
Lecture 8

Qualitative Behaviour of Solutions to ODEs

Relevant sections from AMATH 351 Course Notes (Wainwright): 1.3

Relevant sections from AMATH 351 Course Notes (Poulin and Ingalls): 1.1.1

The last few lectures were concerned with the explicit construction of solutions to general

linear second order DEs. In many cases, a closed form solution is not possible and we have to

resort to series solution methods. However, even if such a series solution is obtained, it is not

obvious how such a solution behaves. For example, is it oscillatory? If so, can we get an idea of

how quickly it oscillates? Or is it nonoscillatory, with perhaps only a few zeros – maybe only

one? In applications, these are important questions.

For this reason, it is useful to look at so-called qualitative methods that have been developed

to analyze the qualitative behaviour of solutions, without actually determining the solutions

explicitly. You may have already come in contact with some of these ideas in an earlier course

in DEs.

We’ll examine a first-order DE as a simple example of such qualitative analysis. Consider

the following DE in y(x):
dy

dx
= y(1 − y), x ≥ 0. (1)

You may recall that this DE, the so-called “logistic equation” is a simple model for population

growth. For that reason, we’ll focus on nonnegative solutions to (1).

By looking at the RHS of this DE, we can come up with two solutions, without even formally

solving the DE:

1. y(x) = 0 is a solution, and

2. y(x) = 1 is a solution.

In both cases, the RHS is zero. The LHS will be zero since these are constant solutions. (This

is one of the first things a DEs person will look for – so-called “equilibrium solutions.”)
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Now let’s see what happens when y is neither 0 nor 1:

Case 1: Suppose that 0 < y(x0) < 1 for an x0 ≥ 0. Then the RHS of (1) is positive, which

implies that y(x) is increasing. But the graph of y(x) cannot cross the line y = 1, since this

would violate the Existence-Uniqueness theorem for first order DEs. (There is already the

constant solution y(x) = 1 for all x. If the graph of y(x) crossed this line at, say, x1, then y′(x1)

would have two values.) These solutions will have to approach the value y = 1 from below as

x → ∞.

Case 2: Now suppose that y(x0) > 1 for an x0 ≥ 0. Then the the RHS of (1) is negative, which

implies that y(x) is decreasing. Once again, the graph of y(x) cannot cross the line y = 1, since

this would violate the Existence-Uniqueness theorem for first order DEs. These solutions, then,

will have to approach the value y = 1 from above as x → ∞.

The above analysis leads to the following sketch of the qualitative behaviour of non-negative

solutions to the logistic DE, for x > 0:

1

x

y=1

y

0

Let us now turn to second-order DEs and consider the following simple example:

y′′ + y = 0. (2)

Of course, we know that y1(x) = cos x and y2(x) = sin x are two linearly independent solutions

to this DE, which implies that all nontrivial (i.e. nonzero) solutions are oscillatory. But this is
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not the spirit of qualitative analysis! Let’s forget that we know these solutions and see what

Eq. (2) can tell us about solutions. Amazingly, it can tell us a lot. One can actually derive

all the properties of the sin x and cos x solutions without solving the equation. We shall not

go into all of these details, and refer the reader to the book by Simmons for a more detailed

treatment. Here, we simply sketch a few ideas.

First of all, let’s rewrite (2) as

y′′(x) = −y(x). (3)

Assume that y(x0) > 0 at some point x0 ∈ R. By continuity, y(x) > 0 on some interval

I = [a, b] containing x0. From (3), y′′(x) < 0 on I which means that the graph of y is concave

down on the interval I. In fact, as x increases away from x0, the graph of y(x) must cross the

x-axis.

You might say, “Why does it have to cross the axis? Why can’t it approach the axis as

sketched below?”

x

y′′(c) = 0

y(x)

The reason is that for the graph of y(x) to approach the x-axis as shown above, there would

have to be a point of inflection c, after which the graph is concave up. But from (3), the only

points of inflection occur at zeros of y(x), i.e., where the graph of y(x) crosses the x-axis.

Using the same reasoning as above, we can conclude that any part of the graph of y(x)

that lies beneath the x-axis (i.e., y < 0) must be concave upward. Consequently, it will have

to eventually intersect the x-axis. The net result is that y must oscillate about the x-axis.

This does not prove that y(x) is periodic. However, with a little extra work (see Simmons, pp.

156-157), one can actually prove periodicity.

Note: The following example was not discussed in class because of lack of time. The reader is
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invited to study the example.

In contrast to Eq. (2), let us now briefly examine the DE

y′′ − y = 0. (4)

We know that y1(x) = ex and y2(x) = e−x are two linearly independent solutions to

this DE. But let’s see what we can conclude about solutions without knowing this

fact.

Once again, we rewrite this DE as

y′′(x) = y(x). (5)

In this case, when y(x) > 0 then the graph of y(x) is concave up and if y(x) < 0,

the graph of y(x) is concave down. We’ll consider some separate cases.

Case 1: Suppose that y(x0) > 0 which implies that y′′(x0) > 0. This, in turn,

implies that y′(x) is increasing at x0.

Case 1(a): If y′(x0) ≥ 0, then y′(x) is increasing for x > x0, which implies that

y(x) is also increasing, so that y(x) → ∞ as x → ∞.

Case 1(b): If y′(x0) < 0, there are two possibilities:

1. Once again, since y′′(x0) > 0, we have that y′(x) is increasing. There may be

a point x1 > x0 at which y(x1) > 0 and y′(x1) = 0. Following the argument

made earlier, y(x) is increasing for x > x1 so that y(x) → ∞ as x → ∞.

2. y(x) decreases until it intersects the x-axis at a point x1 > x0, i.e., y(x1) = 0.

We cannot have that y′(x1) = 0 since, by Existence-Uniqueness, this would

correspond to the trivial solution y(x) = 0. Therefore, y′(x1) < 0, which

implies that y(x) < 0 for x ∈ (x, x + h) for some h > 0. But this implies that

y′′(x) < 0 over this interval. This, in turn, implies that y′(x) is decreasing over

this interval and we have that y(x) → −∞ as x → ∞.

80



is a point of inflection and y′(x) < 0 for x > x1. It follows that y(x) → −∞

as x → ∞.

Case 2: The case y(x0) < 0 can be studied in the same way as Case 1.

Case 3: In the case y(x0) = 0, nontrivial solutions nontrivial solutions behave as

y(x) → ∞ or y(x) → −∞ as x → ∞.

The net result of all of this analysis is that solution to (4) are not oscillatory. In

fact, they cross the x-axis at most once on the real line R. We’ll prove a relevant

theorem a little later in the lecture.

End of Example.

Of course, similar analyses apply to the constant coefficient cases

y′′ + λy = 0 (6)

for λ > 0 and λ < 0. (The case λ = 0 implies that y′′(x) = 0 which, in turn, implies that

y′(x) is constant. Thus the graph of y(x) is a straight line.) But what about the more general

equation

y′′ + q(x)y = 0 ? (7)

One might conjecture that if q(x) > 0, then the solutions are oscillatory, etc.. There is a little

more work to be done here, and that is the subject of the next few lectures.

Let us now return to the general, normalized form of linear second order DEs,

y′′ + P (x)y′ + Q(x)y = 0. (8)

This clearly is not in the form of (7) but we can cast it in such a form via the transformation

y(x) = α(x)u(x), (9)

where α(x) is to be determined. First compute the derivatives:

y′ = α′u + αu′, y′′ = α′′u + 2α′u′ + αu′′. (10)
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Now substitute into (8):

α′′u + 2α′u′ + αu′′ + Pα′u + Pαu′ + Qαu = 0. (11)

Collect like terms in u and its derivatives:

αu′′ + [2α′ + αP ]u′ + [α′′ + Pα′ + Qα]u = 0. (12)

We would now like to choose α so that the term in u′ vanishes, i.e.,

2α′ + αP = 0. (13)

This is a linear first-order DE in the unknown α(x) with solution

α(x) = Ce−
1

2

R

P (x)dx. (14)

Substitution of this result into (12) yields the following DE in u(x):

u′′ + q(x)u = 0, (15)

where (Exercise)

q(x) = Q(x) − 1

2
P ′(x) − 1

4
P (x)2 . (16)

We now return to the actual transformation in (9). From (14), and setting C = 1 without

loss of generality,

y(x) = e−
1

2

R

P (x)dxu(x). (17)

Since the exponential can never be zero it follows that zeros of u(x) are also zeros of y(x).

Therefore any analysis of the zeros of (15) will yield information about the zeros of (8).

Example: Let us apply the previous transformation y(x) = α(x)u(x) to Bessel’s equation of

order p:

x2y′′ + xy′ + (x2 − p2)y = 0. (18)

Here

P (x) =
1

x
, Q(x) = 1 − p2

x2
, (19)
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and

α(x) = e−
1

2

R

P (x)dx =
1√
x
. (20)

The equation in u(x) then becomes (Exercise):

u′′ +

[

1 − 1 − 4p2

4x2

]

u = 0. (21)

Here are a couple of immediate observations of this equation that were actually presented in

the previous lecture:

1. In the special case p2 =
1

4
, Eq. (21) becomes

u′′ + u = 0 (22)

with general solution c1 cos x+ c2 sin x. From (20), it follows that all solutions to Bessel’s

equaion of order p =
1

2
have the form

y(x) =
1√
x

[c1 cos x + c2 sin x]. (23)

2. Notice that as x → ∞, the second term in

q(x) = 1 − 1 − 4p2

4x2
(24)

becomes negligible so that the approximation q(x) ≈ 1 becomes better and better. There-

fore, as x → ∞, we expect all solutions to Bessel’s equation for any order p ≥ 0 to behave

asymptotically as

y(x) ≈ 1√
x

[c1 cos x + c2 sin x]. (25)
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Conditions for nonoscillatory/oscillatory solutions to u′′ + q(x)u = 0

Nonoscillatory solutions

We now return to examine the general DE

u′′ + q(x)u = 0. (26)

Recall that a qualititative analysis of the DE

u′′ − u = 0 (27)

showed that solutions could have at most one zero. One would naturally ask if the same would

hold true in the general case q(x) < 0 in (26). The answer is “yes,” as we show below.

Theorem: Suppose that q(x) < 0 on an interval I ⊆ R and u(x) is a nontrivial solution to

u′′ + q(x)u = 0. Then u(x) has at most one zero on I.

Proof: Suppose that u(x0) = 0 for a point x0 ∈ I. Since u(x) is a nontrivial solution, we must

have that u′(x0) 6= 0. Let us consider the case u′(x0) > 0. Then u(x) is positive over some

interval to the right of x0 – call it (x0, h) ⊂ I for h > 0. Let us now rewrite the DE as

u′′(x) = −q(x)u(x). (28)

Since q(x) < 0, it follows that u′′(x) > 0 on (x0, h) which means that u′(x) is increasing. This,

in turn, implies that u(x) is increasing – concave upward, in fact – so there is no way that

u(x) can have a zero to the right of x0 on I. For x < x0, u′′(x) < 0 which implies that u′(x)

is decreasing. This means that u′(x) > 0 for x < x0, so that u(x) is monotonically increasing.

This implies that u(x) cannot have a zero to the left of x0.

The same type of argument can be applied if u′(x0) < 0 – in this case u(x) is decreasing.

In summary, u(x) has either no zeros on I or at most one zero on I.

In most applications, the interval I in the above theorem is either the real line R or an un-

bounded interval, i.e. [a,∞) or (−∞, a], where a is usually 0. The above theorem indicates

that if q(x) is negative on such intervals, then all nontrivial solutions are nonoscillatory.
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Let us now recall the qualitative analysis of the DE

u′′ + u = 0 (29)

performed at the beginning of the previous lecture. (At that time, our “u” was “y”.) The above

DE dictates that the graph of u is concave down for u > 0 and concave up for u < 0. And the

only point of inflection is at a zero of u, i.e., u(x) = 0. With a little extra work, we can actually

prove that the graph of u(x) oscillates above and below the x-axis, without solving the DE.
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Lecture 9

Conditions for nonoscillatory/oscillatory solutions to u′′ + q(x)u = 0

(cont’d)

Oscillatory solutions

We might suspect that a similar qualitative analysis could be performed for Eq. (26) when

q(x) > 0. Rewriting it as

u′′ = −q(x)u, (30)

we see that the graph of u will also be concave down for u > 0 and concave up for u < 0. And

once again, the zeros of u(x) are the only points of inflection since q(x) > 0. Unfortunately, this

is not enough to conclude that u(x) is oscillatory. A potential problem is encountered when

q(x) → 0, which can often be the case as x → ∞. In such cases, it is possible that q(x) is

not large enough to make the concavity large enough to bend the graph of u(x) to the x-axis.

However, there are conditions for q(x) to be “sufficiently strong” to ensure that the graph of

u(x) will continue to bend indefinitely over an unbounded subset of the real line. This is the

subject of the next theorem.

Theorem: Let u(x) be a nontrivial solution to the DE u′′ + q(x)u = 0, where q(x) > 0 for all

x > 0. If
∫

∞

1

q(x) dx = ∞, (31)

then u(x) has infinitely many zeros on the positive x-axis.

Note: The lower limit 1 in the above integral can be replaced by a where a > 0. Most books,

however, simply use 1 with the understanding that it can be replaced. In class, we used “x0”

instead of “a.” In these notes, we’ll simply use 1. It doesn’t affect the results.

Proof: Assume the contrary, i.e., that u(x) has only a finite number of zeros on (0,∞). Then

there exists a point x0 > 1 such that u(x) 6= 0 for all x ≥ x0. Without loss of generality, assume
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that u(x) > 0 for x ≥ x0. We shall prove the theorem by contradiction, showing that u(x)

must cross the x-axis again. From our assumptions, and the fact that

u′′ = −q(x)u, (32)

it follows again that the graph of u(x) is concave down for x > x0. Now define the function

v(x) = −u′(x)

u(x)
, x ≥ x0. (33)

Then

v′(x) = −u′′

u
+

[

u′

u

]2

= q(x) + v(x)2,

where the final line comes from (32). Now integrate v′(x) from x0 to an x > x0 to give (after a

slight rearrangement)

v(x) = v(x0) +

∫

∞

x0

q(x) dx +

∫

∞

x0

[v(x)]2 dx. (34)

Note that both integrands on the RHS are positive. Because the improper integral in (31) is

assumed to be divergent, we can make x large enough, say x = x1, in order to guarantee that

v(x) is positive. But from the definition of v(x) in (33), this means that u′(x1) is negative.

In fact, u′(x) will be negative for all x ≥ x1. This, along with the fact that u′′(x) > 0 for all

x > x1 (implying that the graph of u(x) is concave down for x > x1), implies that the graph

of u(x) will have to cross the x-axis, contradicting our original assumption that there were no

additional zeros of u(x). The proof is complete.

Remark: The above theorem gives a sufficient but not a necessary condition on q(x) for the

existence of oscillatory solutions with an infinite number of positive zeros. The theorem can

also be modified to show the existence of an infinite number of negative zeros. In that case, we

would require q(x) > 0 on (∞, 0] and

∫ 1

−∞

q(x) dx = ∞.
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Some examples:

1. u′′ + u = 0. Here q(x) = 1. Since
∫

∞

1
dx = ∞, the conditions of the above theorem are

satisfied so all nontrivial solutions have an infinite number of zeros. (Of course, we knew

this to be true because the general solution is y = c1 cos x + c2 sin x.

2. Bessel’s DE of order p ≥ 0, for which we showed, cf. Eq. (21), that

q(x) = 1 +
1 − 4p2

4x2
.

Once again
∫

1
q(x) dx = ∞, implying that all solutions have infinitely many zeros on

[0,∞). This includes the Bessel functions of the first kind, Jp(x), and those of the second

kind, Yn(x).

3. The general DE of the form

u′′ +
1

xa
u = 0,

where a is a constant. The conditions of the theorem are satisfied for a ≤ 1. For a > 1,

the theorem cannot be used.

4. The Euler equation

u′′ +
k

x2
u = 0.

The conditions of the theorem do not apply. Nevertheless, for certain values of k, solutions

have an infinite number of positive zeros and for other values of k, they do not. (Exercise)
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Behaviour of zeros of solutions to linear ODEs

Above, we showed that if q(x) > 0 for all x > 0 in the reduced form DE,

u′′ + q(x)u = 0, (35)

and

∫

∞

1

q(x) dx = ∞, then all nontrivial solutions u(x) have an infinite number of positive

zeros. There is one detail that should be settled before we move on:

Theorem: Let u(x) be a nontrivial solution to the DE u′′ + q(x) = 0 on a closed interval [a, b].

Then u(x) has at most a finite number of zeros on [a, b].

The proof of this theorem will be omitted here. You can find it in the book by Simmons on

pages 161-162. For those interested, it involves a very nice application of analysis.

Sturm Separation Theorem

Theorem: Consider a linear second order DE,

y′′ + P (x)y′ + Q(x)y = 0 , (36)

where P and Q are continuous. If y1(x) and y2(x) are linearly independent solutions, then the

zeros of these functions are distinct and occur alternately.

Proof: Recall an earlier result involving Wronskians: If y1 and y2 are linearly independent

solutions to this DE on an interval [a, b], then their Wronskian is nonzero on [a, b], that is,

W (y1, y2)(x) = y1(x)y′

2(x) − y′

1(x)y2(x) 6= 0, for all x ∈ [a, b]. (37)

(Recall that if y1 and y2 were simply linearly independent and not solutions to a DE, then the

Wronskian could vanish at points in [a, b].) There are two important consequences:

1. y1 and y2 cannot have a common zero. If they did, i.e., y1(c) = y2(c) = 0 for some

c ∈ [a, b], then

W (y1, y2)(c) = y1(c)y
′

2(c) − y′

1(c)y2(c) = 0 − 0 = 0, (38)
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which contradicts (37).

2. Suppose that x1 and x2 are consecutive zeros of y2(x). Then y1(x) must have a zero be-

tween x1 and x2, i.e., in the interval (x1, x2). To see why, let us evaluate their Wronskians

at x1 and x2:

W (y1, y2)(x1) = y1(x1)y
′

2(x1) − y′

1(x1)y2(x1) = y1(x1)y
′

2(x1) 6= 0 (39)

W (y1, y2)(x2) = y1(x2)y
′

2(x2) − y′

1(x2)y2(x2) = y1(x2)y
′

2(x2) 6= 0

The signs of y′

2(x1) and y′

2(x2) must be different since x1 and x2 are consecutive zeros of

y2(x):

(a) If y2(x) > 0 on (x1, x2), then y2 is increasing at x1 and decreasing at x2.

(b) If y2(x) < 0 on (x1, x2), then y2 is decreasing at x1 and increasing at x2.

Now recall that that the Wronskian W (y1, y2)(x) cannot change sign on [a, b] because of

(37). Because of this fact, it follows from (39) that y1(x1) and y1(x2) must have opposite

signs. Since y1(x) is continuous on [a, b], it follows from the Intermediate Value Theorem

that there must exist a c ∈ (a, b) such that y1(c) = 0.

This concludes the proof.

Question: Can there be more than one zero of y1, e.g. c1 and c2, between x1 and x2?

Answer: No, because we could apply the above result, reversing the roles of the functions, to

state that there would have to be a zero of y2 between c1 and c2.

Examples:

1. y′′ + y = 0. Two linearly independent solutions are y1(x) = cos x and y2(x) = sin x. We

know that the zeros of these two functions interlace. This would be true for any two other

linearly independent solutions that would be linear combinations of cosx and sin x. To
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illustrate, the solutions y1 and y2 given by

y1(x) = A1 cos x + A2 sin x,

y2(x) = B1 cos x + B2 sin x,

are linearly independent provided that A1B2 − A2B1 6= 0. (Exercise) It is not obvious

that the zeros of these two solutions interlace. But when these two functions are written

in phase-shifted form,

y1(x) = C1 cos(x − φ1), y2(x) = C2 cos(x − φ2),

we see that they are cosine waves with different phase shifts. (The condition involving

the Ai and Bi guarantees this.) Thus their zeros interlace.

2. Bessel’s DE of order p ≥ 0. For a given p > 0 noninteger, the zeros of the linearly

independent solutions Jp(x) and J−p(x) must interlace. The same is true for the linearly

independent solutions Jn(x) and Yn(x) when p = n, a nonnegative integer.
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Lecture 10

Behaviour of zeros of solutions to linear ODEs (cont’d)

The Sturm Comparison Theorem

In what follows, we shall be concerned with how quickly solutions to DEs oscillate, which can

be measured by the spacings of their consecutive zeros. For example, we know all nontrivial

solutions to the DE

u′′ + u = 0 (40)

are not only oscillatory but they are periodic, with period T = 2π. The spacings of consecutive

zeros is therefore π. On the other hand all nontrivial solutions to the DE

u′′ + 4u = 0 (41)

are periodic, with period T = π. The spacings of their consecutive zeros is π/2. In general,

solutions to the DE

u′′ + ω2u = 0 (42)

are periodic with period T = 2π/ω. The spacings of their consecutive zeros is π/ω. For the

more general class of DEs

u′′ + q(x)u = 0, q(x) > 0, (43)

we expect that if oscillatory solutions exist, then they oscillate more quickly when q(x) is

increased. In fact, we saw an example of such behaviour in the example presented in Lecture

1, where q(x) = 1 + x.

Our expectations are confirmed by the following result, known as the Sturm Comparison

Theorem. It will prove very useful in the estimation of spacings of zeros of oscillatory solutions.

Theorem: Let u and v be nontrivial solutions of the DEs

u′′ + q(x)u = 0 (44)

v′′ + r(x)v = 0, (45)
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where q(x) > r(x) > 0. Then u(x) vanishes at least once between any two successive zeros of

v(x).

Note: u and v are assumed to be solutions to two different DEs. As such, the Sturm Separation

Theorem does not apply here – the zeros of u and v do not necessarily interlace as they did for

linearly independent solutions to the same DE.

Proof: Let x1 and x2 be two consecutive zeros of v(x). We shall assume the opposite – that

there are no zeros of u(x) in the interval (x1, x2) and prove the theorem by contradiction.

Without loss of generality, assume that u(x) and v(x) are positive on (x1, x2).

Now multiply the DE in u by v, the DE in v by u and subtract to give

u′′v − uv′′ + [q − r]uv = 0. (46)

The first two terms look vaguely familiar – something like the derivative of their Wronskian.

Let’s first compute their Wronskian,

W (u, v) = uv′ − u′v. (47)

Then
dW

dt
= u′v′ + uv′′ − u′′v − u′v′ = uv′′ − u′′v. (48)

Eq. (46) becomes

−dW

dx
+ [q − r]uv = 0 (49)

or
dW

dx
= [q(x) − r(x)]u(x)v(x) x ∈ (x1, x2) . (50)

From our earlier assumptions, the RHS is positive. Therefore
dW

dt
> 0, which implies that W

is an increasing function on [x1, x2] which, in turn, implies that

W (x1) < W (x2). (51)

But from the definition of W ,

W (x1) = u(x1)v
′(x1) − u′(x1)v(x1) = u(x1)v

′(x1) (52)
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since v(x1) = 0. Recall that v(x) is assumed to be positive on (x1, x2) which implies that

v′(x1) > 0. This means that

W (x1) ≥ 0 . (53)

(u(x1) could be 0.) Similarily,

W (x2) = u(x2)v
′(x2) − u′(x2)v(x2) = u(x2)v

′(x2), (54)

since v(x2) = 0. From our assumption on v(x) on (x1, x2) it follows that v′(x2) ≤ 0 which, in

turn, implies that

W (x2) ≤ 0 . (55)

(u(x2) could be 0.) Eqs. (53) and (55) imply that

W (x1) ≥ W (x2) , (56)

which contradicts (51). This completes the proof.

Applications of the Sturm Comparison Theorem

The most natural class of DEs with which we can perform a Sturm-type comparison are those

with constant coefficients, i.e.,

y′′ + k2y = 0, k ∈ R, (57)

with solutions of the form

y(x) = A cos(kx − φ). (58)

The period of these solutions is T = 2π/k. Consequently, the distance between consecutive

zeros of these solutions is π/k.

For example, suppose that for the following DE in normal form,

u′′ + q(x)u = 0, (59)

we have been able to establish that

q(x) > k2 (60)
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on some sufficiently large domain, e.g, [x0,∞). Now let u(x) be a solution to (59). Then by the

Sturm Comparison Theorem (SCT), for any solution y in (58), a zero of u(x) must lie between

two consecutive zeros of y.

At first, one might think that it is sufficient that two consecutive zeros of u can be no further

apart that 2π/k, as shown in the left figure below. But the SCT must hold for all solutions of

the form (58) which are obtained by continuously varying the phase φ. (Note that we do not

pay attention to the amplitudes since they do not affect the positioning of the zeros.) If we

slide the y solution in the above figure enough, then we produce the unacceptable situation on

the right. We cannot have two consecutive zeros of y enclosing a region that is devoid of a zero

of u.

x

π/k

y(x) = A cos k(x − φ1)

π/k

u(x)u(x)

y(x) = A cos k(x − φ2)

x

Now imagine sliding the y wave continuously to the right: Between any two consecutive

zeros of the moving y wave - a kind of moving grating - we must always be able to find a zero

of v(x). This leads to the following consequence:

Every interval [a, b] of length π/k must contain at least one zero of u.

And the consequence of this consequence is that the distances between consecutive zeros of v

must be less than or equal to π/k.

Application to Bessel’s Equation

Recall Bessel’s equation of order p ≥ 0:

x2y′′ + xy′ + (x2 − p2)y = 0 (61)
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The substitution

y(x) =
1√
x
u(x) (62)

yields the following normal or reduced form equation for u(x):

u′′ +

(

1 +
1 − 4p2

4x2

)

u = 0. (63)

Recall that all zeros of u are zeros of y and vice versa – it is much easier to study properties of

zeros, etc., from the u equation. There are three cases to consider:

Case No. 1: p = 1/2. Then q(x) = 1 so that the general solution of (63), written in

phase-shifted form is

u(x) = A cos(x − φ). (64)

Thus the general solution of Bessel’s DE for p = 1/2 is

y(x) =
A√
x

cos(x − φ). (65)

The distance between successive zeros of y(x) is π.

Case No. 2: 0 ≤ p < 1/2. Then q(x) > 1. From the SCT, every interval of length π must

contain a zero of u or y.

However, we can say even more: As x → ∞, we see that q(x) → 1, so we expect that the

distances between consecutive zeros of u(x), hence y(x), will approach π. In fact, let’s assume

that x > 0 is sufficiently large so that, for a small ǫ > 0,

1 < 1 +
1 − 4p2

4x2
< 1 + ǫ. (66)

• The leftmost term, “1”, corresponds to the DE y′′ + y = 0 , whose solutions have

consecutive zeros that are π apart. Since q(x) > 1, consecutive zeros of u(x) will be

spaced less than π apart.

• The rightmost term, “1+ ǫ”, corresponds to the DE y′′ +(1+ ǫ)y = 0 , whose solutions

have consecutive zeros that are
π√

1 + ǫ
< π apart . Since q(x) < 1 + ǫ, consecutive zeros

of u(x) will be spaced farther apart than
π√

1 + ǫ
< π.
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• The middle term q(x) corresponds to Bessel’s equation so we can conclude that is con-

secutive zeros are spaced less than π apart but greater than
π√

1 + ǫ
apart.

We can make ǫ smaller by making x larger. The result is that the consecutive zero spacings

approach π from below.

To illustrate this result, we examine some zeros of the Bessel function J0(x), i.e., p = 0.

The first three zeros are

x1 = 2.405, x2 = 5.520, x3 = 8.654. (67)

The spacings di = xi+1 − xi between consecutive zeros are

d1 = 3.115, d2 = 3.134, (68)

which are seen to be smaller than π but approaching it. Going to larger zeros,

x19 = 58.9069839261, x20 = 62.0484691902, (69)

which implies that

d19 = 3.14148526 < π. (70)

In fact, d19 is to within 0.00011 of π.

Case No. 3: p > 1/2. Then q(x) < 1.

For a small ǫ > 0 let x be sufficiently large so that

1 − ǫ < 1 +
1 − 4p2

4x2
< 1. (71)

• The leftmost term, “1− ǫ”, corresponds to the DE y′′ + (1 − ǫ)y = 0 , whose solutions

have consecutive zeros that are
π√

1 − ǫ
apart.

• The rightmost term, “1”, corresponds to the DE y′′ + y = 0 , whose solutions have

consecutive zeros that are π apart .

• The middle term, our Bessel functions, have zeros that are less than
π√

1 − ǫ
apart but

greater than π apart.

97



We can make ǫ smaller by making x larger. The result is that the consecutive zero spacings

approach π from above.

To illustrate this result, we examine some zeros of the Bessel function J1(x), i.e., p = 1.

The first three zeros are

x1 = 3.83171, x2 = 7.01559, x3 = 10.17347 (72)

The spacings di = xi+1 − xi between consecutive zeros are

d1 = 3.18338, d2 = 3.15788, (73)

which are seen to be larger than π but approaching it. Going to larger zeros,

x19 = 60.46946, x20 = 63.61136, (74)

which implies that

d19 = 3.14190 > π. (75)

In fact, d19 is to within 0.00031 of π.

The reader may wonder, “Why all the interest in zeros of Bessel functions?” The answer is

that these zeros play an important role in applications, in the same way that the zeros of the

sin x function do as well. (Recall our vibrating string problem.) We now return to an example

which will confirm the importance of Bessel function zeros.
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Establishing bounds for separation of consecutive zeros of solutions in general

This section was not covered in class because of lack of time but you are strongly

recommended to study it. It will actually be helpful with Problem Set No. 3.

In general, if we are examining the following DE,

u′′ + q(x)u = 0 , q(x) > 0 , (76)

and can establish the following bounds on q(x) over the interval [a, b],

A < q(x) < B , ∀x ∈ [a, b] , (77)

then, by the Sturm Comparison Theorem, we can establish upper and lower bounds on the

separation of consecutive zeros of u(x) on [a, b]. (Of course, we assume that the interval [a, b]

is sufficiently large to contain at least a couple of zeros of u(x).) Let x1 and x2, with x1 < x2,

denote two consecutive zeros of u(x) on [a, b]. From the first inequality, we compare solutions

of (76) to solutions of the DE,

v′′ + Av = 0 . (78)

The general solution of this DE is

v(x) = c1 cos
√

A x + c2 sin
√

Ax . (79)

Consecutive zeros of these solutions lie
π√
A

apart. From the first inequality in (77), i.e.,

q(x) > A, we may conclude, from the Sturm Separation Theorem, that

x2 − x1 <
π√
A

. (80)

We then compare solutions of (76) to solutions of the DE,

v′′ + Bv = 0 . (81)

The general solution of this DE is

v(x) = c1 cos
√

B x + c2 sin
√

B x . (82)
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Consecutive zeros of these solutions lie
π√
B

apart. From the second inequality in (77), i.e.,

q(x) < B, we may conclude, from the Sturm Separation Theorem, that

x2 − x1 >
π√
B

. (83)

From (80) and (83), we conclude that

π√
B

< x2 − x1 <
π√
A

. (84)

We have therefore established an upper and lower bound to the separation of consecutive zeros

of u(x) on the interval [a, b].
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