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Lecture 1

Introduction

A good portion of this course is devoted to the study of linear, second-order ordinary

differential equations (ODEs). You have already seen a special case of these DEs in AM-

ATH 250 or 251, namely, linear, second-order DEs with constant coefficients. With these

ODEs, one is already able to model a number of interesting natural phenomena. But linear,

second order ODEs arise in a wide variety of applications in both classical as well as quantum

mechanics, as we’ll discuss below.

You may then be asking, “Why study only linear, second order ODEs? What about third

and higher order ODEs?” One reason is that second order DEs are quite special because of

their appearance in many applications. (Why they appear is an interesting question which we

may discuss later.) Historically, they received a great deal of attention in the 1800’s and 1900’s

because of their importance in applications. That being said, the general theory for second

order linear DEs extends quite naturally to higher order linear DEs, as we’ll see later. This

also applies to methods of solution. In fact, all linear DEs may be rewritten as systems of first

order linear DEs, which will also be studied in this course.

In AMATH 250 or 251, you most probably examined the use of ODEs to construct models

in Science (Physics, Chemistry and Biology), Engineering and possibly Economics. DEs are

very important tools in the modelling of systems in which there is a continuous change of some

quantity (e.g., position) with respect to an independent variable (e.g., time). At this time, we

won’t discuss the idea of modelling in class. Instead, the student is asked to do the following

for review:

Reading Assignment: Read the section entitled “Introduction to Modelling,” pp. 3-12, in

the (secondary) text by Poulin and Ingalls (posted on LEARN).

At this point, it is probably worthwhile to state some formal definitions involving differ-

ential equations and then proceed to discuss (at least briefly, for now) linear second order ODEs.
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In what follows, we shall let “y” denote a dependent real-valued variable which will be a

function of one real-valued independent variable, say “x”. In other words, we are considering

the real-valued function y : R → R or y(x).

Definition 1: An ordinary differential equation (ODE), or simply differential equation

(DE) is an equation involving y and one or more of its derivatives, e.g., y′(x), y′′(x), etc.. (Of

course, these derivatives of y are assumed to exist. Nothing more will be said here.) This

equation is satisfied not only at a single value of x ∈ R but over some nontrivial range of

values, most often an interval I ⊆ R. (Note that I could be the entire real line R.)

An ODE in the function y(x) may always be expressed in the generic form

F (y, y′, y′′, · · · , y(n); x) = 0 , (1)

where y(n) denotes the nth derivative of y(x).

Note: We assume that the function F is in reduced form, i.e., that it is not possible to factor

out any extraneous powers of y or its derivatives. For example, the DE,

y2y′ − 5y = 0, (2)

is not in reduced form. Division by y leads to the equivalent DE

yy′ − 5 = 0, (3)

which is in reduced form.

Examples:

1. y′ = 5 which may be rewritten as y′ − 5 = 0. The solution to this DE (obtained by

inspection) is y(x) = 5x + C. (Verify by substitution.)

2. xy′ = 5 which may be rewritten as xy′−5 = 0. The solution to this DE is y(x) = 5 lnx+C.

(Verify by substitution.)
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3. yy′ = 5 which may be rewritten as yy′ − 5 = 0. The solution is y(x) = (10x + C)1/2.

(Verify by substitution.)

4. y′′ + 25y = 0 The general solution (obtained by methods covered in AMATH 250/251) is

y(x) = c1 sin 5x + c2 cos 5x. (Verify by substitution.)

5. y′′′ + 25y2 = 0.

6. xyy′′ − 10ex = 0.

7. y′′ + sin y = 0.

Definition 2: The order of an ODE is the order of the highest derivative appearing in the

ODE.

The DEs in 1-3 are first order DEs. The DEs in 4,6 and 7 are second order. The DE in 5

is third order.

Definition 3: The ODE in y(x) in Eq. (1) is linear if (i) y or any of its derivatives appear

only to the first power, (ii) y or any of its derivatives do not multiply any other derivatives and

(iii) y or any of its derivatives are not arguments of any nonlinear functions.

The DEs in 1,2 and 4 are linear. The DEs in 3, 5 and 7 are nonlinear.

Definition 4: In the case that the dependent variable y is a function of more than one

variable, e.g., y(x, t), we must now consider the possibility that y satisfies a partial differential

equation (PDE) involving y and several of its partial derivatives, e.g.,
∂y

∂x
,
∂y

∂t
, etc.. PDEs are

beyond the scope of this course and are the subject of AMATH 353. That being said, we shall

examine some PDEs very shortly in this course because of their connections to linear second

order ODEs.
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Linear Second Order Differential Equations

First of all, we state that the most general form for a linear first order DE in the function y(x)

is

a1(x)y′(x) + a0(x)y(x) = f(x), x ∈ I, (4)

where I ⊆ R is an interval of interest that could possibly be the entire real line R. If we assume

that a1(x) is not identically zero on I, we can divide both sides of the above DE by a1(x) to

produce the following linear first order DE,

y′(x) + P (x)y = R(x) . (5)

In AMATH 250/251 (and possibly even in MATH 138), you learned how to solve these DEs

using “integrating factors”. No more will be said about these DEs here.

The most general form for a linear second order ordinary differential equation in the function

y(x) is

a2(x)y′′(x) + a1(x)y′(x) + a0(x)y(x) = f(x), x ∈ I, (6)

where I ⊆ R. Note that the coefficients of the ODE are once again functions of x.

If we assume that a2(x) is not identically zero we can divide both sides of Eq. (6) by a2(x)

to produce the the following so-called “standard” or “normalized” ODE,

y′′ + P (x)y′ + Q(x)y = R(x). (7)

Note that we have, for convenience, omitted the explicit dependence of y upon the independent

variable x. Here,

P (x) =
a1(x)

a2(x)
, Q(x) =

a0(x)

a2(x)
, R(x) =

f(x)

a2(x)
. (8)

As we’ll see later, we’ll be able to relax the restriction that a2(x) does not vanish at any point

x ∈ X. We expect that such singular points may give problems, but we leave this discussion to

later.
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Associated with Eq. (7) is the homogeneous DE,

y′′ + P (x)y′ + Q(x)y = 0. (9)

You have already encountered special cases of Eqs. (7) and (9) in your previous course on DEs,

namely, the case of constant coefficients,

P (x) = p and Q(x) = q , p, q ∈ R , (10)

so that the DE in (7) becomes

y′′ + py′ + qy = R(x) , (11)

with associated homogeneous DE,

y′′ + py′ + qy = 0 . (12)

Recall that there are two steps in the solution of Eq. (11):

1. Find (general) solution of the homogeneous DE in (12): We assume solutions of

the form y = erx and substitute into (4) to obtain the characteristic equation

r2 + pr + q = 0,

a quadratic equation with two roots, r1 and r2. Depending upon the nature of these roots

(e.g., real and distinct, real and equal, complex conjugate), one may extract two linearly

independent solutions, y1(x) and y2(x), of the homogeneous DE in (12). The general

solution of (12) may then be written as

yh(x) = c1y1(x) + c2y2(x),

where c1 and c2 are arbitrary (real) constants.

2. Find a particular solution of DE in (11). In some way, e.g., the method of undeter-

mined coefficients, you find a solution yp(x) of Eq. (11).
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Then the general solution of the DE in (4) may be written as

yG(x) = yh(x) + yp(x)

= c1y1(x) + c2y2(x) + yp(x). (13)

Example: The ODE

y′′ + y = cos 2x. (14)

Using methods that you learned in AMATH 250 or MATH 228, you will find (details left as an

exercise) that

yG(x) = c1 cos x + c2 sin x − 1

3
cos 2x, x ∈ R. (15)

Question: What does it mean that yG(x) is the general solution yG of the DE in (11)?

A rather nonmathematical, but intuitive, answer: From yG(x) we can generate “all”

solutions of the DE. This is vague, however, since we don’t know what the word “all” really

means. A more precise answer is given by the following:

A more mathematical answer: Since the DE in (11) is a second order one, we state here

– without proof for the moment – that two pieces of information are needed to isolate an

individual solution from the set of all solutions. (In other words, the space containing all

solutions to (11) is two-dimensional. We’ll prove this later.) One way to do this is to prescribe

a set of initial conditions: If we select a point x0 ∈ I, our interval of interest (most often,

x0 = 0, meaning that we start the clock running at this point if x represents time), then an

appropriate set of initial conditions would be

y(x0) = A and y′(x0) = B, (16)

where A and B are real numbers. A graphical interpretation of this situation is given below.
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A

x

x0

tangent line with slope B

y(x)

Graphical illustration of the solution to the IVP y(x0) = A, y′(x0) = B.

The desired solution curve y(x) would have to pass through the point (x0, A) and its tan-

gent line would have to have slope B there. If indeed the general solution of Eq. (11) is given

by yG(x) in Eq. (13), then for any pair of values A, B ∈ R, we can find a unique pair of values

for c1 and c2 such that the initial conditions in Eq. (16) can be found. The fact that this

can be done for any such pair of values is, as we shall see later, made possible by the linear

independence of the functions y1(x) and y2(x).

In above example, suppose that we impose the initial conditions y(0) = 2 and y′(0) = 5.

Then the unique solution to this initial value problem is (Exercise):

y(x) =
7

3
cos x + 5 sinx − 1

3
cos 2x.

The ideas discussed above will hold true for general linear second order DEs with noncon-

stant coefficients as in Eq. (7). We’ll first have to find two linearly independent solutions, y1(x)

and y2(x) to the associated homogeneous DE in (9). In the general case, however, it is not as

straightforward to find such solutions, as we’ll see below. We’ll then have to find a particular

solution to (7) and subsequently form a general solution yG(x) as in Eq. (13). Note that the

general solution is a two-parameter family of solution curves.
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Some “special functions” associated with some linear second order

DEs

For a number of special cases of DEs with nonconstant coefficients, however, the yi solutions of

the homogeneous DEs are well known and often referred to as “special functions.” Historically,

these functions were studied intensively because they appear in particular applications, for

example, Laplace’s equation (to be briefly discussed below) in various coordinate systems in

R
2 and R

3. Such special functions and their associated DEs include the following:

• Bessel functions (coming from the radial part of Laplace’s equation in polar and spher-

ical polar coordinates, e.g. vibration of a thin membrane with circular boundary)

x2y′′ + xy′ + (x2 − p2)y = 0 ,

Plots of the solutions to Bessel’s equation for p = 0, 1, 2, which are usually denoted as

J0(x), J1(x) and J2(x), respectively, are shown below.

(From Wikipedia)
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• Legendre functions (coming from the angular part of Laplace’s equation in spherical

polar coordinates)

(1 − x2)y′′ − 2xy′ + p(p + 1)y = 0 ,

For p = n = 0, 1, 2, · · · , the solutions to Legendre’s equation are the famous Legendre

polynomials Pn(x). Plots of these solutions for n = 0, · · · , 5 are shown below.

(From Wikipedia)

• Laguerre functions (they are part of the radial portion of the quantum mechanical

eigenfunctions of the hydrogen atom)

xy′′ + (1 − x)y′ + ay = 0 ,

• Hermite functions (they are part of the eigenfunctions of the one-dimensional quantum

mechanical harmonic oscillator)

y′′ − 2xy′ + 2ay = 0 .
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Boundary value problems (BVPs) vs. initial value problems (IVPs)

Before closing, let us return to the idea of applying conditions on general solutions in order to

extract specific solutions that may be of physical interest. Recall that Eq. (16) represents a set

of initial value conditions that are applied to a single point x0 in our interval of interest I.

In many problems, it is necessary to apply conditions on the solution at two different points,

say x0 and x1 in I, i.e.,

y(x0) = A, y(x1) = B. (17)

Such conditions are referred to as boundary value conditions. (Very often, x0 = 0 and

x1 = ∞.) The situation is depicted graphically below.

x
x0 x1

A

B

y(x)

Graphical illustration of a solution to the BVP y(x0) = A, y(x1) = B.

For example, in the so-called vibrating string problem with fixed endpoints, to be dis-

cussed later, if we demand that the string be anchored at its endpoints, then A = B = 0.

The discussion doesn’t have to stop here, however. There are situations, once again moti-

vated by applications, where we must impose other kinds of conditions at the points x0 and x1,

for example, the following “mixed” set of boundary conditions,

y(x0) = A, y′(x1) = B . (18)

Here, we specify the value of the function y(x) at x0 and its derivative y′(x) at x1.

These types of conditions are discussed in AMATH 353, Partial Differential Equations I,

since the ODEs and boundary conditions arise from the solution of PDE models.
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A brief look at the qualitative analysis of ODEs

Finally, our treatment of linear second order DEs will not be resticted to finding explicit solu-

tions. We shall also be examining ways to determine the qualitative behaviour of solutions. For

example, are solutions of a given ODE oscillatory or not? This can be of great importance in

applications.

As a preview of things to come, consider the simple ODE,

y′′ + qy = 0, where q > 0. (19)

The general solution of this constant coefficient DE is easily seen to be

y(x) = c1 cos
√

qx + c2 sin
√

qx. (20)

All solutions – except the special case y = 0 – are oscillatory. In addition, all nonzero solutions

are periodic with frequency ω =
√

q and period T = 2π/
√

q. (Note that “oscillatory” does not

imply “periodic”, e.g. f(x) = e−x sin x is oscillatory but not periodic.) The distance between

consecutive zeros of these solutions is T/2 = π/
√

q. Now suppose that we have two values of

q, say, 0 < q1 < q2. It follows that nonzero solutions of the DE,

y′′ + q1y = 0 , (21)

will oscillate less rapidly than nonzero solutions of the DE,

y′′ + q2y = 0 . (22)

A way of measuring this is to look at the distances between consecutive zeros of the respective

solutions. Consecutive zeros of the former, with frequency q1, will lie farther apart than those

of the latter, with frequency q2.

Now suppose that we have a DE of the form

y′′ + q(x)y = 0, where q(x) > 0. (23)

Here, the coefficient q(x) is not necessarily constant. In general, we won’t know the solution

of this DE in closed form. But since q(x) is always positive, we might expect solutions to be
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oscillatory. (We’ll actually “prove” this result in a few lectures. This in itself is an achievement.)

But suppose that we know something more about q(x). For example, suppose that q(x) increases

with x. Then from our previous example, we might expect that solutions will oscillate more

rapidly as x increases. This is indeed shown on the next page, where the solution to the

following ODE,

y′′ + (1 + x)y = 0 , (24)

which satisfies the boundary conditions,

y(0) = 1 y′(0) = 0 , (25)

is plotted. For purposes of comparision, we also show a plot of the solution to the ODE,

y′′ + y = 0 , (26)

which satisfies the same boundary conditions. It should be easy to see that this solution is

y(x) = cos x . (27)
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Oscillatory nature of solutions to u′′ + q(x)u = 0, q(x) > 0
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Solution curve to the IVP u′′ + u = 0, u(0) = 1, u′(0) = 0. Here, q(x) = 1 and the solution
u(x) = cos x is periodic with period T = 2π.
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Solution curve (computed numerically) to the IVP u′′+(1+x)u = 0, u(0) = 1, u′(0) = 0. The solution

is oscillatory but not periodic. Note that as x is increasing, consecutive maxima/minima/zeros of the

solution curve are getting closer to each other since the function q(x) = 1 + x is increasing.
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