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Lecture 1

1. Introduction

A partial differential equation – to be abbreviated as “PDE” from now on – is an equation involving

an unknown function u of two or more variables and certain of its partial derivatives. For example, if

u is a function of independent variables x and y, i.e., u(x, y), then here are some PDEs:

∂u

∂x
+

∂u

∂y
= 0 (1)

u
∂2u

∂x2
+

∂u

∂y
= 0 (2)

∂2u

∂x2
+

∂2u

∂y2
= x2 + y2 (3)

Note: If the function u were a function of only one variable, i.e., u(x), then there would be

only one possible derivative, i.e., du/dx, which means that we could only have an ordinary differential

equation (ODE) in u.

A PDE is linear if no expression involving u (i.e., u or any partial derivative of u) multiplies any

other expression involving u. As such,

• Eqns. (1) and (3) above are linear,

• Eqn. (2) is not linear, or nonlinear.

The order of a PDE is the order of the highest derivative in the PDE:

• Eq. (1) is first order,

• Eq. (2) is second order,

• Eq. (3) is second order.

Much of this course will be devoted to linear, second order PDEs for two reasons:

1. There is a reasonable amount of theory and the methods of solution are rather straightforward,

2. They are important in the modelling of a wide variety of natural phenomena, e.g., electromag-

netism, diffusion, quantum mechanics.
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So, like, why study PDEs?

From the viewpoint of applied mathematics, the second point made above basically answers the

question. PDEs are important in the modelling of natural phenomena. As you have already seen,

ODEs are useful in the modelling of rather special or simplified situations, including:

1. The motion of a point mass or an object that can be considered to be a point mass, for example:

(a) A one-dimensional mass-spring system, where the spring is assumed to be “Hookean”: If

we let x(t) be the deviation from equilibrium, then the equation of motion of the mass,

from Newton’s second law, F = ma, becomes

d2x

dt2
+

k

m
x = 0. (4)

(b) A projectile near the surface of the earth: Newton’s second law yields

d2y

dt2
= −g. (5)

(c) The pendulum problem:
d2θ

dt2
+

g

l
sin θ = 0. (6)

2. The concentration c(t) of a chemical “X” in a solution, when it is assumed that the solution is

homogeneous, i.e., the concentration is the same throughout the solution. If X is involved in

some chemical reactions, and homogeneity is assumed, then the behaviour of c(t) will be given

by some kind of ODE, i.e.,

dc

dt
= (rate of production of X) − (rate of decay of X). (7)

3. The temperature T (t) of a body which is assumed to be small enough so that T may be assumed

constant throughout the body. Here, Newton’s “law” of cooling may apply:

dT

dt
= −k(T − T0) (8)

where k is a proportionality constant and T0 is the ambient temperature.

As soon as any of the above systems ceases to be homogeneous, and the spatial variation of the

velocity/concentration/temperature must be taken into consideration, then PDEs will be necessary

for a full description. In other words, PDEs are necessary to model extended or distributed systems.

With reference to the examples listed above:
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1. Let us consider the motion of an extended mass, as opposed to a point mass. If the mass is a

rigid body, then it will still be able to formulate its equations of motion in terms of ODEs – this

is basically because the body is rigid - no portions of the solid move with respect to other parts.

But if the body is not rigid but rather elastic, then we shall have to resort to PDEs to apply

Newton’s second law to constituent particles of the body.

Fluids, i.e., gases and liquids, are obviously nonrigid bodies. Here one has to use PDEs to

formulate equations of motion.

2. Returning to the concentration of chemical X in a solution, suppose that there is a lump of

undissolved chemical X that sits at the bottom of the beaker and that the solution is not being

stirred. Also assume that X cannot be involved in chemical reactions unless it is in solution.

The lump of undissolved chemical serves as a local source of X for the solution. At the interface

of the lump, chemical X is dissolving into solution, causing a locally higher concentration there.

As a result, there will be some diffusion of X away from the lump into the solution. In other

words, there is no way that the concentration of X can be assumed to be constant throughout

the solution. As such, we must consider the spatial dependence of c as well, i.e., c = c(x, t),

where x ∈ R3 is a position in the beaker. As a result, we would have to formulate a PDE in c:

∂c(x, t)

∂t
= (rate of production of X at x) − (rate of decay of X at x). (9)

3. Returning to the problem of the temperature T (t) of a body: suppose that the body is a large

steel ingot that has just been taken out of a furnace and is surrounded by air at an ambient

temperature T0. The external surface of the ingot is in contact with the air and will be cooled

first. This cooling will cause heat energy to be transferred from the hot interior of the ingot.

Without getting into any details here, the temperature T will be a function of position and time,

T = T (x, t). Once again, the system will have to be modelled with a PDE. In fact, the “heat

equation” is the first PDE to be studied in this course.

All of the above examples have a common theme: The behaviour of a physical quantity, e.g.,

temperature, concentration, velocity, at a particular position and a particular time. In applications,

therefore, our unknown function u will be a function of n spatial variables x1, · · · , xn and one time

variable t, i.e.,

u = u(x1, · · · , xn, t), n = 1, 2 or 3. (10)
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Mathematically,

u : Rn × R → R. (11)

In particular cases, we’ll often use the traditional x, y, z coordinate notation:

Dimensionality function example of application

n = 1 u(x, t) steel rod

n = 2 u(x, y, t) a thin plate

n = 3 u(x, y, z, t) a block of steel

A good deal of this course will be devoted to n = 1, i.e., one-space-dimensional situations. Here

are two fundamental PDEs that we shall be studying:

∂u

∂t
= k

∂2u

∂x2
1D heat/diffusion equation (12)

∂2u

∂t2
= c2 ∂2u

∂x2
1D wave equation (13)

In higher spatial dimensions, i.e., n = 2, 3, the spatial derivatives in x above will be replaced by

the Laplacian:

∇2u = ~∇ · ~∇u =
∂2u

∂x2
1

+ · · · +
∂2u

∂x2
n

. (14)

or

n = 2 ∇2u =
∂2u

∂x2
+

∂2u

∂y2
(15)

n = 3 ∇2u =
∂2u

∂x2
+

∂2u

∂y2
+

∂2u

∂z2
(16)

Then the higher dimensional analogues of the heat/diffusion and wave equations become

∂u

∂t
= k∇2u heat/diffusion equation (17)

∂2u

∂t2
= c2∇2u wave equation (18)

In the steady-state case, i.e., ∂u/∂t = 0, where the solution u is constant in time, both of the above

equations give rise to Laplace’s equation:

∇2u = 0. (19)

All of these PDEs are linear.
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Another linear PDE that is important in mathematical physics is the Schrödinger equation of

quantum mechanics. For a single particle of mass m in the presence of a potential V (x), the Schrödinger

equation is given by

i~
∂u

∂t
= −

~
2

2m
∇2u + V (x)u. (20)

Here, ~ = h/(2π), where h is “Planck’s constant, and u is the complex-valued quantum mechanical

wavefunction for the mass m.
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Lecture 2

2. Some PDEs in Applied Mathematics, Science and Engineering

The 1-D Heat Equation

Sections 1.1-1.2 of text by Haberman

Much of this discussion will follow the text rather closely. Our goal is to study the conduction of

heat in a solid. We already face some questions:

1. What is heat?

2. What is conduction?

Briefly, heat flow describes the transfer of thermal energy. Thermal energy is due to molecular

(gases and liquids) or atomic (solids) motion. It flows, or is transferred, through a medium by two

principle mechanisms:

1. Conduction: the transfer of vibrational energy from one molecule or atom to another by means

of collisions. The molecules/atoms do not move appreciably. This is the primary mechanism for

heat flow in solids.

2. Convection: the molecules/atoms move appreciably from one place to another, taking the ther-

mal energies with them. This will occur in gases and liquids.

We begin with a simple physical idealization: a one-dimensional solid rod, with constant cross-

sectional area A and length L. For convenience, we shall let 0 ≤ x ≤ L denote the position of a slice

of this rod.

Suppose that we heat one end of the rod, for example, by holding a candle under the end for a

while. We expect that heat will flow from this end down the rod toward the other end. The natural

question is, “How does the heat flow?”

In this discussion, we shall also assume that all heat flow is in the x-direction, i.e., along the

rod. There is no flow of heat across the cylindrical boundary of the rod. Physically, this could be

accomplished by insulating the rod, as one does to hot water pipes in homes so that the water in the

pipes does not cool too rapidly.
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Thermal energy density

We start by defining the the following important quantity:

e(x, t): the thermal energy density, the amount of thermal energy per unit volume of the

rod, at position x and time t.

Let us step back for a moment and discuss what is meant by a “density” function. It is a math-

ematical idealization, just like charge density and mass density, which you have already encountered

in previous classes, the details of which, however, may not have been discussed in any detail.

Now consider a thin slice of the rod, of width ∆x and centered at a point x in the rod, as sketched

below.

0 L

∆x

x

Let ∆h be the amount of heat in the above thin slice. The volume of this slice is ∆V = A∆x.

The average density of heat in this slice, or average amount of heat per unit volume is

∆h

∆V
=

∆h

A∆x
. (21)

We now ideally consider the limit of this density as ∆x → 0 and define

e(x, t) = lim
∆x→0

∆h

A∆x
. (22)

Of course, we cannot take the limit ∆x → 0 in practice since matter is not continuous, but particulate

in nature, i.e., atoms and molecules. In a sense, we do not let ∆x get to zero but rather let it stop at

a few orders of magnitude times the dimension of an atom. In this way, the matter and energy are

“smeared out” in space. This is the essence of the continuum approximation.

From the above considerations, the amount of heat energy in the thin slice is

∆h ≈ e(x, t)A∆x. (23)

In the discussion that follows, we shall consider an arbitrary segment of the rod with endpoints a

and b. In other words, the segment is located on the interval [a, b], as sketched below.
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0 La b

From Eq. (23), the total amount of thermal energy in the segment [a, b] at a given time t is

obtained by summing, i.e., integrating, the quantity ∆h over all slices comprising the segment. We’ll

denote this quantity as follows,

h(a, b; t) =

∫ b

a

e(x, t)A dx. (24)

The next step is to work out an equation that for the time evolution of the total heat energy on [a, b].

This is accomplished by applying the principle of conservation of heat energy.

Conservation of thermal energy over an arbitrary segment [a, b]

Changes in the total amount of thermal energy in the segment are due only to the following:

1. heat flow across the boundaries of the segment at x = a and x = b,

2. internal sources or sinks of heat energy. (This can include, for example, a candle heating the

rod at a region centered at x = p.)

We now formulate the basic “rate of change of total thermal energy” for the segment:

rate of change net heat flow total thermal energy

of total thermal = across boundaries + generated inside

energy per unit time per unit time

It now remains to translate this word equation into a mathematical equation. The left hand side

of this equation is rather straightforward. It is given by

d h(a, b; t)

dt
=

d

dt

∫ b

a

e(x, t)A dx. (25)

We can go one step further: Since a and b, although arbitrary, are assumed to be constant in time,

we may take the derivative inside the integral, i.e.,

d h(a, b; t)

dt
=

d

dt

∫ b

a

e(x, t)A dx =

∫ b

a

∂e(x, t)

∂t
A dx. (26)

(This is one of “Leibniz’ Rules” – if you are not convinced of this result, you can derive it from first

principles.)
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Heat flux

We now translate the first term on the right hand side of the word equation into mathematics. In

order to quantify the heat flow across the boundaries, we introduce the heat flux:

heat flux at position x, time t, denoted by φ(x, t): this is the amount of thermal energy

per unit time flowing to the right per unit surface area.

Technically, flux is a vector quantity, with a magnitude and a direction. Flow towards the

right corresponds to the i direction.

If φ(x, t) > 0, then heat is flowing to the right at x.

If φ(x, t) < 0, then heat is flowing to the left at x.

From this definition, it follows that the net flow of thermal energy across the boundaries of the segment

[a, b] is given by

φ(a, t)A − φ(b, t)A. (27)

The reader should think about this statement and convince herself/himself why it is correct. The

sketch below may help.

0 La b

φ(a, t)i φ(b, t)i

For example,

1. If φ(a, t) > φ(b, t), then there is an increase of heat energy in the slice: more heat is entering

from the left than from the right.

2. If φ(a, t) < φ(b, t), then there is a decrease of heat energy in the slice: more heat is exiting at

the right than from the left.

Internal heat sources

Finally, we translate the final term on the RHS of the word equation into mathematics. This is

accomplished by defining the following quantity:

Q(x, t): thermal energy per unit volume generated per unit time at point x and time t.
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The total amount of thermal energy generated per unit time in the segment [a, b] is therefore given by

∫ b

a

Q(x, t)A dx. (28)

We are now in a position to translate the word equation for the conservation of energy into a

mathematical equation:

∫ b

a

∂e(x, t)

∂t
A dx = φ(a, t)A − φ(b, t)A +

∫ b

a

Q(x, t)A dx. (29)

For simplicity, we can divide out the constant A (we really don’t have to, though):

∫ b

a

∂e(x, t)

∂t
dx = φ(a, t) − φ(b, t) +

∫ b

a

Q(x, t) dx. (30)

In this equation there are two integrals over the interval [a, b]. The next step is to express the flux

terms in terms of an integral over [a, b]. This can be done by means of the Fundamental Theorem of

Calculus:

φ(a, t) − φ(b, t) = −

∫ b

a

∂φ

∂x
dx, (31)

provided that the derivative exists over [a, b]. We shall assume that it does. The net result is

∫ b

a

∂e

∂t
dx = −

∫ b

a

∂φ

∂x
dx +

∫ b

a

Q dx. (32)

We may now combine all integrals into a single integral:

∫ b

a

[

∂e

∂t
+

∂φ

∂x
− Q

]

dx = 0. (33)

This is known as the integral form of the conservation of thermal energy over an arbitrary segment

[a, b].

Knowing that we eventually have to come up with a partial differential equation that models heat

flow in the rod, it is indeed tempting to conclude that the integrand is zero. The result is an equation

in terms of the unknowns e(x, t) and φ(x, t). However, just because the integral of a function is zero,

i.e.,

∫ b

a

f(x) dx = 0, it doesn’t necessarily follow that f(x) = 0. In this case, however, we have two

additional features:

1. The interval [a, b] is arbitrary,

2. We shall assume that the integrand in Eq. (33) is continuous for all x ∈ [a, b].
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In this case we may conclude, from the Lemma below, that the integrand is zero for all x ∈ [0, L]. The

result is the equation,
∂e

∂t
+

∂φ

∂x
− Q = 0. (34)

This is known as the differential form of the conservation of thermal energy. It is a local or pointwise

result, as opposed to the integral form in Eq. (33).

Here now is the important lemma that allows us to conclude the differential form of the con-

servation law, which you may well have seen in an earlier Calculus course (most probably AMATH

231):

(Du Bois-Reymond) Lemma: If f : [0, L] → R is continuous on [0, L], and

∫ b

a

f(x) dx =

0 for all a, b ∈ [0, L], then f(x) = 0 for all x ∈ [0, L].

One can prove this Lemma quite easily from principles of first-year Calculus. Very briefly, assume

that f is a function satisfying the assumptions of the Lemma and that f(p) 6= 0 for some p ∈ [0, L].

Without loss of generality, assume that f(x) > 0. Then, by continuity, f(x) > 0 for x in some interval

of p, i.e., x ∈ (p− ǫ, p+ ǫ) for an ǫ > 0. Then for any segment [a, b] ⊂ (p− ǫ, p+ ǫ), f(x) > 0, implying

that

∫ b

a

f(x) dx > 0, contradicting the assumption that

∫ b

a

f(x) dx = 0 for all a, b ∈ [0, L].
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Lecture 3

Eq. (34) of the previous lecture, which we reproduce below,

∂e

∂t
+

∂φ

∂x
− Q = 0,

is the basic PDE from which we shall derive the heat equation. The obvious problem is that there are

two basic unknowns here: e and φ. We shall be able to relate them to a common dependent variable,

the temperature function, to be denoted as u(x, t).

Step 1: Relating thermal energy e to temperature u

From experiments and certainly experience, different materials require different amounts of thermal

energy in order for their temperatures to be raised from one value, say ua, to another ub. This

difference is characterized by the specific heat, c, of the substance:

Specific heat, c: the heat energy that must be applied to a unit mass of a substance to

raise its temperature by one unit.

This is actually a working definition employed by the textbook but which suffers from a complication:

The specific heat of a substance generally depends upon the temperature u. For restricted temperature

intervals, c is often assumed to be constant over these intervals. In the following discussion, we also

make this assumption for simplicity, but we shall allow for c to vary throughout the rod, due to

possible differences in its composition. In other words, c = c(x). (That being said, we shall return to

the matter of the u-dependence of c.)

Recall that the thermal energy of the thin slice was given by

e(x, t)A∆x (35)

We’ll define this to be the energy required to raise the temperature of the slice from a reference

temperature, say u0 to u(x, t). (In the textbook, u0 = 0. We’ll see below that the choice of u0 does

not really matter.) This means that the heat energy per unit mass is given by

c(x)[u(x, t) − u0]. (36)

We’ll have to multiply this term by the mass density ρ(x) (mass per unit volume) to obtain the total

thermal energy. The mass of the slice is

∆m = ρ∆V = ρA∆x (37)
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so that the total thermal energy of the slice is

e(x, t)A∆x = c(x)[u(x, t) − u0]ρ(x)A∆x. (38)

Dividing by A∆x we obtain

e(x, t) = c(x)ρ(x)[u(x, t) − u0] (39)

This is the desired relationship between e and u. We substitute this result into Eq. (34) to obtain

c(x)ρ(x)
∂u

∂t
= −

∂φ

∂x
+ Q. (40)

Note that the constant term u0 vanishes upon differentiation: This is why the choice of the reference

temperature is irrelevant.

We must now relate the flux φ to the temperature u.

Step 2: Relating flux φ to temperature u

Well, why does heat flow? It flows because of differences in temperature. Here are four basic facts

that are based upon experimental evidence (as opposed to theoretical deduction):

1. If temperature is constant in a region, then there is no heat flow.

2. If there are temperature differences in a region, then heat flows from hotter regions to colder

regions.

3. For a given material, the greater the temperature difference the greater the heat flow.

4. The rate of heat flow varies for different materials.

The fundamental equation relating heat flux to temperature, based upon the above observations, is

due to Joseph Fourier (1768-1830) and is known as

Fourier’s “law” of heat conduction:

φ = −K0
∂u

∂x
. (41)

The term “law” is enclosed in quotes because it is not a law but rather a model. That being said,

it is an approximation that works very well in applications. A few comments:
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1. The coefficient of proportionality, K0, is known as the thermal conductivity, which is character-

istic of the material.

2. The minus sign reflects the fact that heat flows from a hotter region to a colder region. If

∂u/∂x > 0, this means that u(x + ∆x) > u(x) for ∆x sufficiently small. This means that

heat will flow in the negative direction, i.e., the flux will be negative. If ∂u/∂x < 0, a similar

argument shows that the flux will be positive.

We now substitute this result for φ into Eq. (40):

c(x)ρ(x)
∂u

∂t
=

∂

∂x

(

K0(x)
∂u

∂x

)

+ Q. (42)

Note that we have allowed K0 to vary with x in order to accomodate for possible changes in compo-

sition.

We have achieved our goal: a partial differential equation involving the temperature function

u(x, t). It is a second order, linear PDE in u(x, t). We shall refer to this PDE as the generalized heat

equation.

If c, ρ and K0 are assumed to be constant (in other words, the rod is assumed to be homogeneous),

then the above PDE becomes

cρ
∂u

∂t
= K0

∂2u

∂x2
+ Q. (43)

In the case that there are no sources, Q = 0 and the PDE becomes

∂u

∂t
= k

∂2u

∂x2
. (44)

This is known as the heat equation. The constant

k =
K0

cρ
(45)

is known as the thermal diffusivity.

Eq. (44) is also known as the diffusion equation, as we’ll see below. If heat is concentrated in a

region, then it will spread out, or diffuse. Other physical quantities, such as the concentration of a

chemical, also spread out in a similar way.

The 1-D Diffusion Equation

The physical process of diffusion is due to the random motions of molecules or atoms. Everyone is

familiar with the classical example of introducing an ink drop onto the surface of a container of water.
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As time progresses, the ink, originally concentrated in a small region, spreads through the container.

One can actually formulate this process in terms of the random motions and collisions of molecules –

there is a greater probability for the ink molecules to move from regions of greater concentration to

those of lower concentration. We shall return to this idea later in the course.

The derivation of the diffusion equation, which is identical in form to the heat equation, proceeds

in the same way as for the latter. Once again, we consider a one-dimensional rod-like region with cross-

sectional area A and length L. The position of a thin slice will be denoted as x, where 0 ≤ x ≤ L.

Now let u(x, t) denote the density or concentration of a chemical – the mass per unit volume.

Once again we consider an arbitrary interval [a, b] ⊆ [0, L] and apply conservation of mass to this

interval. The total amount of chemical in [a, b] at time t is

∫ b

a

u(x, t)A dx. (46)

Define the flux φ(x, t) to the be amount of chemical per unit surface area moving to the right per unit

time.

Here, we assume that there is no additional source of chemical (which would have corresponded

to the “Q” term in the heat equation). In so-called reaction-diffusion equations, where chemicals can

be produced or used up due to chemical reactions, and where diffusion also plays a role, source or sink

terms must be included.

The conservation of mass principle states that the rate of change of chemical in [a, b] will be equal

to the net flow of chemical into the interval:

d

dt

∫ b

a

u(x, t)A dx = [φ(a, t) − φ(b, t)]A. (47)

We now (i) divide out the constant A, (ii) bring the time derivative into the integral on the left-hand

side and (iii) apply the Fundamental Theorem of Calculus to the right-hand side to obtain

∫ b

a

∂u

∂t
dx = −

∫ b

a

∂φ

∂x
dx, (48)

or
∫ b

a

[

∂u

∂t
+

∂φ

∂x

]

dx = 0. (49)

Assuming that the integrand is continuous at all points x ∈ [0, L], and due to the arbitrariness of the

interval [a, b], we may conclude that

∂u

∂t
= −

∂φ

∂x
, 0 ≤ x ≤ L. (50)
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In order to relate the flux φ to u, we note that, analogous to the case of heat flow, chemicals diffuse

from regions of higher concentration to those of lower concentration. From experimental evidence, a

good model for the rate of diffusion is provided by

Fick’s “law” of diffusion:

φ(x, t) = −k
∂u

∂x
, (51)

where k > 0 is the coefficient of diffusivity. (Note the similarity of Fick’s law to Fourier’s law of heat

conduction.) If we assume that k is constant over [0, L], then substitution into Eq. (50) yields the

diffusion equation,
∂u

∂t
= k

∂2u

∂x2
. (52)

Obviously, the diffusion equation has the same form as the heat equation.

Final remark: At the risk of being overly repetitive, the Fourier and Fick “laws” are identical in

form. They are examples of “laws of transport” or “transport laws”: models that, under “normal”

(as opposed to “extreme”) conditions serve as good approximations for the transport of “things”,

i.e., matter, energy. It must be once again stressed that these models are based upon experience or

experiment, and do not arise as a result of pure mathematical analysis, e.g., the properties of the real

number system. The fact that the flux is well approximated by a multiple of the derivative, as opposed

to the derivative raised to some power, e.g.,

φ(x, t) = −k

[

∂u

∂x

]α

, (53)

where α > 0, is quite remarkable, and most helpful. Otherwise, the heat and diffusion equations would

be nonlinear.

We’ll examine the multidimensional form of this general tranport model in the next lecture.
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