
AMATH 231 Supplementary Notes

The role of the gradient vector in imaging

Also recall from Lecture 1 that black-and-white images can be represented by greyscale image

functions, that is, scalar-valued functions f : R
2 → R defined over a usually-rectangular region

D ⊂ R. The non-negative value f(x, y) is the greyscale value at a point (x, y) ∈ D of the image. In

mathematical discussions, one normally assumes that the range of f is [0, 1], in which case the value 0

represents black and the value 1 represents white, with an intermediate value 0 < y < 1 representing

some shade of grey. This corresponds to a continuous representation of the image function in

which the spatial variables x and y are continuous real variables.

In the case of digital images, as briefly discussed in Lecture 1, the domain is a matrix of integers,

say, [i, j], 1 ≤ i ≤ M, 1 ≤ j ≤ N . The range of the image function f [i, j] is a set of integers. For 8

bit-per-pixel images, the range is {0, 1, 2, · · · , 255}. This corresponds to a discrete representation

of the image function in both spatial as well as greyscale directions.

In what follows, we shall be alternating between the continuous representation, used in most of

the theoretical discussions, and the discrete representation, used in practical applications involving

digital images.

The majority of two-variable functions f(x, y) examined in this course so far have been “nice”, in

the sense that they have been continuous and differentiable at almost all points (x, y) ∈ R. Here are

couple of examples,

f(x, y) = x2 + y2 , T (x, y) = 50− x2 − 2y2 . (1)

This implies that the gradient vectors,

~∇f =
∂f

∂x
i+

∂f

∂y
k , (2)

of such “nice” functions are also “nice,” i.e.,

~∇f = 2x i+ 2y j , ~∇T = −2x i− 4y j . (3)

As we’ll discuss below, image functions are generally not so “nice.” In fact, if an image contains

any interesting objects, these objects will be recognized only if the image function has discontinuities,

namely, the edges that outline these objects.
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Example 1

We once again consider our simple function,

f(x, y) = x2 + y2 , (4)

but now as a greyscale digital image function defined over a square region of pixels. The resulting

black-and-white image is presented in the leftmost entry of Figure 1.

The purpose of this simple example is to acquaint you with the representation of its gradient

vector,

~∇f(x, y) = 2x i+ 2y j , (5)

in terms of images. Instead of plotting ~∇f with the use of vectors, as done earlier in the course, we’ll

plot it in terms of greyscale images, using the MATLAB software package (details will be given later).

The MATLAB routine plots the magnitudes and angles of the gradient vector when it is expressed in

polar form, i.e.,

~∇f(x, y) = r cos θ i+ r sin θ j , (6)

where

r = ‖~∇f‖ = 2
√

x2 + y2 , θ = Tan−1

(y

x

)

. (7)

The magnitudes r(x, y) and angles θ(x, y) are plotted as greyscale images in the middle and rightmost

figures of Figure 1.

f(x,y)=x2+y2
Gradient magnitude Gradient direction

Figure 1: Left: Greyscale plot of function f(x, y) = x2 + y2. Middle: Plot of ‖~∇f(x, y)‖. Right:

Plot of direction of ~∇f(x, y) vector.

The plot of the magnitudes r(x, y) should be easy to understand. Level sets of the magnitude

function r(x, y) in Eq. (7) are circles centered at (0, 0).
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The plot of angles θ(x, y) may not be so obvious. Recall that the arrows representing ~∇f point

radially outward from the origin. If we start at the positive x-axis, where θ = 0, and move counter-

clockwise, then the angle θ increases to π at the negative x-axis and approaches 2π as we approach the

positive x-axis from below. As such, the plot of θ should start with a dark line on the positive x-axis.

As this line is rotated about the origin, it will get lighter and lighter until it reaches the positive x-axis

from below. As such, there will be a discontinuity in greyscale shading about the positive x-axis.

The MATLAB subroutine, however, employs the interval −π < θ < π to describe the angles. For

this reason, the angle θ = 0 at the positive x-axis is the middle value (grey). As this line is rotated

in a counterclockwise direction, θ increases so the line gets whiter until it reaches the negative x-axis.

As this line is rotated in a clockwise direction, θ decreases so the line gets darker. As a result, there

is a discontinuity in greyscale shading about the negative x-axis.

In our discussion, the magnitudes of the gradients will be of primary importance, so if the

reader has troubles understanding the above discussion on the direction of the gradient vector, he/she

shouldn’t worry about it.

Example 2

Now consider the function defined on D = {(x, y) | − 1 ≤ x ≤ 1, −1 ≤ y ≤ 1},

f(x, y) =







0 , −1 ≤ x < 0 ,

1 , 0 ≤ x ≤ 1 .
(8)

The function f(x, y) is continuous and differentiable at all (x, y) ∈ D except on the vertical line x = 0.

Its gradient vector is easily seen to be

~∇f(x, y) = 0 i+ 0 j , x 6= 0 , (9)

with ~∇f(x, y) undefined on the line x = 0.

The function f(x, y) is plotted as a greyscale image in the leftmost figure of Figure 2. The

magnitudes and directions of its gradient vector, which are trivially zero everywhere except on the

vertical line x = 0, are plotted in the middle and rightmost figures, respectively. In each of these

figures, the white line representing the line x = 0 in both plots corresponds to the region in which ~∇f

is undefined. In each figure, the line may be interpreted as an edge of thie image which separates two

black regions.
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Gradient magnitude Gradient direction

Figure 2: Left: Greyscale plot of function of Example 2 defined in Eq. (8). Middle: Plot of

‖~∇f(x, y)‖. Right: Plot of direction of ~∇f(x, y) vector.

In the continuous representation of f(x, y), where x and y are continuous real variables, the

gradient vector ~∇f is undefined on the vertical line x = 0. But when the function f is represented

discretely, i.e., f [i, j], as in the case of a digital image, then (partial) derivatives are computed using

finite differences. In the particular definition of the discrete gradient vector used in this plot,

~∇f [i, j] =

[

f [i+ 1, j] − f [i, j]

]

i+

[

f [i, j + 1]− f [i, j]

]

j . (10)

(There are a number of difference schemes that can be used to compute various versions of the gradient

operator. They can be specified in MATLAB.)

Example 3

We now return to the Boat image discussed earlier in the course (Lecture 1, as well as the previous

set of Supplementary Notes). The greyscale image (a 512 × 512-pixel digital image, 8 bits-per-pixel)

and a plot of its image function are shown in Figure 3 below.

The results of applying our MATLAB program to the Boat image to compute the gradient vector

of its image function are shown in Figure 4. The left figure is a greyscale plot of the magnitudes of

the gradient vector at each point/pixel and the right figure shows the angle of the gradient vector at

each point. The most noticeable feature of the plot on the left is that high values of the gradient are

located at the edges of the Boat image. In other words, the gradient operator is an effective edge

detector.
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Figure 3: Left: Boat test-image. Right: The Boat image, viewed as an image function z = f(x, y).

The red-blue spectrum of colours is used to characterize function values: Higher values are more red,

lower values are more blue.
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Gradient magnitude Gradient direction

Figure 4: Properties of gradient vector ~∇f(x, y) of Boat test image function. Left: Magnitudes

‖~∇f(x, y)‖. Right: Directions of ~∇f(x, y).

Example 4

We now show the results obtained for another standard 512 × 512-pixel test image, San Francisco,

shown in Figure 5 below.

The results of applying our MATLAB program to the San Francisco image to compute the gradient

vector of its image function are shown in Figure 6. The left figure is a greyscale plot of the magnitudes

of the gradient vector at each point/pixel and the right figure shows the angle of the gradient vector

at each point. Once again, the most noticeable feature of the plot on the left is that high values of

the gradient are located at the edges of the Boat image.
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Figure 5: San Francisco test-image.

Gradient magnitude Gradient direction

Figure 6: Properties of gradient vector ~∇f(x, y) of San Francisco test image function. Left: Magni-

tudes ‖~∇f(x, y)‖. Right: Directions of ~∇f(x, y).
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Listing of MATLAB program which produced the above results

Here we make no attempt to describe the code. A user familiar with MATLAB will be able to

determine what the various calls to MATLAB do.

%% grad1.m

close all;

clear all;

close all;

clc

pause on;

% create matrix with function values for Example 1

for i=1:512,

for j=1:512,

B(i,j)= ((i-255)^2+(j-255)^2)/255^2;

end;

end;

% convert matrix to grayscale image

IB = mat2gray(B,[0,2]);

figure

imshow(IB), title(’f(x,y)=x^2+y^2’)

pause;

% compute magnitude and directions of gradient vector of image function
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[IBmag,IBdir]=imgradient(IB,’intermediate’);

% display gradient magnitude image

figure

imshow(IBmag,[]), title(’Gradient magnitude’)

pause;

% display gradient direction image

figure

imshow(IBdir,[]), title(’Gradient direction’)

pause;

for i=1:512,

for j=1:512,

C(i,j)=0;

if j > 255 C(i,j)=255;

end;

end;

end;

% the following loop sets the border pixels to black

% so that the image boundary can be seen on a white background

for i=1:512,

C(1,i)=0;

C(512,i)=0;
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C(i,512)=0;

end;

IC = mat2gray(C,[0,255]);

figure

imshow(IC)

pause;

[ICmag,ICdir]=imgradient(IC,’intermediate’);

figure

imshow(ICmag,[]), title(’Gradient magnitude’)

pause;

figure

imshow(IBdir,[]), title(’Gradient direction’)

pause

%A = imread(’zelda.pnm’);

%A = imread(’sanfran.pnm’);

A = imread(’boat.pgm’);

%A = imread(’lenna.pgm’);

%A = imread(’mandrill.pgm’);

%A = uint8(A);

% display image A
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imshow(A);

pause;

[Hmag,Hdir]=imgradient(A,’intermediate’);

figure

imshow(Hmag,[]), title(’Gradient magnitude’)

pause;

figure

imshow(Hdir,[]), title(’Gradient direction’)

pause;

%A = imread(’zelda.pnm’);

A = imread(’sanfran.pgm’);

%A = imread(’boat.pgm’);

%A = imread(’lenna.pgm’);

%A = imread(’mandrill.pgm’);

%A = uint8(A);

% display image A

imshow(A);

pause;
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[Hmag,Hdir]=imgradient(A,’intermediate’);

figure

imshow(Hmag,[]), title(’Gradient magnitude’)

pause;

figure

imshow(Hdir,[]), title(’Gradient direction’)

pause;
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