
Lecture 11

Zeros of second-order linear ODEs (finale)

Return to the vibrating drum problem

In Lecture 4, we considered the problem of a vibrating circular membrane of radius R0. Recall

that our model was the two-dimensional wave equation (our review here is very brief),

∂2u

∂t2
= K∇2u, K =

T

ρ
. (1)

Here, u(r, θ, t) was the displacement of the membrane from its equilibrium position u = 0.

Substitution of a separation-of-variables type solution,

u(r, θ, t) = v(r, θ) cosωt , (2)

where the frequency ω is also to be determined, yields the following equation for v(r, θ):

∇2v + a2v = 0, a2 =
ω2

K
. (3)

Another separation of variables is performed by letting v(r, θ) = R(r)S(θ). The angular func-

tion S(θ) is given by

S(θ) = c1 cos(mθ) + c2 sin(mθ), m = 0, 1, 2, · · · . (4)

The radial function R(r) must satisfy the Bessel-type equation

r2R′′ + rR′ + (a2r2 −m2)R = 0. (5)

The change of variables s = ar yields the following DE in R(s) = R(ar):

s2
d2R

ds2
+ s

dR

ds
+ (s2 −m2)R = 0, (6)

which is Bessel’s DE of order m. The general solution of this DE has the form

R(s) = c1Jm(s) + c2Ym(s), s ≥ 0. (7)
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Recall that the Bessel functions of second kind, Ym(s) are singular at the origin:

|Ym(s)| → ∞ as s → 0+. (8)

These functions are not acceptable in the solution of the membrane motion since all displace-

ments have to be finite. Thus the general form of the solution for the R(s) term will have to

be

R(s) = c1Jm(s). (9)

Note that what we have done is to apply a boundary condition at r = 0, not a specific value

for the function but rather the of finiteness.

There is another condition to impose – the “clamping condition” over the outer boundary

of the drum. From (9), this implies that

Jm(aR0) = 0. (10)

In other words aR0 must be a zero of the Bessel function Jm(x). In what follows, we shall let

the kth zero of Jm(x) be denoted as xm,k.

Case 1: m = 0

Note that we have not yet said anything about m which will determine the angular part of

the solution S(θ). Let us first consider the simplest case, m = 0, which will correspond to the

lowest mode of vibration of the membrane. The function S(θ) is constant in this case, which

indicates that there is no angular variation – the solution v(r, θ) will be radially symmetric.

Without loss of generality, we can set S(θ) = 1. The displacement of the membrane at a point

(r, θ), where 0 ≤ r ≤ R0 and 0 ≤ θ ≤ 2π will be given by (up to a constant)

u(r, θ, t) = J0(ar) cosωt, (11)

The zero condition of (10) implies that ar = x0,k, k = 1, 2, · · · , one of the zeros of the Bessel

function J0(x). (The first three zeros were listed earlier.) A plot of J0(x) showing the first six

zeros is presented below for convenience.
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If we choose the first zero x0,1, then the clamping condition aR0 = x0,1 determines the

frequency ω of this vibrational mode:

ω√
K

R0 = x0,1, or ω0,1 =
x0,1

R0

√

T

ρ
. (12)

Note that J0(x) > 0 for 0 < x < x0,1, which translates to R(ar) > 0 for 0 < r < R0. In

other words the radial function R(ar) is nonnegative. Rotating the graph of J0(x) about the

y-axis yields a scaled picture of the drum’s membrane at maximum amplitude. Consequently,

all points on the membrane travel upward and downward in unison – a kind of two-dimensional

analogue to the lowest mode of the one-dimensional vibrating string. There are no nodes for

r < R0.

If we choose the second zero x0,2, then the clamping condition aR0 = x0,2 yields the following

frequency of vibration:

ω0,2 =
x0,2

R0

√

T

ρ
. (13)

Rotating the graph of J0(x) for 0 ≤ x ≤ x0,2 about the yaxis gives a picture of the drum

membrane at the instant that points are at their maximum distance from equilibrium. It is not

too hard to show that the circle of points

r =
x0,1

x0,2
R0 ≈ 0.44R0 (14)
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is a set of nodal points with zero amplitude. A convenient way to picture this is from the top:

+

−

Choosing higher zeros x0,k will introduce more nodal circles into the modes. The frequencies

of these modes will be given by

ω0,k =
x0,k

R0

√

T

ρ
, k = 1, 2, · · · . (15)

Note from our previous discussion on spacing of consecutive zeros that

ω0,k+1 − ω0,k →
π

R0

√

T

ρ
, as k → ∞. (16)

Case 2: m = 1

We must now choose the Bessel function J1(x) to form the radial part of the displacement

function. Then

v(r, θ) = J1(ar)S(θ). (17)

We can always rewrite the general solution for S(θ) in (4) as S(θ) = A cos(θ−φ). The constant

A contributes to the amplitude and the phase shift φ essentially rotates the solutions. As

such, we can, without loss of generality, set S(θ) = cos θ. This means that S(θ) > 0 for

−π/2 < θ < π/2 and S(θ) < 0 for π/2 < θ < 3π/2. As well S(θ) = 0 for θ = π/2 and

θ = 3π/2 which correspond to a nodal line. We can depict the positive and negative regions

schematically as follows:

The function S(θ) will be multiplied by the radial function R(ar) to give the amplitude

function of the vibrational mode. Similar to before, the clamping condition dictates that

aR0 = x1,k, a zero of the Bessel function J1(x), k = 1, 2, · · · . When we choose k = 1, the first
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+−

zero of J1(x), then the radial function is nonnegative. This means that the displacements will

be positive and negative as in the above figure. The vibrational frequency will be

ω1,1 =
x1,1

R0

√

T

ρ
. (18)

In the case k = 2, the function J2(x) produces positive and negative regions in roughly

the same way as was done for J1(x) above. J2(x) > 0 for 0 < x < x1,1 and J2(x) < 0

for x1,1 < x < x1,2. Multiplication of these regions with the positive and negative regions

associated with S(θ) = cos θ gives the following pattern:

+     −−+

Of course, one can continue this procedure and use higher zeros x1,k of J1(x). The result is

the following set of vibrational frequencies:

ω1,k =
x1,k

R0

√

T

ρ
, k = 1, 2, · · · . (19)

As before, the spacings of these frequencies will be determined by the spacings of the zeros of

the J1 function:

ω1,k+1 − ω1,k →
π

R0

√

T

ρ
, as k → ∞. (20)
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Systems of First Order Differential Equations

A system of n first order differential equations in the single variable functions x1(t), x2(t), ...,

xn(t), is conveniently written in the form

ẋ1 = f1(x1, x2, · · · , xn, t)

ẋ2 = f2(x1, x2, · · · , xn, t)

...

ẋn = fn(x1, x2, · · · , xn, t) (21)

This can be written in compact vector notation as

ẋ(t) = f(x, t). (22)

Note that we have used the “dot” notation to denote derivatives here – the “dot” is often used

when the independent variable is t, which is often interpreted as time. We shall use dots and

primes interchangeably.

Some simple examples:

1. n = 2: The nonlinear system

ẋ1 = −ax1 + bx1x2

ẋ2 = cx2 − dx1x2 , (23)

where a, b, c, d ≥ 0. which is often called the “Lotka-Volterra” predator-prey model. This

is very simple model where x1 denotes the concentration of predators and x2 denotes the

concentration of prey. The system is nonlinear because of the presence of the terms x1x2.

2. n = 2: The linear system

ẋ1 = x2

ẋ2 = −ω2x1 , (24)
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which describes simple harmonic motion: To see this, differentiate both sides of the first

equation, i.e.,

ẍ1 = ẋ2 , (25)

and then use the second equation, i.e.,

ẍ1 = −ω2x1 (26)

to arrive at the following second order linear ODE in x1,

ẍ1 + ω2x1 = 0 , (27)

with general solution,

x1(t) = c1 cosωt+ c2 sinωt . (28)

(More on this in a moment.)

The most general form for a linear system of first-order DEs is

ẋ = A(t)x+ b(t) (29)

where A is an n×n matrix of coefficients aij(t) and b(t) is a 1×n column vector of coefficients

bi(t). We shall return to such systems in the near future.

Returning to the second example above, the linear harmonic oscillator, the matrix A(t) and

column vector b(t) are given by

A(t) = A =





0 1

−ω2 0



 b(t) =





0

0



 . (30)

Any nth order differential equation in a function y(t) – linear or nonlinear – can be expressed

as a system of first order DEs as follows. First, we assume that the DE in y(t) can be written

in the form

y(n) = g(y, ẏ, ÿ, · · · , y(n−1), t). (31)
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Now define the following:

x1(t) = y(t), x2(t) = ẏ(t), · · · , xn(t) = y(n−1)(t). (32)

Then,

ẋ1(t) = ẏ(t) = x2(t) (33)

and

ẋ2(t) = ÿ(t) = x3(t) . (34)

The reader should be able to see the pattern. We continue up to the last equation which gives,

ẋn(t) = y(n)(t) = g(x1, x2, · · · , xn, t) . (35)

As a result, we have the following system of first order DEs in the xk(t):

ẋ1 = x2

ẋ2 = x3

...

ẋn = g(x1, x2, · · · , xn, t) . (36)

Example: Let’s return to the linear, second order, harmonic oscillator DE in the function x(t),

ẍ+ ω2x = 0 . (37)

We’ll rewrite this DE as

ẍ = −ω2x . (38)

Now define

x1(t) = x(t) , x2(t) = ẋ1(t) = ẋ(t) . (39)

Differentiating both sides of the first equation gives

ẋ1(t) = ẋ(t) = x2(t) . (40)

Differentiating all sides of the second equation gives

ẋ2(t) = ẍ1(t) = ẍ(t) = −ω2x(t) = −ω2x1(t). (41)
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We simply use the first and last parts of this equation to yield

ẋ2(t) = −ω2x1(t) . (42)

Putting the two equations together, we have

ẋ1 = x2

ẋ2 = −ω2x2 , (43)

which was Example No. 2 shown earlier.

A natural question would be: “Why bother translating DEs into a system of first order

DEs?” There are two answers:

1. For theoretical reasons: It is often easier to prove theorems regarding existence and

uniqueness of solutions to such systems. In special cases, one can determine the long time

behaviour of solutions.

2. For practical reasons: First order systems are convenient for numerical methods of

solving DEs. To illustrate with a very simple example, one can approximate the first

order derivative of each function as follows:

ẋ1 ≈
x1(t +∆t)− x1(t)

∆t
= something, (44)

where ∆t is a suitable “time step.” Then, rewrite the above as

x1(t+∆t) = x1(t) + something ×∆t. (45)

Knowing x1(t) allows us to estimate x1(t +∆t). In this way, we can generate numerical

approximations to solutions of DEs of arbitrary order.

In practice, most, if not (almost) all, DEs are converted to first order systems when

numerical solutions are required.
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Existence-Uniqueness of Initial Value Problems: The Picard Method

of Successive Substitution

In this lecture, we shall address some theoretical matters, namely the question of existence and

uniqueness of solutions to initial value problems for systems of first order differential euqations.

These IVPs take the form

x′(t) = f(x, t), x(t0) = x0 , (46)

where x(t) ∈ R
n and f is an n-vector. For the moment, we shall restrict our discussion to the

one-dimensional case. And to complicate matters further, we shall revert back to notation used

in earlier lectures, i.e., letting x denote the independent variable and y the dependent variable.

The initial value problem associated with a single differential equation then takes the form

dy

dx
= f(y, x), y(x0) = y0. (47)

If f is “sufficiently nice,” then the IVP in (47) exists and is unique. Of course, the question

remains, “What is ‘sufficiently nice’ in this case?” First of all, we shall show that it is not

sufficient for f to be continuous in its variables. For example, the IVPs

dy

dx
= y, y(x0) = y0, (48)

has a unique solution for any values x0, y0 ∈ R. It is

y(x) = x0 e
x , x ∈ R . (49)

On the other hand, the following IVPs

dy

dx
= y1/2, y(x0) = y0. (50)

have unique solutions for all x0 ∈ R and y0 > 0 but not when y0 = 0. To see this, consider the

problem
dy

dx
= y1/2, y(0) = 0. (51)

Note that

y(x) = 0 (52)
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is a solution to (51). (LHS = 0, RHS = 0.) But if we solve the DE as a separable DE,

1

y1/2
dy

dx
= 1, (53)

antidifferentiating both sides yields

2y1/2 = x+ C . (54)

Imposing the condition y(0) = 0, i.e., y = 0 when x = 0, implies that C = 0 so that the solution

to the IVP in (51) is

y(x) =
1

4
x2. (55)

We have therefore produced two solutions to the IVP in (50). Obviously, there is existence but

not uniqueness. (For any y0 6= 0, the solution to the IVP is unique - Exercise.)

The problem lies in the behaviour of y1/2 at y = 0. Certainly the function g(y) = y1/2 is

continuous at y = 0 but it is not differentiable at y = 0. It turns out that differentiability is

not necessarily required for existence-uniqueness but, in this case, the fact that the derivative

g′(y) = y−1/2 tends to infinity as y → 0+ is responsible for the problem. More on this later.

Let us now go back to the general IVP in (47) and integrate both sides from x = x0 to

x = x:

y(x)− y(0) =

∫ x

x0

f(y(s), s) ds, (56)

which we’ll rewrite as

y(x) = y0 +

∫ x

x0

f(y(s), s) ds, (57)

Differentiating both sides with respect to x will give us Eq. (47), as it should. Eq. (57) is

known as an integral equation, for obvious reasons. A solution of the IVP in (47) must satisfy

Eq. (57). So why bother to rewrite our original IVP as an integral equation? The answer is

that integral equations are much nicer to deal with in theoretical analysis. Because integration

is basically a summation procedure, one can derive inequalities involving absolute values. These

will can then lead useful inequalities which provide the basis of important results in the form

of theorems.
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Before going on, an example would probably be helpful. Consider the IVP,

dy

dx
= y, x(0) = 1, (58)

with solution y(x) = ex. Here x0 = 0 and y0 = 1. The equivalent integral equation is

y(x) = 1 +

∫ x

0

y(s) ds. (59)

Of course, if you were given this integral equation out of the cold, its solution would probably

not be obvious to you. Eventually, you may decide to differentiate both sides, giving you (58),

which you could easily solve. (You can check that ex is a solution to the integral equation.)

Let us now come to the observation of the mathematician Picard. Eq. (57) can be viewed

in the following way: the solution to the IVP in (48) satisfies a relation of the form

y = Ty, (60)

where T is an operator that operates on functions. Let u(x) be a function. Then the action of

T on this function produces a new function, call it v(x), defined as

v(x) = (Tu)(x) = y0 +

∫ x

x0

f(u(s), s) ds. (61)

In Eq. (60), we see that if y is the solution to the IVP in (48), then the operator T maps y to

itself. We say that y is a fixed point of the operator T . We’ll develop these ideas in the next

lecture.
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Lecture 12

Existence-Uniqueness of Initial Value Problems: The Picard Method

of Successive Substitution (cont’d)

Let’s recall the general form of an initial value problem - a differential equation in the function

y(x) with an initial condition,

dy

dx
= f(y, x) , y(x0) = y0 . (62)

Recall that if we now integrate both sides of the equation from s = x0 to s = x (we have to

use “s” as the “dummy integration variable”),
∫ x

x0

y′(s) ds =

∫ x

x0

f(y(s), s) ds , (63)

we obtain

y(x)− y(x0) =

∫ x

x0

f(y(s), s) ds , (64)

We now rearrange, substituting the initial condition y(x0) = y0, to obtain

y(x) = y0 +

∫ x

x0

f(y(s), s) ds , (65)

which can be written in the form,

y = Ty , (66)

where T is an operator on functions: Given a function u(t), the new function v = Tu is given

by

v(t) = (Tu)(t) = y0 +

∫ x

x0

f(u(s), s) ds . (67)

In the previous lecture, we mentioned something about the operator T possibly being “con-

tractive,” in which case it will have a fixed point y = Ty. Let’s explore the idea of fixed points

and contractivity further, by looking at contractive real-valued functions.

Example: Consider the following function which we shall define over the interval I = [−1, 1]:

f(x) =
1

2
x, x ∈ [−1, 1]. (68)
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Now take any two points x, y ∈ [−1, 1]. The distance between x and y is |x − y|. Now let’s

determine the distance between f(x) and f(y): It is given by

|f(x)− f(y)| = |1
2
x− 1

2
y| = 1

2
|x− y|. (69)

In other words, the distance between f(x) and f(y) is one-half the distance between x and y.

This is true for all pairs of points x, y ∈ [−1, 1]. f is said to be a contraction mapping and its

contraction factor is 1/2. Notice also that x = 0 is a fixed point of f(x), i.e.,

f(0) =
1

2
· 0 = 0 . (70)

Here is a more general definition.

Definition: The function f : [a, b] → [a, b] is said to be a contraction mapping if there exists

a c ∈ [0, 1) such that

|f(x)− f(y)| ≤ c|x− y|, for all x, y ∈ [a, b]. (71)

Note that we keep the value of c away from 1.

There is a very powerful theorem, known as Banach’s Fixed Point Theorem, which deals with

contraction mappings. We’ll state it for the special case of real-valued functions considered

above.

Banach Fixed Point Theorem (or Contraction Mapping Theorem): Let f : [a, b] →
[a, b] be a contraction mapping as defined in Eq. (71) above. Then:

1. There exists a unique point x̄ ∈ [a, b] such that x̄ = f(x̄) (unique fixed point).

2. If, for any point x0 ∈ [a, b], we construct the iteration sequence,

xn+1 = f(xn) , n = 0, 1, 2, · · · , (72)

then

lim
n→∞

xn = x̄ . (73)

(The fixed point is “globally attractive.”)
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In the above example, f(x) =
1

2
x is a contraction mapping on [−1, 1]. (In fact, f(x) =

1

2
x is

a contraction mapping on any interval of the form [−a, a] for a > 0.) From Banach’s Theorem,

f has a unique fixed point in [−1, 1] namely, x̄ = 0. And with regard to the second result

from the theorem, the fixed point x̄ of f is an attractive fixed point: If we start with any point

x0 ∈ [a, b] and form the iteration sequence xn+1 = f(xn) then

x1 =
1

2
x0, x2 =

1

2
x1 =

1

4
x0, · · · , xn =

1

2n
x0. (74)

Clearly, as n → ∞, xn → 0.

It is quite easy to establish that the earlier example f(x) =
1

2
x is a contraction mapping be-

cause of its linearity. In the case of nonlinear functions, it may require a little more effort. If

a function f(x) is continuously differentiable, or perhaps piecewise continuously differentiable,

then it may be possible to establish contractivity from a knowledge of f ′(x) as we show below.

Example: Show that the mapping f(x) =
1

3
x2 is a contraction mapping on [0, 1].

First of all, a look at the graph of f(x) over [0, 1] shows that it maps [0, 1] into [0, 1]: f(x) is

an increasing function and f(0) = 0 and f(1) =
1

3
. Let us now investigate the distance

|f(x)− f(y)| for any x, y ∈ [0, 1] . (75)

From the Mean Value Theorem,

f(x)− f(y)

x− y
= f ′(a) for some a ∈ (x, y) . (76)

(Normally, we use the variable “c” in the Mean Value Theorem but here, “c” is used for the

contraction factor of a function.) Rearranging, and taking absolute values, we have

|f(x)− f(y)| = |f ′(a)| |x− y| for some a ∈ (x, y) . (77)

Since f ′(x) =
2

3
x, and the fact that c in the above relation must lie in the interval (0, 1), it

follows that

|f ′(a)| =
∣

∣

∣

∣

2a

3

∣

∣

∣

∣

≤ 2

3
. (78)
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Substituting this result in (77) yields the result,

|f(x)− f(y)| ≤ 2

3
|x− y| . (79)

Therefore, f is a contraction mapping on [0, 1] with contraction factor c =
2

3
. The unique fixed

point in [0, 1] is x̄ = 0.

Banach’s Theorem applies not only for functions f : R → R but also functions f : Rn → R
n.

But it doesn’t stop there! It is also applicable to abstract spaces, for example, spaces of

functions. The figure below gives a schematic picture of the situation. The region X represents

a space of interest, for example, a suitable set of functions x(t) that could be candidates for

solutions to differential equations over an interval [a, b]. Or they could be functions u(x, y) that

represent images on a computer screen. Each point in the space X represents a function.

x1

X

.

x0

x̄

. . .

x2

Now suppose that there is a contraction mapping T that maps this space X to itself in

such a way that any pair of functions u, v ∈ X are mapped closer to each other. Then by

Banach’s Theorem, T will have a fixed point in X , namely, a function ū such that T ū = ū. For

the Picard mapping T in (57) associated with the initial value problem in (47), ū will be the

solution to the initial value problem. Moreover, if you pick a function u0 ∈ X , and form the

sequence un+1 = Tun, then the sequence of functions {un} (which are “points” or elements of

X) will converge to ū.

Returning to our initial value problem, if the function f(y, x) appearing on the RHS of

Eq. (62) is “sufficiently nice” – we’ll eventually discuss what this means – then the integral
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operator T in (65) is a contraction mapping over some interval containing the point x0. This

implies that there will be a unique “fixed point” function ȳ that satisfies the relation

ȳ = T ȳ. (80)

From (60), this means that ȳ is the solution to the IVP in (48) and it is unique. Moreover, if

we start with any function u0(x) and form the iteration sequence

un+1(x) = Tun(x), (81)

then the sequence of functions {un} converges to the function ȳ in the limit n → ∞. This

procedure is known as the Picard method of successive substitution. It is best to illustrate this

idea with a concrete example.

Example: Consider the following IVP:

dy

dx
= ay, y(0) = y0. (82)

The unique solution to this IVP is

y(x) = y0e
ax . (83)

Let us see how the method of successive substitution in (81) yields functions that approach the

solution. (The special case y0 = 1 and a = 1 is treated in the AMATH 351 Course Notes by J.

Wainwright.)

It is convenient to start with the function u0(x) = y0, the constant function that assumes the

initial value y0. Then

u1(x) = y0 +

∫ x

0

au0(s) ds (84)

= y0 +

∫ x

0

ay0 ds

= y0 + ay0x

= y0[1 + ax].
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Now repeat this procedure:

u2(x) = y0 +

∫ x

0

au1(s) ds (85)

= y0 +

∫ x

0

ay0(1 + as) ds

= y0 + ay0x+ y0
1

2
(ax)2

= y0[1 + ax+
1

2
(ax)2].

One can conjecture, and in fact prove by induction, that

un(x) = y0[1 + ax+ · · ·+ 1

n!
(ax)n], n ≥ 0, (86)

which is the nth degree Taylor polynomial Pn(x) to y(x) = y0e
ax. As you will recall from

MATH 128, for each x ∈ R, these Taylor polynomials are partial sums of the infinite Taylor

series expansion of the function y(x).

A remark that was not given in the lecture: Note that we didn’t have to start with

the constant function u0(x) = y0. We could have started with any function. But suppose we

wanted to start with a function u0(x) such that u0(0) = y0, for example, u0(x) = y0 cosx. Then

u1(x) = y0 +

∫ x

0

au0(s) ds (87)

= y0 +

∫ x

0

ay0 cos s ds

= y0 + ay0 sin s]
x
0

= y0[1 + a sin x].

Once again:

u2(x) = y0 +

∫ x

0

au1(s) ds (88)

= y0 +

∫ x

0

ay0[1 + a sin s] ds

= y0 + ay0x− a2y0 cos s]
x
0

= y0[1 + ax− a2 cosx+ a2].
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It is perhaps not obvious that these functions are “getting closer” to the solution y(x) = y0e
ax.

But it is not too hard to show (Exercise) that the Taylor series expansions of u1(x) and u2(x)

agree, respectively, to the first two and three terms of the Taylor series expansion of y(x).

We now return to some theory. We are going to want to show that the Picard integral

operator T in (67) is a contraction mapping over a space of functions, which we shall denote as

F . But wait a minute! When you start talking about a contraction mapping T over a space of

functions F – an operator that maps pairs of functions “closer” to each other – and when you

talk about sequences of functions “converging” to a function, you have to be able to define a

distance between elements of these spaces, in other words, a “distance” between two functions.

The above figure is misleading because we’re using points on the page, i.e. points in R
2 to

represent these functions. We do not refer to the Euclidean distance between these points!

But we have to settle on what a “distance function” over an abstract space is. With an

eye to the situation in R
n, i.e. Euclidean distances between points, a distance function d on a

space X is expected to satisfy three fundamental properties:

Fundamental properties of a distance function or “metric”:

1. d(u, v) ≥ 0 for any u, v ∈ X . You want distances to be nonnegative. Furthermore,

d(u, v) = 0 if and only if u = v.

2. d(u, v) = d(v, u) for any u, v ∈ X . The distance from u to v is the same as the distance

from v to u.

3. d(u, v) ≤ d(u, w) + d(w, v), for any u, v, w ∈ X , the “triangle inequality”.

Many of you may have seen this idea in a real analysis course: d satisfies the criteria for a

metric on X . X is known as a metric space. Mathematicians will often write (X, d) to clearly

denote the metric space along with its metric.

Now back to functions. A suitable candidate for a distance function for the space F = C[a, b]
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of continuous functions over the closed interval [a, b] is the following:

d∞(u, v) = ‖u− v‖∞ = max
a≤t≤b

|u(x)− v(x)|. (89)

You may recall this metric from AMATH 231. Note the following:

1. If d∞(u, v) = 0, then u(x) = v(x) for all x ∈ [a, b].

2. If d∞(u, v) < ǫ, then |u(x) − v(x)| < ǫ for all x ∈ [a, b]. In other words, the vertical

distance between the graphs of u(x) and v(x) is always less than ǫ.

This is the distance function that will be used for the Picard operator T . What we would like

to show is that T is a contraction mapping on the space of functions F , i.e.,

d∞(Tu, Tv) < Cd∞(u, v), for all u, v ∈ F , (90)

for a constant C ∈ [0, 1). We’ll let F = C([x0, x1]), the space of continuous functions on the in-

terval [x0, x1], for some x1 > x0 to be determined later. (This is a typical procedure in analysis.

We are interested in what is called a local result, i.e., establishing the existence and uniqueness

of a solution y(x) to the IVP in a neighbourhood of the point x = x0.)

We first write down the action of T on two functions u, v:

(Tu)(x) = x0 +

∫ x

x0

f(u(s), s) ds (91)

(Tv)(x) = x0 +

∫ x

x0

f(v(s), s) ds

Now subtract the second equation from the first:

(Tu)(x)− (Tv)(x) =

∫ x

x0

[f(u(s), s)− f(v(s), s)] ds, (92)

where we have used the linearity property of the definite integral. Now take absolute values:

|(Tu)(x)− (Tv)(x)| =

∣

∣

∣

∣

∫ x

x0

[f(u(s), s)− f(v(s), s)] ds

∣

∣

∣

∣

(93)

≤
∫ x

x0

|f(u(s), s)− f(v(s), s)| ds.
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The LHS is starting to look something like the operation involved in our distance function

in (89) – we’ll have to take the maximum value of the LHS over some suitable interval I. And

what about the RHS? The problem is what to do with the integrand. It would be nice if we

could translate the difference in integrand into an expression involving the difference between

u and v. We’ll do this in the next lecture.
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Lecture 13

Existence-Uniqueness of Initial Value Problems: The Picard Method

of Successive Substitution (finale)

We continue immediately with the discussion from the previous lecture, without repeating

anything here. We’ll simply recall that it would be nice if we could extract something that

looks like

|u(t)− v(t)| (94)

from the expression

|f(u(s), s)− g(v(s), s)| (95)

that appears in the integrand of Eq. (93) at the end of the previous lecture. There will be a

way to do this, by means of the following notion in analysis.

Definition: A function g(x) is said to satisfy a “Lipschitz property” over the interval I (or

simply “g is Lipschitz on I”) if there exists a constant K ≥ 0 such that

|g(x)− g(y)| ≤ K|x− y|, for all x, y ∈ I. (96)

The constant K is called the “Lipschitz constant of g (on I)”.

From this definition, one may conclude that

If g is Lipschitz on I, then g is continuous on I, but not vice versa.

And here is a connection with another concept that you have seen in the last lecture:

Let g be Lipschitz on interval I, with Lipschitz constant K ≥ 0. If K < 1, and

g maps I to I, then g is a contraction mapping on I. (Recall: g maps two points

x, y ∈ closer to each other.)
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Examples:

1. The map g(x) = 2x+ 1 is a Lipschitz map on any interval I = [a, b] on R since

|g(x)− g(y)| = |(2x+ 1)− (2y + 1)| = |2x− 2y| = 2 |x− y| . (97)

The Lipschitz constant of g is K = 2.

The reader should be able to see that any affine map g(x) = ax + b is Lipschitz on any

interval I = [a, b], with Lipschitz factor K = |a|:

|g(x)− g(y)| = |(ax+ b)− (ay + b)| = |ax− ay| = |a| |x− y| . (98)

2. The map g(x) = x2 on [0, 1]. Clearly g(x) is not a linear map. But in the case of

differentiable functions, we might have an idea that the magnitude of the slope of the

function at a point x, i.e., the derivative g′(x) might play a role. In such cases we can

use the Mean Value Theorem. In this example, g(x) = x2, for any x, y ∈ [0, 1], from the

MVT,

g(x)− g(y) = g′(c)(x− y) for some c ∈ (a, b) . (99)

This implies that

|g(x)− g(y)| = |g′(c)| |x− y| for some c ∈ (a, b) . (100)

If we can find a maximum value for g′(c) on the interval I, in this case [0, 1], then we’re

done. In this case, since c ∈ (0, 1),

|g′(c)| = |2c| < 2 . (101)

As such,

|g(x)− g(y)| ≤ 2|x− y| for all x, y ∈ [0, 1]. (102)

Therefore g(x) = x2 is Lipschitz on [0, 1] with Lipschitz factor K = 2. (We could use

K = 4, but K = 2 is a “better one”.)
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3. The map g(x) = x1/2 on [0, 1]. Note that the derivative g′(x) = 1
2
√
x
→ +∞ as x → 0+ so

we expect some problems. First of all, if the Lipschitz inequality in (96) does not hold at

one point x, i.e., we cannot find a finite K for which the inequality holds, this is sufficient

to conclude that the function is not Lipschitz on the interval. First of all, let’s apply the

Mean Value Theorem in Eq. (100) to g(x) = x1/2 on [0, 1]: For any x, y ∈ [0, 1],

|g(x)− g(y)| = |g′(c)| |x− y| for some c ∈ (x, y)

=
1

2
√
c
|x− y| . (103)

Now let x = 0: For y ∈ (0, 1],

|g(0)− g(y)| = 1

2
√
c
|y| , c ∈ (0, y) . (104)

Now let y → 0+. Since c ∈ (0, y), it follows that c → 0+, implying that

|g′(c)| = 1

2
√
c
→ ∞ . (105)

In other words, there is no finite value of K for which the Lipschitz property in (96) is

satisifed. Therefore, g(x) = x1/2 is not Lipschitz on [0, 1].

4. A return to the previous example, g(x) = x1/2, just to show that it can be Lipschitz – we

just have to stay away from the troublesome point at x = 0. Let’s look at g(x) on the

interval [1, 2]. We can use the Mean Value Theorem in Eq. (103) once again, but this

time for any x, y ∈ [1, 2]:

|g(x)− g(y)| = 1

2
√
c
|x− y| , for some c ∈ (x, y) . (106)

The function g′(x) =
1

2
√
x

is a decreasing function of x, so its maximum value on [1, 2]

occurs at x = 1, i.e., g′(1) =
1

2
. We can therefore write that for any x, y ∈ [1, 2],

|g(x)− g(y)| ≤ 1

2
|x− y| . (107)

Hence g(x) = x1/2 is Lipschitz on [1,2] with Lipschitz constant K =
1

2
.

It should be easy to see that g(x) is Lipschitz on any interval [a, b] where a > 0.
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Let’s now return to the expression in (95).

|f(u(s), s)− g(v(s), s)| . (108)

We’d like to be able to assume that f is a Lipschitz function in u and v. But the problem is

that there is a second variable in f : “s” in the integrand. That’s really not a big deal: We’ll

demand that f(y, x) – a function of two variables, y and x – satisfy the following property:

There exists a K ≥ 0 such that

|f(y1, x)− f(y2, x)| ≤ K|y2 − y1| for all x ∈ I. (109)

Then f is said to be uniformly Lipschitz (in its first variable) over the interval I.

Examples:

1. The function f(y, x) = 2yx for x ∈ [0, 1], y ∈ [0, 5]. We now have to consider the domain

of definition for both variables y and x. Remember that we keep x fixed while looking at

two values of y. For x ∈ [0, 1] and y1, y2 ∈ [0, 5],

f(y1, x)− f(y2, x) = 2(y1 − y2) x . (110)

Taking absolute values,

|f(y1, x)− f(y2, x)| = 2|x| |y1 − y2| . (111)

This function is rather simple since it is linear in x. The maximum value that x can

assume on [0,1] is 1, so that from the above equation we can write

|f(y1, x)− f(y2, x)| ≤ 2 |y1 − y2| . (112)

Therefore, f is Lipschitz on the region x ∈ [0, 1], y ∈ [0.5].

2. The function f(y, x) = y2x for x ∈ [0, 1], y ∈ [0, 2]. Here, f is quadratic in y. We showed

that the one-variable function g(x) = x2 is Lipschitz, so we expect that f is also Lipschitz.
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Once again, we consider x to be a constant and apply the Mean Value Theorem to the

“y part” of f , using partial derivatives,

f(y1, x)− f(y2, x) =
∂f

∂y
(c, x) (y1 − y2) , for some c ∈ (y1, y2)

= 2cx (y1 − y2) . (113)

Taking absolute values,

|f(y1, x)− f(y2, x)| = 2|c||x||y1 − y2| . (114)

The largest value that c can assume on [0, 2] is 2. The largest value that x can assume

on [0,1] is 1. We therefore have that

|f(y1, x)− f(y2, x) ≤ 4 |y1 − y2| . (115)

Therefore f(y, x) = y2x is Lipschitz over the region.

3. The function f(y, x) = y1/2x. We expect that f is not Lipschitz over any region that

contains the point y = 0, for the same reason as the function g(x) = x1/2 is not Lipschitz

for any interval containing the point x = 0.

Let us now return to the inequality in (93) at the end of the last lecture,

|(Tu)(x)− (Tv)(x)| =

∣

∣

∣

∣

∫ x

x0

[f(u(s), s)− f(v(s), s)] ds

∣

∣

∣

∣

≤
∫ x

x0

|f(u(s), s)− f(v(s), s)| ds. (116)

If we now assume that f(y, x) is uniformly Lipschitz over the interval I = [x0, x1], i.e.,

|f(y1, x)− f(y2, x)| ≤ K |y2 − y1| for all x ∈ I , (117)

then the last term on the RHS of (116) becomes

∫ x

x0

|f(u(s), s)− f(v(s), s)| ds ≤ K

∫ x

x0

|u(s)− v(s)| ds , x ∈ I . (118)
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We’ll now produce an upper bound to the RHS of the the above equation by using the fact

that

|u(s)− v(s)| ≤ max
x0≤x≤x1

|u(s)− v(s)| = ‖u− v‖∞ . (119)

In other words, for any x ∈ I = [x0, x1], the pointwise difference betwen u(x) and v(x) is less

than or equal to the the maximum pointwise difference between u(x) and v(x) over I. But this

maximum difference is the distance between u and v on I, i.e., ‖u− v‖∞. This implies that

K

∫ x

x0

|u(s)− v(s)| dx ≤ K

∫ x

x0

‖u− v‖∞ ds

= K‖u− v‖∞
∫ x

x0

ds

≤ K‖u− v‖∞(x− x0) x ∈ [x0, x1]

≤ K‖u− v‖∞(x1 − x0) , (120)

where we have used the fact that the largest value of (x− x0) for x ∈ [x0, x1] is attained when

x = x1. Using this result in (116), we obtain

|(Tu)(x)− (Tv)(x)| ≤ K(x1 − x0)‖u− v‖∞ , (121)

which we shall write as

|(Tu)(x)− (Tv)(x)| ≤ C‖u− v‖∞ , where C = K(x1 − x0) . (122)

We have almost arrived at our desired result in Eq. (90). Note that Eq. (122) above is satisfied

for all x ∈ [x0, x1]. It then follows that

max
x0≤x≤x1

|(Tu)(x)− (Tv)(x)| ≤ C‖u− v‖∞ . (123)

But the LHS of this inequality is, in fact, the distance between the functions Tu and Tv in the

d∞ distance so we have arrived at the desired result,

‖Tu− Tv‖∞ ≤ C‖u− v‖∞ , where C = K(x1 − x0) . (124)

Well, there is just one more technicality – in order for T to be a contraction on the space

F([x0, x1]) we must have that

C = K(x1 − x0) < 1 . (125)
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For a given function f with Lipschitz constant K ≥ 0, we must choose the endpoint x1 to be

sufficiently close to x0 for the above inequality to be satisfied. As we discussed before, this

is the essence of a local result: Such an x1 > 0 will always exist. This guarantees that the

Picard integral operator T is a contraction mapping on F = C([x0, x1]). Then, from Banach’s

Theorem, there exists a unique function y ∈ F which is the fixed point of T and therefore the

unique solution to the IVP,

y′ = f(y, x) , y(x0) = y0 . (126)

We can now understand why there was a problem with the following IVP presented in the

previous lecture:
dy

dx
= y1/2, y(0) = 0. (127)

The function f(y, x) = y1/2 is not Lipschitz at y = 0, since the slope of the curve z = y1/2

approaches infinity as y → 0+. This is not a proof that a unique solution will not exist!

Just because the conditions of a theorem on existence-uniqueness are not satisfied, we cannot

conclude that there a unique solution will not exist. We simply cannot use the theorem. It

means that we should be prepared for the worst. And on a positive note, f(y, x) = y1/2 is

Lipschitz on any set that does not contain the line y = 0, implying that the IVP,

dy

dx
= y1/2, y(a) = b , (128)

has a unique solution for any b > 0.

Let us now return to the main point of this course – linear systems in R
n having the form

ẋ(t) = A(t)x+ b(t) . (129)

Here, our vector function is

f(x, t) = A(t)x+ b(t). (130)

We’ll simply state that all of the ideas that were presented earlier for the one-dimensional case

dy

dt
= f(y, x) (131)
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carry over to the vector case. A vector-valued function f : Rn → R
n is said to be Lipschitz over

some domain D ∈ R
n if there exists a constant K ≥ 0 such that

‖f(x1)− f(x2)‖ ≤ K ‖x1 − x2‖ . (132)

Here, ‖ · ‖ denotes the Euclidean norm in R
n. If the vector-valued function f is also a function

of t, i.e., f(x, t), then f is said to be uniformly Lipschitz over the interval t ∈ I = [t0, t1] if there

exists a constant K ≥ 0 such that

‖f(x1, t)− f(x2, t)‖ ≤ K ‖x1 − x2‖ for all t ∈ I . (133)

If the components aij(t) of the matrix A(t) defining the linear system in Eq. (130) are contin-

uous (or even piecewise continuous) functions of t on some interval I, then f(x, t) is Lipschitz

since

‖ f(x1, t)− f(x2, t) ‖ = ‖ A(t)x1 −A(t)x2 ‖

≤ ‖ A(t)(x1 − x2) ‖

≤ ‖A(t)‖ ‖ x1 − x2 ‖

≤ K ‖ x1 − x2 ‖ . (134)

Here, ‖A(t)‖ denotes the norm of the matrix A(t) and

K = max
t∈I

‖A(t)‖ . (135)

Such a maximum is guaranteed by the continuity of the components aij(t).

We now arrive at the main result, which is Theorem 2.5 of the Course Notes, p. 110:

Theorem: If A(t) and b(t) are continuous on the interval |t− t0| < T , then the initial value

problem

f(x, t) = A(t)x+ b(t), x(t0) = x0 (136)

has a unique solution x(t) on this interval.
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