefore “piling

up” on the rear. As more and more cars pile up, there will be a buildup of density. But what about

the forward progress of the traffic?

As before, we first examine the characteristics. Recall that the characteristics are lines and that

the slope of the characteristic emanating from x0 is given by

dx

dt
= c(ρ(x0, 0)) = umax

(

1 −
2ρ(x0, 0)

ρmax

)

. (41)

Moreover, the value of the density on this characteristic curve will be

ρ(x(t), t) = ρ(x0, 0). (42)

For x < 0, the slope of each characteristic is c(ρ1) and for x > 0, the slope of each characteristic is
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c(ρ2). Since c(ρ) is a decreasing function of ρ, it follows that

c(ρ1) > c(ρ2) > 0. (43)

Note that the condition that both densities be less than ρmax/2 ensures that both slopes are positive.

We’ll deal with other cases later.

The slopes of the characteristics in the low density region are greater than those in the higher

density region. A schematic is shown below.

x
O

t

slope c(ρ1) slope c(ρ2)

characteristics have characteristics have

The obvious problem is that characteristics from the lower-density region cross those from the

higher-density region. This cannot be permitted since characteristics of different slopes correspond to

density values of different values. If two characteristics cross at a point (x, t), it implies that ρ(x, t)

has two values, which cannot be permitted.

This problem could have been predicted even without the use of characteristics. The velocity of

traffic in lower density region is u(ρ1): in the higher density region it is u(ρ2). Since u(ρ) is also a

decreasing function of ρ, it follows that

u(ρ1) > u(ρ2). (44)

This means that at a time t > 0, the front of the higher-density region would have moved from

x = 0 to x = u(ρ1)t. Meanwhile, the rear of the lower-density region would have moved from

x = 0 to x = u(ρ2)t < u(ρ1)t. This implies that the density function ρ(x, t) is multivalued for

u(ρ2)t < x < u(ρ1)t, which is once again not permitted. The situation is sketched below.

The solution to this impasse is that the the density function ρ(x, t) be allowed to have a discon-

tinuity for t > 0, a discontinuity that moves in time. Such a moving discontinuity is called a shock
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ρ(x, t) is multivalued

x
O

y

ρmax/2

ρmax

ρ = ρ1

ρ = ρ2

u(ρ2)t u(ρ1)t

y = f(x) = ρ(x, t)

in density ρ

x
O

y

xs(t)

moving shock

discontinuity

or ”jump”
ρ(xs−, t)

ρ(xs+, t)

y = ρ(x, t)

wave or, simply, a shock. In keeping with the textbook, we shall let xs(t) denote the position of such

a shock wave. A generic situation is sketched below.

Obviously, the question becomes, “How do we determine the position of the shock wave xs(t)?”

There are two important steps:

1. First of all, we demand – quite naturally – that the original quasilinear PDE

∂ρ

∂t
+ c(ρ)

∂ρ

∂x
= 0, c(ρ) = q′(ρ), (45)

is satisfied on either side of the shock, i.e., for (i) x < xs(t) and (ii) x > xs(t). What does this

mean? It means that we use information from the characteristics to construct ρ(x, t) on either

side of the shock.

2. Secondly, the total flow q = ρu must be conserved relative to the moving shock: the flow from

the left into the moving shock must equal the flow to the right away from the moving shock. It

is important that the flow be computed using velocities relative to the shock. Mathematically,

ρ(xs−, t)[u(xs−, t) − x′

s(t)] = ρ(xs+, t)[u(xs+, t) − x′

s(t)]. (46)

We may rearrange this equation to solve for the shock velocity x′

s(t):

x′

s(t) =
q(xs+, t) − q(xs−, t)

ρ(xs+, t) − ρ(xs−, t)
=

[q]

[ρ]
=

jump in flow

jump in density
. (47)
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In the field of study known as “gas dynamics,” this condition is known as the “Rankine-Hugoniot”

condition.

Before going on, let’s examine the above equation for the shock velocity a little more carefully. Note

that if there is no discontinuity in ρ, then there is no discontinuity in the flow q. In this case, the

above ratio becomes the derivative of q with respect to ρ, which is c(ρ). Therefore,

x′

s(t) = q′(ρ) = c(ρ). (48)

In other words, the shock speed is equal to the speed of the (well-defined) characteristic x(t): The

shock, in the absence of a discontinuity, becomes a characteristic curve, as we would expect.

In the above traffic flow problem, the shock wave will transport the initial discontinuity in the

density function ρ with velocity x′

s(t). Since we demand that the original traffic flow PDE be satisfied

by the function ρ(x, t) at all points not on the moving shock wave, it follows that the characteristics

we sketched earlier, i.e., those associated with the constant densities ρ1 and ρ2 will appear on either

side of the shock. The net result is sketched in the figure below.

x
O

t

characteristics have characteristics have

shock xs(t) has

t1

slope c(ρ1) slope c(ρ2)

x′

s
slope

This implies that the magnitude of the discontinuity will be constant in time, i.e.,

ρ(xs+) = ρ2 and ρ(xs−) = ρ1. (49)

At some time t1 > 0, the profile of the density function ρ(x, t1) may obtained from the above diagram

by considering the line t = t1 sketched in the figure above. It will be the original density function

ρ(x, 0) = f(x) shifted to the right by xs(t1).
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x
O

y

ρmax/2

ρmax
y = ρ(x, t1)

ρ = ρ2

ρ = ρ1

x′

s(t1)

You’ll also note that the figure showing the shock wave and characteristics on both sides suggests

that the shock wave is moving at a constant velocity. We shall now derive this result for the general

density distribution

f(x) = ρ(x, 0) =







ρ1, x < 0

ρ2, x > 0,
where ρ1 < ρ2. (50)

Note that we have removed the condition that ρ2 < ρmax.

Recall that the velocity u(ρ) for this simple traffic-flow model was given by

u(ρ) = umax

(

1 −
ρ

ρmax

)

. (51)

This implies that the flow q(ρ) = ρu(ρ) is given by

q(ρ) = umax

(

ρ −
ρ2

ρmax

)

. (52)

We now employ the shock velocity equation (47):

x′

s(t) =
q(ρ2) − q(ρ1)

ρ2 − ρ1

= umax

(

ρ2 −
ρ2
2

ρmax

)

−

(

ρ1 −
ρ2
1

ρmax

)

ρ2 − ρ1

= umax
(ρ2 − ρ1) − (ρ2

2 − ρ2
1)/ρmax

ρ2 − ρ1

= umax

(

1 −
ρ1 + ρ2

ρmax

)

. (53)

This is the velocity of the shock wave.

Now recall that for our simple traffic-flow model the slope of a characteristic associated with

density value ρ is

c(ρ) = umax

(

1 −
2ρ

ρmax

)

. (54)
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This is why the slopes of the characteristics in the lower density region were greater than those in the

higher density region, i.e.,

ρ1 < ρ2 implies that c(ρ1) > c(ρ2). (55)

You’ll also note from the figure that the slope of the shock wave path, i.e., its velocity, seems to lie

somewhere between the slopes c(ρ1) and c(ρ2). We can establish this quantitatively by rewriting the

shock velocity in Eq. (53) as

x′

s = umax

(

1 −
2

ρmax

ρ1 + ρ2

2

)

= c

(

ρ1 + ρ2

2

)

. (56)

The shock wave moves at a velocity corresponding to the average of the two densities ρ1 and ρ2. It

then follows that

c(ρ1) > x′

s > c(ρ2). (57)

This relation is always satisfied by the shock velocity and is known as the “entropy condition.” The

fact that the shock wave is travelling at the average of the two velocities is special to this model, in

which c(ρ) is linear in ρ.

Up to this point, we have considered the case ρ2 < ρmax/2. We now consider the case

ρ2 >
ρmax

2
. (58)

This means that the traffic at the front is moving more slowly that in the previous case. From Eq.

(54), we see that then c(ρ2) < 0 – the characteristics to the right of the shock have negative slopes.

We have sketched a generic situation below.

x
O

t

characteristics have

slope c(ρ1)

characteristics have

slope c(ρ2) < 0

ρ2 > ρmax/2
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An even more extreme case is when

ρ1 + ρ2 > ρmax. (59)

From Eq. (53) it follows that that the shock velocity is negative! In other words, the discontinuity is

travelling backwards. Obviously, this is potentially a very dangerous situation for traffic coming from

the negative x-side – drivers may see a problem up ahead, but have no way of telling that the the

shock wave of discontinuity is approaching them. A sketch of this situation is shown below.

t

x

Note: It is important to note that if ρ2 < ρmax, then all traffic is moving. Moreover, the traffic is

moving in the direction of the positive x-axis. It is only the shock wave that is moving backwards,

not the traffic! In order to understand the effects of this moving density pattern on the “fluid traffic”,

we would have to examine the velocity field u(x, t). That would be an interesting exercise for the

inquisitive reader!

Another illustrative example (not covered in class):

To help you get a better idea of shock construction, here is another example – it was not done in the

lecture. (It is taken from the textbook.)

Consider the quasilinear PDE,
∂ρ

∂t
+ 2ρ

∂ρ

∂x
= 0. (60)

Note that this is not a traffic-flow model because c(ρ) = 2ρ is not decreasing with ρ. We consider the

following initial distribution of ρ(x, t):

f(x) = ρ(x, 0) =







4, x < 0

3, x > 0
(61)

The graph of f(x) is sketched below.
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x
O

y

y = f(x) = ρ(x, 0)

3

Because of the “0” on the RHS of the PDE, the value of the density function ρ is once again

constant on a characteristic curve. Since the slope of of given characteristic is given by

dx

dt
= 2ρ, (62)

it also follows once again that the characteristics are straight lines. Integrating, we obtain

x(t) = x0 + 2ρ(x(t), t)

= x0 + 2ρ(x0, 0)

= x0 + 2f(x0). (63)

From the initial density distribution, it follows that (i) characteristics starting at x < 0 have slope

8, (ii) characteristics starting at x > 0 have slope 6. The situation is sketched below.

slope 6

x
O

t

characteristics have characteristics have

slope 8

Once again, we have a situation where the density function is multivalued, necessitating the use of a

shock wave. Recalling that

c(ρ) = q′(ρ), (64)

where q(ρ) is the flow, it follows that

q(ρ) = ρ2 (65)
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in this case. We can ignore the arbitrary constant since it will not contribute to the solution of the

shock velocity (to be seen below).

We now employ the formula for determining the shock velocity: On the left and right sides of the

shock, the densities ρ are 4 and 3, respectively, and the corresponding flows are 42 and 32, respectively.

Therefore,

x′

s(t) =
q(xs+, t) − q(xs−, t)

ρ(xs+, t) − ρ(xs−, t)
=

32 − 42

3 − 4
= 7. (66)

Therefore, the shock velocity is 7.

The characteristics and shock velocity curve may now be constructed in order to provide a complete

picture of the time evolution of the density function ρ(x, t). The shock xs(t) will start at x = 0, the

initial position of the discontinuity of the density function. It will move in time with slope 7. The

characteristics to the left and right of this shock will have slopes 8 and 6, respectively, and will travel

until they meet the shock, as we sketch below:

t1

x
O

t

characteristics have characteristics have

slope 8 slope 6

shock xs(t) has

slope 7

This provides a complete picture of the evolution of the density function ρ(x, t): It will be given by

ρ(x, t) =







4, x < xs(t)

3, x > xs(t)
where xs(t) = 7t. (67)

If we consider a fixed value of t, say t1 as sketched in the figure above, then we can construct the

graph of ρ(x, t) from all of the characteristics that intersect this line. The situation is very simple in

this case: The graph of ρ(x, t) will simply be a shifted version of the graph of the initial distribution

– the initial discontinuity or jump ∆ρ = 1 is preserved and is situated at the shock xs(t) = 7t.

Note that the slope of the shock wave, i.e., its velocity x′

s(t) = 7 once again lies between the values

of the characteristic slopes 8 and 6, thus satisfying the entropy condition:

c(ρs−) > x′

s(t) > c(ρs+). (68)
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