
Lecture 30

Boundary Value and Eigenvalue Problems for Linear Second Order

DEs (cont’d)

In the previous lecture, we examined the generalized boundary value/eigenvalue problem,

y′′ + λq(x)y = 0, y(a) = y(b) = 0, q(x) > 0 for x ∈ [a, b], (1)

and showed that there exists an infinite set of solutions – the eigenfunctions un(x) – with

associated eigenvalues λn, n = 1, 2, · · · such that

0 < λ1 < λ2 < · · · , with λn → ∞ as n→ ∞. (2)

Now consider two distinct eigenfunctions um and un, with m 6= n so that λm 6= λn, satisfying

the equations

u′′m + λmq(x)um = 0 (a) (3)

u′′n + λnq(x)un = 0. (b)

If we multiply (a) by un and (b) by um, subtract the latter from the former and integrate over

[a, b], we arrive at the result (Exercise):

(λm − λn)

∫ b

a

um(x)un(x)q(x) dx = 0, (4)

which is similar to the result obtained in a previous lecture for the special case q(x) = 1. The

functions um and un are said to be orthogonal with respect to the weight function q(x). For this

reason, we define an associated scalar product for f, g : [a, b] → R as follows:

〈f, g〉q =

∫ b

a

f(x)g(x)q(x) dx. (5)

The subscript q following the inner product notation 〈, 〉 indicates that the inner product

employs the weighting function q(x). In the case of the usual inner product, q(x) = 1, in which

case we shall simply write 〈f, g〉 instead of 〈f, g〉1. In the same way as we did for Fourier series,

we define

Nn = 〈un, un〉q, n = 1, 2, · · · , (6)
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so that the set of functions,

φn =
1√
Nn

un, n = 1, 2, · · · , (7)

forms an orthonormal basis on [a, b] with respect to the weight function q(x), i.e.

〈φm, φn〉q = δmn. (8)

Just to give an idea of where such problems can occur in practice, let us go back to the

one-dimensional vibrating string problem. We now relax the assumption that both the tension

T and the mass density ρ of the string are constant. Following the same type of analysis that

was done at the beginning of this course, i.e. considering the string as a collection of beads of

mass ∆m, etc., it is not too difficult to show that the partial differential equation describing

the displacement of the string u(x, t) from equilibrium is given by

∂

∂x

(

T (x)
∂u

∂x

)

= ρ(x)
∂2u

∂t2
. (9)

Let us now make the assumption that T (x) = T constant. If this assumption is reasonable (and

I emphasize the word “If”), then we can pull T out of the brackets. If, as before, we assume a

separation-of-variables-type solution,

u(x, t) = v(x) cosωt, (10)

then, after some rearrangement, we see that v(x) must satisfy the ODE,

v′′ +
ω2

T
ρ(x)v = 0, v(0) = v(L) = 0, ρ(x) > 0, x ∈ [0, L]. (11)

which has the form of the eigenvalue problem in Eq. (1) with a = 0 and b = L and

λ =
ω2

T
. (12)

The mass density function ρ(x) will play the role of the weighting function q(x). Solutions to

the vibrating string problem will then have the form

u(x, t) =
∞

∑

k=1

cnun(x) cosωnt, (13)
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where the mode frequencies ωn are determined from the eigenvalues λn via Eq. (12), and the

cn are determined from initial conditions, with

∞
∑

k=1

c2k <∞. (14)

The differential operator L =
d2

dx2
as a “self-adjoint” operator

In a previous lecture (Lecture 28), a connection was made between the orthogonality properties

of the eigenfunctions of the differential operator L =
d2

dx2
and those of an n×n matrix A viewed

as an operator in R
n. Recall that

〈Ax,y〉 = 〈x,ATy〉 for all x,y ∈ R
n , (15)

where 〈·, ·〉 denotes the usual inner/scalar product between vectors in R
n. If A is a symmetric

matrix, i.e., A = AT , we then have that

〈Ax,y〉 = 〈x,Ay〉 for all x,y ∈ R
n , (16)

in which case A is said to be self-adjoint. (In the complex case, A is self-adjoint if A = ĀT ,

i.e., A equals its complex conjugate transpose. In this case, A is also said to be Hermitian.

In the case that A is self-adjoint (Hermitian), all of its eigenvalues λk are real. Furthermore,

eigenvectors vk corresponding to different eigenvalues are orthogonal to each other, i.e.,

〈vk,vl〉 = 0 if λk 6= λl . (17)

We now show that the differential operator L is also a self-adjoint operator, but when

restricted to a particular subset of functions on [a, b]. Let’s return to the eigenvalue/boundary

value problem from the beginning of this lecture,

y′′ + λq(x)y = 0, y(a) = y(b) = 0, q(x) > 0 for x ∈ [a, b]. (18)

We’ll now rewrite it as

Ly + λq(x)y = 0 , L =
d2

dx2
, (19)
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in order to emphasize the role of the differential operator L in this eigenvalue/boundary value

problem. We now wish to show that L is self adjoint, that is,

〈Lu, v〉 = 〈u, Lv〉 . (20)

The above equation, written explicitly in terms of integrals, is as follows,

∫ b

a

(Lu)v dx =

∫ b

a

u(Lv) dx . (21)

For this relation to hold, however, the functions u and v will have to belong to a subset of

C2[a, b], namely, those functions that satisfy the boundary conditions imposed in the eigen-

value/boundary value problem (18). We’ll call this set F [a, b]:

F [a, b] = {f : [a, b] → R | f(a) = f(b) = 0 } . (22)

At first sight, this may appear to be a serious restriction. But it really isn’t as bad as it seems.

The space F[a, b] ⊂ C2[a, b] contains all functions that satisfy the boundary conditions of the

BVP in (18). Only functions from this subset can be considered as candidates for solutions of

(18).

Proof of Eq. (20): For L =
d2

dx2
and any u, v ∈ F [a, b],

〈Lu, v〉 =

∫ b

a

(Lu)v dx =

∫ b

a

(u′′(x))v(x) dx

= u′(x)v(x)|ba −
∫ b

a

u′(x)v′(x) dx . (23)

The first terms u′(x)v(x)|ba vanish because v(a) = v(b) = 0. We once again perform integration

by parts on the integral (in the right direction!) to obtain

−
∫ b

a

= u′(x)v′(x) dx = −u(x)v′(x)|ba +

∫ b

a

u(x)v′′(x) dx

=

∫ b

a

u(Lv) dx

= 〈u, Lv〉 . (24)

We have now established that the differential operator L is self-adjoint over the space F [a, b]

defined in Eq. (22). As such, we can make the analogy between the eigenvalue problem in 18
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and the matrix eigenvalue equation

Ax = λx , (25)

where A = AT is a symmetric, hence self-adjoint matrix operator in R
n.

An interesting note: As someone in the class noted, We might be able to include functions

other than simply those for which f(a) = f(b) = 0 for the boundary terms in (23) and (24) to

vanish. Another set of functions that could be included are those for which

f ′(a) = f ′(b) = 0 . (26)

Indeed, in your current assignment (No. 8), you are asked to find solutions to the eigen-

value/BVP,

y′′ + λy = 0 y′(0) = y′(π) = 0 . (27)

And there is also the boundary value condition,

f(a) = f ′(b) = 0 , (28)

and vice versa. In fact, these are special cases of the more general class of homogeneous

boundary conditions which include linear combinations of these conditions. More on this

later. Here, we’ll simply acknowledge that the set of functions F [a, b] can be larger than we

originally assumed.

The general class of “Sturm-Liouville eigenvalue problems”

The eigenvalue problems considered to this point can be further generalized to the following

set of Sturm-Liouville eigenvalue problems:

d

dx

(

p(x)
d

∂x

)

y + [λq(x) + r(x)]y = 0, y(a) = y(b) = 0, (29)

where p(x) and q(x) are positive on [a, b], with p continuous and q differentiable on [a, b].

These equations naturally arise in the solution of linear second order partial differential

equations involving the Laplacian operator. Indeed, we have seen a couple of examples: the
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one- and two-dimensional vibrational problems. Eq. (9) for the inhomogeneous vibrating string

is in the form of (29). In applications, [a, b] could be a finite interval, the semi-infinite interval

[a,∞) (where a is usually 0) or the entire real line R. Other examples include:

1. The Helmholtz eigenvalue equation

[∇2 + k2]ψ(r) = 0. (30)

2. The time-independent Schrödinger eigenvalue equation

[

− ~
2

2π
∇2 + V (r)

]

ψ(r) = Eψ(r). (31)

For further discussion, the reader is referred to the book, Differential Equations With Appli-

cations and Historical Notes, by G.F. Simmons, which has been posted on the course LEARN

website. Another good discussion, more along the lines of applications to physics, can be found

in the book, Mathematical Methods for Physicists, by G. Arfken.

We define the following linear second order differential operator associated with the Sturm-

Liouville BVPs given in Eq. (29):

L =
d

dx

(

p(x)
d

∂x

)

+ r(x), (32)

Eq. (29) can now be written as the eigenvalue problem

Ly + λq(x)y = 0, y(a) = y(b) = 0. (33)

As before, there will exist an infinite set of eigenfunctions un(x) with associated eigenvalues λn,

n = 1, 2, · · · , such that

0 < λ1 < λ2 < · · · , with λn → ∞ as n→ ∞. (34)

Once again, consider two eigenfunctions um and un, with λm 6= λn, which satisfy

Lu′′m + λmq(x)um = 0 (a) (35)

Lu′′n + λnq(x)un = 0. (b)
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Now multiply (a) by un and (b) by um and subtract the latter from the former. After integrating

over [a, b], we arrive at (Exercise):

(λm − λn)

∫ b

a

um(x)un(x)q(x) dx = 0, (36)

which establishes the orthogonality of the un with respect to the weight function q(x).

The above orthogonality result is once again made possible by the fact that the Sturm-

Liouville differential operator L in (32) is self-adjoint over the space F [a, b] (or its extenstion)

introduced earlier: For any u, v ∈ F [a, b],
∫ b

a

(Lu)v dx =

∫ b

a

u(Lv) dx , (37)

i.e.,

〈Lu, v〉 = 〈u, Lv〉 . (38)

We end this section with a couple of peripheral notes:

1. It may seem somewhat artificial to consider only linear differential operators of the form

in (32), self-adjoint or not. If we consider the following more general class of second order

linear differential operators,

L = p0(x)
d2

dx2
+ p1(x)

d

dx
+ p2(x), (39)

then multiplying L by
1

p0(x)
exp

[
∫

p1(x)

p0(x)
dx

]

(40)

produces a self-adjoint operator (Exercise).

2. Finally, the boundary conditions considered so far in this course, namely,

y(a) = y(b) = 0, (41)

are but a special case of a more general set of boundary conditions that can be applied

to BVPs, namely,

cy(a) + (1 − c)y′(a) = 0, dy(b) + (1 − d)y′(b) = 0, c, d ∈ [0, 1]. (42)
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For example, when c = d = 0, we have the conditions

y′(a) = 0, y′(b) = 0. (43)

In other words, we demand that the derivatives of the solutions vanish at the endpoints.

Such boundary conditions are particularly important in the context of flow, for example,

heat flow. In an earlier problem set, you encountered an example of a BVP for which

c = 1 and d = 0.
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Lecture 31

Perturbation Methods for ODEs

The material for this lecture is to be found in the AMATH 351 Course Notes, Chapter 4, pp.

143-149, Eq. (4.21).

Lecture 32

Perturbation Methods for ODEs (cont’d)

The material for this lecture is to be found in the AMATH 351 Course Notes, Chapter 4, pp.

149, starting at Eq. (4.21) and ending at the bottom of p. 152.

A major point considering the initial value problem,

y′′ + (1 + ǫ)2y = 0, y(0) = A, y′(0) = 0, (44)

is that the solution of this problem

y(t) = A cos(1 + ǫ)t (45)

is periodic, with period T =
2π

1 + ǫ
or, equivalently, with frequency,

ω = 1 + ǫ . (46)

The simple perturbation method used in this section, namely,

y(t) = y0(t) + ǫy1(t) + ǫ2y2(t) + · · · , (47)

attempts to construct a perturbation-type solution to (44) by using the unperturbed solution,

y0(t) = A cos t, (48)
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which has frequency ω0 = 1. There is a fundamental problem here since the time scales of

the two problems do not match. The perturbation method based on Eq. (47) essentially “rips

apart” the exact solution in Eq. (45) by expanding it as a power series in ǫ, i.e.,

y(t) = A cos(1 + ǫ)t

= A cos(t+ ǫt)

= A[cos t cos(ǫt) − sin t sin(ǫt)]

= A cos t

[

1 − (ǫt)2

2
+ · · ·

]

−A sin t

[

ǫt− (ǫt)3

6
+ · · ·

]

= A

[

cos t− (ǫt) sin t− 1

2
(ǫt)2 cos t+ · · ·

]

. (49)

It was Poincaré who saw this problem and attempted to correct it by trying to construct

perturbation solutions with periods that would match, as best as possible, the solution of the

perturbed problem. This would be done by rescaling the time variable in a manner that would

avoid the occurrence of secular terms such as t sin t, t cos t, t2 cos t, etc..

Poincaré-Lindstedt method

We now show how Poincaré’s method of matching time scales can be applied to the simple

oscillator problem in Eq. (44) above. Of course, we are once again going to pretend that we

do not know the exact solution (45).

Let us define a new variable as follows,

s = ω(ǫ)t, (50)

where we shall also assume a perturbation expansion for ω(ǫ) as follows,

ω(ǫ) = ω0 + ω1ǫ+ ω2ǫ
2 · · · , (51)

where ω0 for this problem, but the coefficience ωk for k ≥ 1 must be determined. We shall have

to convert the derivatives in t to derivatives in s using the Chain Rule:

dy

dt
=
dy

ds

ds

dt
= ω

dy

ds
. (52)
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In a similar way, we find that
d2y

dt2
= ω2

d2y

ds2
. (53)

We shall now substitute these results into the DE in (44):

ω2
d2y

ds2
+ (1 + ǫ)2y(s) = 0, (54)

where we also assume a perturbation expansion for y(s) of the form

y(s) = y0(s) + ǫy1(s) · · · . (55)

The result is

[1 + 2ω1ǫ+ (ω2

1
+ 2ω2)ǫ

2 · · · ][y′′
0

+ ǫy′′
1

+ · · · ] = [1 + 2ǫ+ ǫ2][y0 + ǫy1 + · · · ], (56)

where the primes now denote differentiation with respect to s. We now collect terms in ǫk to

obtain. The equation in ǫ0, which should be the unperturbed DE, is

y′′
0

+ y0 = 0, y0(s) = A, y′
0
(0) = 0. (57)

The solution to this IVP is

y0(s) = A cos s. (58)

The equation in ǫ1 is

y′′
1

+ y1 = −2ω1y
′′

0
− 2y0, y1(0) = y′

1
(0) = 0. (59)

Substitution of the unperturbed solution into the above DE yields

y′′
1

+ y1 = 2A[ω1 − 1] cos s. (60)

Note that the right-hand-side term cos s coincides with one of the components of the homoge-

neous solution to this equation. As a result, we would have to seek a solution of the form

y1(s) = C1s cos s+ C2s sin s, (61)

which is not periodic because of the appearance of secular terms, i.e., s sin s or s cos s.
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These secular terms can be avoided if we set ω1 = 1 in (60), thus wiping out the entire

right-hand side. In this case, the solution to the homogeneous DE would be y1(s) = 0. So far,

then, we have determined the frequency expansion for ω(ǫ) in (51) to be

ω(ǫ) = 1 + ǫ+O(ǫ2) . (62)

This is extremely encouraging because we know the “answer in the back of the book:” The

true frequency of the solution to this problem is ω = 1 + ǫ! We’re going to have to hope that

all future corrections ωk = 0 for k ≥ 2.

A little work shows that the collection of terms in ǫ2 and substitution of the results for y0

and y1 yields

y′′
2

+ y2 = 2ω2A cos(s). (63)

Once again we encounter the possibility of secular terms. They can be avoided only if we set

ω2 = 0.

The final result of this entire procedure is that yk(s) = 0 for all k ≥ 1 and ωn = 0 for all

n ≥ 2. Therefore our perturbation solution is given by

y(s) = y0(s) = A cos(s), where s = ω(ǫ)t = (1 + ǫ)t. (64)

In terms of the original t variable, we have

y(t) = y0(ω(ǫ)t) = A cos(1 + ǫ)t, (65)

which agrees with the exact result.

On the surface, this method might seem somewhat “hokey”. After all, what gives you the

right to assume the existence of a periodic solution. For the above example, we happen to know

that such periodic solutions do exist. And there is nothing wrong in assuming a particular form

for the solution, especially if it works! As we’ll see below, we do not always have the luxury

of knowing the “answer in the back of the book,” i.e., the exact analytic form of the periodic

solution. Indeed, we may have to rely on other information to conclude that such periodic

orbits may exist.
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